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PREFACE. 



I HAVE endeavoured in the present work to exhibit a 
comprehensive view of the Differential Calculus on the 
method of Limits. In the more elementary portions I have 
entered into considerable detail in the explanations with the 
hope that a reader who is without the assistance of a tutor 
may be enabled to acquire a competent acquaintance with 
the subject To the different chapters will be found ap- 
pended Examples sufficiently numerous to render another 
book unnecessary. These examples have been selected 
almost exclusively from the College and University Ex- 
amination Papers ; the greater part of them will be found 
to present no very serious difficulty to the student, although 
a few may require peculiar analytical skill. 

My own experience with pupils has been decidedly un- 
favourable to the system of Differentials; many successful 
teachers whom I have consulted have expressed a similar 
opinion, and I have therefore adopted exclusively the method 
of Differential Coefficients. 

I have frequently given more than one investigation of 
a theorem, because I believe that the student derives ad- 
vantage from viewing the same proposition under different 
aspects, and that, in order to succeed in the exaininations 
which he may have to undergo, he should be prepared for 
a considerable variety in the order of arranging the several 
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branches of the subject, and for a corresponding variety in 
the mode of demonstration. 

As my sole object has been to produce a work of utility, 
I have not hesitated to avail myself of existing elementary 
works; of those to which I am chiefly indebted a list is 
subjoined. 

My thanks are due to many friends who have taken 
an interest in the book, and who have favoured me with 
valuable suggestions and corrections which have relieved it 
from various imperfections it would otherwise have con- 
tained. 

I. TODHUNTER. 

St John^s College, 
Jidy^ 1864. 
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DIFFERENTIAL CALCULUS. 

CHAPTEE I. 

DEFINITIONS. LIMIT. INFINITE. 

1. Suppose two quantities which are susceptible of 
change so connected that if we alter one of them there is 
a consequent alteration in the other, this second quantity- 
is called a function of the first. Thus if a? be a symbol to 
which we can assign different numerical values, such ex- 
pressions as aj*, 3"*, log a?, and sin a?, are all functions of x. 
If a function of x is supposed equal to another quantity, 
as for example sinaj = y, then both quantities are called 
variables^ one of them behig the independent variable and 
the other the dependent variable. An independent vari- 
able is a quantity to which we may suppose any value 
arbitrarily assigned; a dependent variable is a quantity the 
value", of which is determined as soon as that of some 
independent variable is known. Frequently when we are 
considering two or more variables it is in our power to fix 
upon whichever we please as the independent variable, but 
having once made our choice we must admit no change 
in this respect throughout our operations; at least such 
a change would require certain precautions and transforma- 
tions. 

2. We generally denote functions by such symbols as 
F{x),f{x), <f>{x), ^(a?), and the like, the variable being 
denoted by a?. Such an equation sls y = (f> (x) implies that 
the dependent variable y is so connected with the independent 
variable w, that the value of y becomes known as soon as 
that of X is given, and that if any change be made in the 
numerical value assigned to a?, the consequent change in y 
can be found. 

T. D. c. B 
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3. The student has probably already had occasion to con- 
sider the meaning of the terms "variable quantity" and 
"function" which we have here introduced. In treatises on 
the conic sections, for example, the equation y = 2 J ax occurs, 
where a? is a general symbol to which different numerical 
values may be assigned, and a is a symbol to which we 
suppose some invariable numerical value assigned, and which 
is therefore called a " constant." For every value given to x 
we can deduce the corresponding numerical value of y. In 
the equation y = 2 Jax^ since the value of y depends upon 
that of a as well as that of a?, we may say that y is a function 
of a and x. Hence such symbols may be used as i^(a, aj) 
to denote a function of both a and a;, and such an equation 
as y = (a;, z^ () indicates that y is a function of the three 
quantities denoted by the symbols a?, z^ and U 

4. In the equation y = 2 ^/aa?, if we know that a is to be 
a constant quantity throughout any investigation on which 
we may be engaged, we shall frequently not require to be 
reminded of this constant, and shall, continue to speak of y 

as a function of x. So the equation y = -ts/{a^ — ix?) may be 

ct 

represented by y = (a?), where we express only that sym- 
bol X which throughout our investigations will be considered 
variable. 

6. If the equation connecting the variables x and y be 
such that y ahne occurs on one side and on the other side 
some expression involving x and not y, we say that y is 
an explicit function of x. When an equation connecting x 
and y is not of this form, we say that y is an implicit function 
of X. Thus if y = ax^ + Ja? + c, we have y an explicit func- 
tion of a?. If ay^ — 2bxy + ca?+g = 0, y is an implicit function 
of X. The words implicit function assume that y really is 
a function of x in the sense in which we have used the word 
function. This assumption may be seen to be true in the 
example given, for we can by the solution of a quadratic 
equation exhibit y as a function of a? ; or rather we can infer 
that y must be one of two explicit functions of a;, namely 
cither ^^+^^{(^'" ^)^- ^} or ^a?- V{(y- ac) x^-ag] ^ ^^ 

a a * . 

shall return to this point hereafter, in Art. 58. 
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6. Explicit functions may be diyided into alffebraical and 
transcendental. The former are those in which the only 
operations indicated are addition, subtraction, multiplication, 
division, and the raising of a quantity to a known power 
or the extraction of a known root ; the latter are those which 
involve other operations, as exponential functions, logarithmic 
functions, and trigonometrical functions. We suppose here 
that the number of the operations indicated is finite; for as 
we shall see hereafter a transcendental function may be equi- 
valent to an infinite series of algebraical functions. 

To the independent variable in an equation we may 
suppose any value assigned, either positive or negative, as 
great as we please or as small as we please. If we suppose 
a series of different values assigned to a;, beginning with 
some negative value numerically very large and gradually 
increasing algebraically up to some large positive value, 
the series of values we obtain for y may present to us very 
different results. For example, if y = x^^ then the values 
of y will form a series beginning with a negative value 
numerically large, and increasing algebraically up to a large 
positive value. If y = a?', the values of y are always positive, 
and form a series first decreasing and then again increasing. 
If y = V(^'— ^*)> ^^^^ tli® values of y are unreal for every 
value of X not contained between — a and + a. 

7. We proceed to another example more important for 
our purpose. Suppose y = - — - , and consider the series 

of values which y assumes when to x are assigned 
different positive values. When a? = 0, y = 0, and when 
X has any positive value, y is a positive proper frac- 
tion. If we put y in the form 1 — , we see that 

X ~T~ X 

as X increases so does y, but y being a proper fraction can 
never be so great as unity. The difference of y from unity 

is :; ; this fraction diminishes as x increases, and can he 

l + x 

made smaller than any assigned fraction^ however small, by 

giving a sufficiently great value to x. Thus if we want to 

make y differ from unity by a quantity less than ^ , 

B2 
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make a; = 100,000 and the required result is obtained. If 
we wish y to differ from unity by a quantity less than 

AAA » °i8.ke X = 1,000,000, and what is required is done. 
1 ,000,000 

Under these circumstances we say " the limit of y when x 

increases indefinitely is unity." 

8. The importance of the notion of a limit cannot be 
over-estimated ; in fact the whole of the Differential Calculus 
consists in tracing the consequences which follow from that 
notion. The student has probably already fallen upon cases 
in which the word limit has been used, to which it will be 
useful to recur. For example, the sum of the geometrical pro- 
gression l + i + i + i + &c. continued to n terms is 2 — ^^^ , 

and hence he has deduced the result that the limit of the 
series when the number of terms is indefinitely increased 
is 2. 

9. A very important example of a limit occurs in works 
on Trigonometry. It is there shewn that if denote the 

circular measure of an angle, the fraction — ^- will, if be 

diminished indefinitely, approach as near as we please to 

unity. In other words the limit of —3— , as continually 

diminishes, is unity. We shall express this by saying " the 

limit of —^ , when = 0, is unity ;" that is, we use the 

words ^^ when = 0" as an abbreviation for ^^when is 
continually diminished towards zero,^ or for ^^when is 
diminished without limits 

10. The proposition "the limit of—j- , when 0=0, is unity" 

is sometimes expressed thus, *'when = 0, ——=1," or 

"when 0=0, sin 0=0." It must however be most carefully 
remembered that such expressions are only abbreviations and 
cannot be understood absolutely. In like manner the result 
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obtained in Art. 7, namely that the limit of when x 

increases indefinitely is unity, would be sometimes expressed 
thus, " when x is infinite — — - equals unity." Here both 

J. "T" X 

parts of the sentence are abbreviations: " when x is Infinite" 
can only be considered as meaning "when x is increased 

m X X 

without limit," and " equals unity" means strictly "- 

J. ~r X JL "7" X 

can be made to differ from unity by as small a quantity 

as we please." 

X 

11. In the example y = let us now ascribe to x 

X ~p A 

negative values. Put —z for a? ; thus y = . Now sup- 
pose z to change gradually from to 1; the numerator of y 
is positive and continually increasing, while the denominator 
is negative and numerically continually diminishing. The 
value of y then is negative and numerically continually in- 
creases, and by taking z sufficiently near to unity we may 
make y as great as we please ; that is, as z approaches unity 
y has no finite limit. For the sake of shortness, this is some- 
times expressed thus, "when « = 1, y is infinite;" but it must 
not be forgotten that this last phrase ts an abbreviation, and 
can only be understood thus: " by taking z sufficiently near 
to unity y can be made to exceed any assigned magnitude, 
however great." We shall not proceed further with the ex- 
ample; the reader will see that when z is greater than unity 
y is positive; thaty continually diminishes as z increases, and 
approaches the limit unity when z increases indefinitely. 

12. The student has already seen an example of the same 
kind as that brought forward in the last article, for he has 
probably been accustomed to say, "the tangent of an angle 
of 90® is infinity." On reflexion he will see that the only 
way in which a meaning can be given to this statement is 
to consider it an abbreviation of the following: "as we 
increase an angle gradually up to 90°, the tangent of the 
angle increases, and by taking the angle near enough to 90*^ 
we may make the tangent as great as we please." We can 
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form no distinct conception of an infinite magnitude, and the 
word can only be used in Mathematics as an abbreviation 
in the manner of the examples here given. 

If to X the Independent variable be ascribed values begin- 
ning with zero and increasing without limit, this is sometimes 
expresses for abbreviation by saying that x increases from 
zero to infinity. 

13. The meaning of the word "limit," or Its equivalent 
"limiting value," will be understood from Its use in the 
preceding articles. The follow:ing may be given as a defini- 
tion : " The limit of a functi6n for an assigned value of 
the independent variable, is that value from which the 
function can be made to differ as little as we please, by 
makinff the independent variable approach its assigned 
value. 

14. In the example " limit of —^ = 1 when 6 = 0," it 

is obvious that — jj— is never equal to 1 so long as B has 
any value different from zero, and if we actually make 
^ = 0, we render the expression —^ unmeaning. In other 

words, although —^ approaches as nearly as we please to 

the limit unity, it never actually attains that limit. Some- 
times in the definition of a limit the words " that value 
which the function never actually attains" have been in- 
troduced. But it is more convenient to omit them; for if 

we take any function of a;, say , and ascribe to x any 

value, say 1, we can determine the actital value of the 
function, which in this case would be ^. According to the 
definition we have given in the preceding article we may 

if we please call J the limit of when x approaches unity. 

X T" I 

The same holds for any finite value of any function, and 
generally according to the definition of a limit laid down 
in Art. 13, any actual value of a function may be considered 
as a limiting value. 
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15. Limit of. (l + -j . The following theorem, which 

we proceed to demonstrate, is very important. "When x 

increases indefinitely the expression (1+-) approaches a 

certain limit which lies between 2 and 3." 

In the first place suppose x a positive whole number, = m 
say; we shall prove that the above expression continually in- 
creases with m, but can never reach the value 3. Assuming 
the Binomial Theorem for positive integral exponents, we have 

\ mj m 1.2 \ml - 1.2.3 \mj 

m (m - 1) (m - 2)...{m ~ (m - 1)} (Vs^ 
•'• "^ 1.2.. .m W 

which may be written 

V m) ^1^ 1,2 ^ 1.2.3 ^ 

\ m) \ mJ \ ml . . 

■^ 1.2. ..771 '"^ ^' 



Similarly 

V l + W 1 1.2 "^ 1.2.3 ■*" 

•••"*■ 1.2... (m+i) •••^^^• 

Now in the last two series we see that their first and 
second terms are equal, but the third term in (2) is greater 
than the third term in (1) ; also the fourth term in (2) is 
greater than the fourth term in (1), and so on; moreover 
in (2) there is one term more than in (1). Hence 

V^T+Vn) is greater than (^l+-j. 
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Therefore If we put m successively equal to 2, 3, 4, &c. the 

expression ( 1 + — ) continually increases. 

12 3 
But since 1 , 1 , 1 , &c. are all positive and 

all less than unity it follows that the series in (1) cannot be 
greater than 

1 + r + r"^ "^ 1 o '4 "^ 1 o Q >i "^ — '"7"o — ^ (^)' 

1 1.2 1.2.0 1.2.0.4 i.2...m 

however great m may be. 

But the series in (3) is less than the following series, 
which forms a geometrical progression, beginning at the 
second term, 

111.1 1 









1+^+ 


2 + 


2«' 


■1- p + ...•+ girt > 


that 


is. 


the 


series in 


(3) 


is 


less than 








1 + 


1- 
1- 


1 

1 
"2 


ora-^L. 



Hence [ 1 H — ) is less than 3, however great m may be. 

/ IX*" 
Since then the expression f 1 + - j continually increases 

with m, but at the same time cannot exceed 3, there must 
be some "limit" towards which it approaches as m is in- 
creased indefinitely. We shall use the symbol e to denote 
this limit, and shall hereafter shew how to calculate its 
approximate value: we say approximate^ for it will prove 
to be an incommensurable number. See Art. 115. 

16. "We might perhaps leave it to the student to convince 

himself that the limiting value of [ 1 + -) must be the same 

whether we attribute to aj a succession of integral or of 
fractional values increasing without limit. But it may be 
formally shewn thus. Whatever fractional value be ascribed 
to a? there must be two consecutive integers, say m and m + 1, 
between which such fractional value lies. Suppose then 
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1 + - greater than 1 + - and less than 1 H — , where n is put 
X n m 

for m + 1. 

Then ^1 + ^ lies between ^1 +-) and (l + ^) • 

Suppose x = m + a = n—l3, so that a and ^ are proper frac- 
tions, then 

( 1 + - j lies between ( 1 + -) and (^ "*" "") ' 
that is, between 

{(-i)f-{('^3r:. 

If a; be now supposed to increase without limit, so also do 
7/1 and n. The limit of (l +-) and of ( I + — J is e, and as 

1 and 1 + — have unity for their limit it follows that the 

n m '^ 

limit of ( 1 +-) is e. 

17. We may shew that the limit of f 1 + - J is also e 
when X is negative and increases without limit. For put 
x^ — z, then we have to find the limit of f 1 — j when z 
increases without limit. 

-- (-ir=(^r=(i4,j. 

= [—^) ' '^^^ere y = z-l, 

Let now x increase numerically without limit, then z, and 
consequently y, do the same. The limit of [ 1 4-- j is e, and 

that of 1 + - is unity, and therefore the limit of f 1 — 1 is c. 
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18. Since the limit of f l+-j when x increases indefi- 

1 . . ^ 

nitely is c, we see, by putting - = «, that the limit of (1 4- z)' 

when z is diminished indefinitely is also e. Hence we can 

deduce the limit when z = of (l+aa)*, where a is any 
constant quantity. For 

{l + azf=i{l + azr\\ 

Now as z diminishes without limit, so also does az, therefore 

limit of (1 + az)'*' is e, 
1 
and limit of (I + az)' is e". 

19. Since \og,{l + zY=hog,{l + z), 

a being any base, we have, by diminishing z indefinitely, 

limit of ^^^^^^-^^^ = limit of log„(l + zf% 

= log«e; 
and, putting e for a, 

lin,itofl5i?ii+-?l = l. 

z 

20. From the equation 

we deduce, by assuming 1 + « = a', 

V 



iog,{i + zy^ 



Now suppose z to diminish without limit, and therefore also v. 
We have then 

limit of — — , when v = 0, 

= limit of log„ (1 + z)' when « = 0, 
= log„e. 
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a"— 1 

Therefore limit of when v = 0, 

V 

1 



log«e' 

= log,a. 

Suppose a = c^, 

therefore fi = log^^, 

e'**' — 1 
and limit of when v = 0, = /t. 

21. The following results will be found in works on 
Trigonometry. If the variable x diminish indefinitely 

limit of = 1, 

X 

limit of = 1, 

X 

limit of = 1. 

X 

22. A few general remarks may be made at the close 
of this Introductory Chapter. It frequently happens that 

^ a person commencing this subject is discouraged at the outset 
because he cannot discover or imagine any practical appli- 
cation of the somewhat abstruse points to which his attention 
is directed. From what he remembers of the early portions 
of those branches of mathematics with which he is already 
acquainted, he is led to expect that almost as soon as he 
begins the Differential Calculus, he will be able to compre- 
hend its ffeneral scope, and to make use of it in solving 
algebraical and geometrical examples; and being disap- 
pointed in this expectation, he is apt to imagine as a reason 
for it, that he has not correctly understood the elementary 
principles of the subject. It may, therefore, be of some 
service to assure him, that the difficulty of which he com- 
plains is probably owing much more to the nature of the 
subject than to his own want of comprehension. The student 
must, of course, leave to his teacher the task of arranging 
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the different portions of the subject he is studying, and of 
selecting the definitions necessary to be understood; and in 
reading a work on the Differential Calculus, he must be 
satisfied at first with reflecting upon the meaning of the 
definitions, and examining whether the deductions drawn by 
the writer fi-om those definitions are correct. There are 
innumerable applications of the elementary principles of the 
Differential Calculus, as will be seen in the Chapter on 
Expansions and those following it, but we shall at first 
confine ourselves merely to the logical exercise of tracing the 
consequences of certain definitions. 

A difficulty of a more serious kind which is connected with 
the notion of a limit, appears to embarrass many students 
of this subject, namely, a suspicion that the methods em- 
ployed are only approximative, and therefore a doubt as to 
whether the results are absolutely true. This objection is 
certainly very natural, but at the s^-me time by no means 
easy to meet, on account of the inability of the reader to 
point out any definite place at which his uncertainty com- 
mences. In such a case all he can do is, to fix his attention 
very carefully on some part of the subject, as the theory 
of expansions for example, where specific important formulae 
are obtained. He must examine the demonstrations, and if 
lie can find no flaw in them, he must allow that results 
absolutely trvs and free from all approximation can be 
legitimately derived by the doctrine oi Limits. . 

23. The demonstration in Arts. 15, 16 of the proposition 
that f 1 + - j tends to some fixed limit as x increases in- 
definitely, has been given in several elementary works on 
the Differential Calculus, and it is accordingly retained here. 
But the following method, in which the Binomial Theorem 
is not assumed, is worthy of notice. 

If m be a positive integer, then, by actual division, 

il±^l^ = (I + a)--^ + (1 + a)*^'^ 

hence (1 + a)*" — 1 is > wa, 

and is < ma (1 + a)*^^ ; 

therefore (l + a)'"is >wa+l (1), 
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and (l+ari8<l + wa(l + a)"'"* (2). 

From (2) it follows, a fortiori^ that 

(l+a)"'is < l + wa(l+a)"* (3); 

therefore (1 + a)** is < (4), 

supposing wa < 1. 

o 
In (1) put — for a, and extract the nf^ root of both 

members of the inequality ; thus 



H-|is>(l + y3)» (5), 

(H-a)"is<l + y9, 

therefore 1+ ^To^ ^' < ^""^ (^)- 

Raise both sides of (6) to the n*** power ; then 

n B 
and therefore by (1) >1 + - ^ , (7). 

•^ ^ ' w)8 + l ^ ^ 

Eaise both sides of (5) to the n*** power, and we have 
therefore by (4) < ^ (8), 



m 



supposing — < 1. 
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In (7) and (8) put /* for — , and we have 

(l+i8)''>H-Mj^ (9), 

(i+'^)''<r:^ • (^«)' 

where fi is any positive fraction, and in (10) fifiis < 1. 
Multiply both sides of (9) by 1 + )9 ; thus 

(l+/9n>l + (/i+l)iS, 
or, putting \ tor fi + I, 

(1 +/8)^ > 1 +X^ (11). 

Thus the inequality in (1), which required w to be a 
positive integer, is here extended, since \ may be any frac- 
tion or integer, provided it be greater than unity. 

In (11) put )3 = — , and raise both sides to the power 7; 
then 

(-4r'">(-i)' 

that is, if S be > 7, 

{' + if^'>['-^-J (12). 

From (12) we see that (1 + -) continually increases 
X increases. It does not, however, pass beyond a certain 
finite limit ; for in (10) write — for ^, and raise both sides 
to the power 7 ; then 

/ 1 N'*^ 1 

Hence, if we put 7 = 2, we find that fl + -j can never 
exceed 4. By ascribing to 7 greater values, we shall obtain 



as 
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a closer limit for fl + -j . If 7 = 6, we see that ( I + ) 

must be less than (-) , therefore less than 3. Since then 

the limit of(l + -),a8a? becomes indefinitely great, must 
lie between 

where n has any positive value, we may, by ascribing 
successive integral values to n, easily approximate to the 
numerical value of the limit. 



( 16 ) 



CHAPTER II. 

DEFINITION OP A DIFFERENTIAL COEFFICIENT. 

DIFFERENTIAL COEFFICIENT OP A SUM, PRODUCT, AND 

QUOTIENT. 

24. We shall now lay down the fundamental definition 
of the Differential Calculus, and deduce from it various 
inferences. 

Def. Let <j> {x) denote any function of x, and <f>{x + h) 
the same function of x+ k; then the limiting value of 

— ^ — taJ. ^ when h is made indefinitely small, is called 

the differential coeflScient of <f> {x) with respect to x. 

This definition assumes that the above fraction really has 
a limit. Strictly speaking, we should use an enunciation of 

this form — " K — ^ — tAJ have a limit when A is made 

fi 

indefinitely small, that limit is called the differential coefficient 
of <f>{x) with respect to a?.** We shall shew, however, that 
the limit does exist in functions of every kind, by examining 
them in detail in this and the following two Chapters. We 
give two examples for the purpose of illustrating the defini- 
tion. 

Suppose <^ (x) = of ; 

therefore ^ (a; + A) = (a? + A)* ; 

. ^ (a; + A) - <^ (a?) _ {x + A)' - ^ 
A ""A 

= ^ — = 2a:-f A, 

and the limit of 2a? + A when A = 0, is 2aj ; therefore 2a? is the 
differential coefficient of a?* with respect to x. 
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Again, suppose <^ (x) - ~^ ; 

therefore ,^(a: + A) =:^-j^, 

therefore <l>{^ + h)^<l>{x) ^^^ 



h (6 + aj)(J + aj + A) 

The limit of this when A = is 



(b^xf' 



which is therefore the differential coefficient of i with 

respect to x. 

25. We now give the notation which usually accompanies 
the definition in Art. 24. 

Let ^ [x) =y, then <^ (a? + A) — <^ {x) is the difference of the 
two values of the dependent variable y corresponding to the 
two values, x and a? + A, of the independent variable. This 
difference may be conveniently denoted by the symbol Ay, 
where A may be taken as an abbreviation of the word 
difference. We have thus 

Ay = ^ (a? + A) — <^ (a;). 
Agreeably with this notation, h may be denoted by Aa?, so that 
Ay <f){x + h)'-<l> (x) 
Aa?"" h 

It may appear a superfluity of notation to- use both k and 
Aa? to denote the same thing, but in finding the limit of the 
right-hand side we shall sometimes have to perform several 
analytical transformations, and thus a single letter is more 
convenient. On the left-hand side Aa; is recommended by 
considerations of symmetry. 

We say then, according to the definition in Art. 24-, that 

the limit of —^ , when Ax is diminished indefinitely, is the 

differential coefficient of y or <^ (a?) with respect to x. This 

limit is denoted hy the symbol -~ . 

T.D.C. C 
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26. The symbol -^ we consider as a whole^ and we do 

not assign a separate meaning to dy and dx. As, however, 

-^ is a real fraction in which Ay and Aaj have definite 

^x 

meanings, the student will very possibly suspect that some 

meanings may be given to dy and dx which will enable him 

to regard -^ as a fraction. This suspicion will probably be 

strengthened as he proceeds in the subject and finds that in 

dy 
many cases -f- possesses the properties of an algebraical 

fraction. We remark that there are indeed methods of 
treating the Differential Calculus in which meanings are 
given to dy and dx^ and we shall recur to them hereafter 

(see Chap, xxvii.), but at present we define the symbol -^ 

as above, and only leave to the reader the task of examining 
whether we are consistent with ourselves in the inferences 
we proceed to draw and express by means of our definitions 
and symbols. 

The following notation is also frequently used. If ^ {x) 
denote any function of a;, then ^' {x) denotes the differential 
coefficient of ^ [x) with respect to x. 

The operation of finding the differential coefficient of a 
ftmction is called "differentiating" that ftinction. 

27. Differential coefficient of a sum of Functions, 

Let y and z denote two functions of x, and u their sum. 
Suppose that y\ z\ u\ denote the values these functions 
assume when x is changed into x + h. Then 

^ u^y'+z\ 
therefore tt' — m = y' — y + »' — « ; 

that is Aw = Ay + A«. 

Divide by h or Aa;, then 

Au __ Ay A« 

Ax "" Aaj Aa; * 
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^ow let h diminish without limit, and we have 
du dy dz 
. dx~ dx dx' 

Hence the differential coeMcient of the sum of two Junctions ts 
the sum of the differential coefficients of the functions. 

Similarly, if u — y^z^ 

du ^dy dz 
dx dx dx 

28. The results of Art. 27 may be extended to the case 
of any number of fonctions connected by the signs of addition 
OT subtraction. For example, let 

then, as before. Aw = Aw? + Ay + A« ; 

Ao; " Ax £ix Ax ' 
therefore, proceeding to the limit, 

du _dw dy dz 
dx^ dx dx dx' 

29. Differential coefficient of the product of two Functions. 
Let <j>{x) and '^{x) denote two functions of a;, and let 

u = <j>{x)'^^ {x). 
Change x into x+h, and let u + Au denote the new product, 
then u + Au = <f> {x + h) yp' {x + h), 

therefore Au = <j>{x + h)y^{x + h) — <j>{x)'yp^ (a?), 

= {<t>{x + h)^<l>{x)}ir{x + h)+<l>{x){f{x + h)^ir{x)]; 

therefore ^ = i(^±^::*(^ 

Suppose now h diminished indefinitely ; then 

h 
is the differential coefficient of ^ {x) with respect to Xy or ^*{x) ; 

C2 
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limit of ^(^+^)-^(«) 

n 

is the diflFerential coefficient of -^ {x) with respect to a?, or 
limit of -^ (« + A) is -^ («); 

therefore ^ ~ ^' (^) '^ (^) "^ ^' (^) ^ (^) • 

Hence ^A6 differential coefficient of theprodtict of two functions 
18 found hy multiplying each factor hy the differential coefficient 
of the other factor and adding the reeulti^ product*. 

Divide each side of the last result hjuois j> {x) ^(cp) ; thus 

ldu^ if>{x) '^'{x) 
udx 4>{x) ^ (a?) ' 

30. An equation similar to that just obtained holds for the 
product of any number of functions. For example, let 

u « wyZy 

w, y, z being all functions of x> 

Assume v = wy, 

therefore u^vz; 
then, by Art. 29, 

1 du 1 ^'y , j^ ^ . 

u dx V dx z dx^ 

V dx w dx y dx' 

- - I du 1 dw 1 dy I dz 

therefore ■^■j-='-"T"+"3^ + "'jr; 

u dx w dx y dx z dx 

^, ^ du dw ^ dy ^ dz 

therefore ^ = y« ^ + «'^i + «'yS; 

Proceeding in this manner we have as a rule — The differen- 
tial coefficient of the product of any number of functions is 
found hy multiplying the differential coefficient of each factor 
hy all the other factors and adding the products thus formed. 
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31. Differential coefficient of a quotient, 

liCt (a?) and ^ (ifc) denote two fiinctions of Xy and let 

Suppose a? changed into x + k^ and let w + Am denote the 
new value of the quotient. Then 

'^{x + hy 

therefore Am = ^^"^ + ^) ^^^^ -"^^^^^^^"^^^ 

yjr^x + h^yjt (a?) 

t(a; + A)^{a5) 

, f ^ _ A ^^ ^ h ^^ ^ 

Ax ^(a? + A)^{aj) ' 

Let A diminish without limit, then 

du^ ^'jx) jrjx) -jr' {x)^{x) 
dx {^{^)Y 

Hence we have this rule— 2b ^nd the differential coefficient 
of a quotient; multiply the denominator hy the differential 
coefficient of the numerator and the numerat<yr by the differential 
coefficient of the denominator; subtract the second product from 
the first arid divide the result hy the square of the denominator. 

32. The result of Art. 31 may also be obtained thus : 
Since M= 7 ) ; , 

t1iemfbi«) by kit. d9, 

th^efore t<^) |-f (^)-|g^'W, 

thprpfon. du_ 4;{x)f{x)^^'{x)4>{x) 

tlieretore ^- ^^^, . 
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33. Differentiation of a constant. 
If y = c where c is a constant, then ^ = 0. For to say 

that y is equal to a constant is the same thing as saying that 
y cannot vary; hence Ay = 0, therefore 

Ax 

whatever be the value of Ax; therefore 

dx 
Hence, making ^ (a?) = a constant c in Art. 29, we have 

^ =«+■(-)■ 

This may of course be obtained directly thus : let 

u = cylr{x), 
then w + Aw = c^ (a? + A) ; 

therefore ^^^ir{x + h)-f{x) 

Ax h ' 

therefore -7- = c^' {x). 

So by putting ^ (a;) = c in Art. 31, we obtain 
, c _ cyfr'jx) 



which likewise may be found independently. 

34. We have now defined a dififerential coefficient and 
have shewn how the dififerential coefficient of a compound 
function can be found as soon as we know the differential 
coefficients of the component functions. Before we proceed 
to the rules for determming the differential coefficient of any 
known algebraical expression, we shall give some geometrical 
illustrations which will assist in forming a conception of the 
meaning of a differential coefficient and afford some hints as 
to the applications which can be made of 'the doctrine of 
limits. 



OP A DIFFERENTIAL COEFFICIENT. 
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35. Sup|)ose we have given the equation y = ^(a;), and 
that we attribute to the independent variable x all possible 
values between — oo and + oo and notice the corresponding 
values of y. Geometry gives us the means of representing 
distinctly this succession of values. We can take x for an 
abscissa measured from a 
fixed origin along a certain 
axis, and y for the corre- 
sponding ordinate measured 
along an axis perpendicular 
to the first. The values of 
y corresponding to those of 
X in the equation y = <l>{x) 
will belong to a curve 
AMN, the form of which 
will indicate the series of 
values we are considering. It is necessary to have always 
present in our mind not merely any particular value of x 
and the corresponding value of y, but the whole series of 
corresponding values of these two variables. 

36. Among the properties which the function ^ (a), or the 
line which represents it, possesses, the most remarkable, that 
in fact which is the object of the differential calculus and the 
consideration of which is perpetually occurring in all applica- 
tions of this calculus, is the degree of rapidity with which the 
function varies when the variable begins to vary from any 
assigned value. The degree of rapidity of increase of the 
function when the variable is made to increase may differ not 
only in different functions but also in the same function 
according to the value attributed to the variable from which 
the increase is supposed to commence. Suppose we give to x 
a particular value denoted by OP, to which corresponds a 
determinate value of y or <^ (a?) represented by MP. Let x, 
starting from the vdlue assigned, increase by a quantity which 
we denote by Aa?, and which is represented by PQ. The 
function y will vary in consequence by a certain quantity 
which we denote by Ay, so that 



therefore 



3/ + A5^ = <^(a? + Aa?), 

Ay = 0(a: + Ax) —^{x). 
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The new value of the ordinate is represented in the figure 

by NQ, and NB represents Ay. The fraction -^ represents 

the ratio of the increase of the function to the increase of 
the variable, and is equal to the trigonometrical tangent 
of the angle NMB formed hy the secant MN with the axis 
of X. 

37. It is evident that this fraction is a natural measure of 
the degree of rapidity with which the function y increases 
when the independent variable x increases; for the greater 
this fraction is, the greater will be the increase of the func- 
tion y corresponding to the given increase Ax of the variable. 

But it is important to observe that the value of -^ will 

depend not only on the value given to x, but also on the 
magnitude of the increment Ax, except in the case in which 
the curve becomes a straight line. 

If then we left this increment arbitrary, it would be im- 
possible to assign to the fraction -^ any definite value, and 

it is thus necessary to adopt sonie convention which will 
remove this uncertainty. 

38. Suppose that after giving to Ax a certain value, to 
which will correspond a cei'tain value for Ay and a certain 
direction for the secant MN, we make the value of Ax 
gradually diminish and become ultimately zero. The value 
of Ay will also gradually diminish and become ultimately 
zero. The point N will move along the curve toward* AT, 
and we shall find in every example we consider, that the line 
MN will approach toioards some limiting position MT, This 
is in fact equivalent to the assertion made in Art. 24, that 
by examining everj case in detail we could shew that every 
function has a dirierential ooeffidient. The limiting position 
which the secant assumes when ^T coincides with Jf is called 

the tangent to the curve at the point M, and thus -?- is the 

trigonometrical tangent of the inclination to the axis of x 
of the tangent line to the curve. 
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39. The limit of the fraction -^ , when Aa? is diminished 

indefinitely, may be considered as affording a precise measure 
of the zapidity with which the function increases when the 
independent variable increases, for there remains no Icmger 

anything arbitrary in the expression.^ The limit -^ does not 

depend on the value assigned to Lx nor upon the form of 
the curve at any finite distance from the point whose co-ordi- 
nates are x and y ; it depends only on the direction of the 
curve at thi« point, that is to say, on the inclination of the 
tangent line to the axis of x. 

40. As an example of the preceding, we will determine 
the differential coefficient of V(«'-'«*)f and point out its 
geometrical application. 



Let 


y 


= V(a'-A 




then 


y- 


4.Ay = V{a'- 


- («>+*)•}; 


therefore 




Ay = VK- 


.[x + hf]-»J{c?-a?), 








a?~{x\-hY 




■ Vla'- 


-(a! + A)»| + V(a''-a«)' 








-{2xJi + V) 




"V{a'- 


-(a; + Ar} + V(a'-x')' 


■fVlAVA^/\-|[*A 




^_ 


2a» + A 



Aa? V{a" - (a? + Kf] + V(«' - ^) ' 
The limit of this when h is made indefinitely small is 

X 

therefore -/ = — -rr-z ^r . 

ax ^jidr—af) 

It will be seen that we have in the above example used an 
algebraical artifice, viz. that of multiplying both numerator 
and denominator of a fraction by V{«'— (^ +A)*} + fs/ia^—a?)^ in 

order to obtain ^ in a form the limit of which can be easily 
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seen. In treating any example without the aid of general 
rules, we should frequently find our success dependent upon 
our readiness in effecting such transformations ; but the next 
two chapters will explain methods of making the problem 
of ascertaining any differential coeflScient depend upon the 
knowledge of those of a few standard functions. 

41. From analytical geometry we know that the equation 
y = isj{d^'-a?) represents a circle, and it is also known from 
the principles of that subject that the tangent at the point 
{x, y) of a circle is inclined to the axis of x at an angle 

whose trigonometrical tangent is — ji-^ — -^ . Also in the 

case of a circle the line which we have defined as the tangent 
is the same line as that which fulfils the condition of " touch- 
ing the circle," given in Euclid, Book ill. 

42. In the chapters on the geometrical application of the 
differential calculus we shall recur to the subject of tangents. 
We have given the above example here that the student may 
at this early period acquire the conviction that important uses 
may be made of a differential coefficient. 

43. The following is another geometrical application. The 
area OAMP, see fig. to Art. 35, must be some function of x, 
since it is a definite quantity when we assign a definite value 
to a?, and varies when x varies. Denote this function by «, 
and PQ by Aa: ; then 

w + Aw = area OANQ, 

therefore Aw = area MNQP\ 

therefore Aw lies between MP.PQ and NQ . PQ, 

that is, between yAx and (y + Ay) Ax ; 

therefore -r— lies between y and y + Ay. 

Hence, diminishing Ax, and therefore Ay, without limit, we 
have 

du 
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CHAPTER III. 

DIFFERENTIAL COEFFICIENTS OF SIMPLE FUNCTIONS. 

44. JHfferentitd coefficient ofa^ where n. is a positive irUeger. 
Let y = a^, therefore 

y + Ay = (a; + A)", 
Ay =(» + *)" -a", 

= «af-'A + " ^" ~ ^^ g'-'A'+ ... + A' ; 
1 .2 

therefore ^ = no^"^ + !?i^Lzi) aj^-A + ... + K^'K 

Ax 1.2 

Diminisli A without limit, and we have 

ax 

45. The same result may also be obtained by means of 
Art. 30. For let 

where the n quantities y^, y,, ...y„, are all functions of x; 
we have then 

u dx y^ dx y^dx '" y^ dx ' 



Ifnowy,= 


= a?, 


we 


have 


Ay.= 


= Aar, 


therefore 
therefore 








Ay., 

A;c 
dx 


= 1, 
= 1. 
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Put then y^, yg, ... y„, all equal to x; thus u becomes a?", and 
we obtain 

I du ^n 

u dx a?' 

therefore ^p- = na:' 



.n-l 

dx 



46, If n be not a positive integer, we may by assuming 
the truth of the binomial series for fractional exponents pro- 

ceed as in Art. 44 to determine -t- . But iu that case we 

dx 

shall req[uire to assume that " if we have a series containing 

an infinite number of terms and each term becomes ultimately 

indefinitely small, the sum of the terms becomes so too." To 

avoid such assumption we adopt another mode. 

47. Differential coefficient ofx"^ n being unrestricted. 
Let y = ic*, therefore 

therefore ^Jx-^hY-x^ 

Ax h 

Now whatever be the value of n, positive or negative, whole 
or fractional, it may be supposed r=^ — 2, where j?, q, r, are 
positive integers. 

Let = z, 

X 

therefore A = a: (« — 1), 

and -r- = a;""^ r • 

Aa? 2 — 1 

As A diminishes indefinitely z approaches the limit 1, and we 
have to find in that case the limit of 
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1 



Suppose v^g*", then 



or 



This last result is obtained hj dividing both numerator and 
denominator of the preceding fraction by v—1. Let now v 
approach the limit 1, then the limit of the last fraction is 

r , ' 
therefore ^ =^2-=^ x""^' = nx*-\ 

48. Differential coefficient of a;* by another method. 
Let y = a;", therefore 

therefore ^ J-^hT-x\ 



■?{(-r-'!- 



Assume - = « and (1 + «)* — 1 = v, then z and v are quantities 

X 

which diminish indefinitely with h. Thus 

^X z 

From the above assumptions 

therefore log, (1 + v) = n log, (1 + «) . 
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From Art. 19 the expressions 

l2gi(L±il and ^^^i^ii^ 

Z V 

both tend to the limit unity. Hence we may assume 

log,(l + g) _, ;s 

where each of the quantities 7 and S has zero for its limit. 
Hence 

v^l+J log,(l + v) 

i l+ry-l0g.(l+^) 

= n 7—— from above ; 
1 + 7 

therefore the limit of - is w, and 
z ' 

ax 

49. Differential coefficient of a*. 
Let y = a*, therefore 

y + Ay = a*** = a*a*, 

therefore x^ = a" — 7 — . 

Now, by Art. 20, the limit of 

h ' 
when h is indefinitely diminished is log, a ; therefore 

g = a'log.a. 
Next let y = o"; then 
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hence by the rule just proved 

g=(ariog.a- 

= a** clog, a. 
Hence if y = e*^, 

and if y = 6*, 

dx 

50. Differential coeffixnent of log^a?. 
Let y = logaflj, therefore 

y + Ay = log«(a: + A), 
therefore Ay = log^ (a; + A) — log^ a; 

x + h 






0? ' 
x-\-h 

therefore -J^ = , . 

^x h 

Assume h — xz, therefore 

Ay^l log,(l4-g) 

Aic 0? « * 

By Art. 19 the limit of ^"^ ^ when js; diminishes 

indefinitely is Ioga6, therefore 

"" X * log« a * 
Hence if y = log^aj 

fl^u? a?' 
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51. Differential coefficient ofwm x. 
Let y = sin x, therefore 

y + Ay = sm(a? + A), 
therefore A^^ = sin {x + h) - sin x, 

h\ . h 



= 2 cos fa? 4- -j sin - , by Trigonometry, 

• * 

therefore v^ = cos ( a; + z ) — r— • 

Ax \ 2J h 



Now when h is indefinitely diminished, the limit of -j— 
is unity by Art. 9, therefore 2 

dy 

-y- = COS X. 

ax 

52. Differential coefficient of cos x. 
Let y = cosa?, therefore 

y + A3^ = cos(aj + A), 
therefore Ay = cos (a? + A) — cos x 



-2sm(aj + -)sm-. 



therefore -~ = — sin ( a; + - j 



. h 
2 



therefore |^ = -8inx. 

53. Differential coefficient of tan x. 
Let y = tan a?, therefore 

y 4 Ay = tan (a; + A), 



COTANaENT, SECANT. 33 

therefore . Ay =stan(a: + A) — tanoj 

_ sin (a; + h) sin a? 
""cos(aj + A) coBaj 

_ sm^x + h-^x) _ BJnA 

"" cos (a: + A) cosoj "" cos {x + h) cos x ' 

Ay _ sin A 1 

Aa?" h coa{x + h)coBx^ 

dx cos* a?* 



therefore 
therefore 



54. Differential coefficient of cot a;. 

Bj proceeding as in the last example, we find that if 

y = cota?, 

dy^ 1 
dx sin* a;* 

55. Differential coefficient of sec x. 
Let y = sec a?, therefore 

y + Ay=ssec(a? + A), 

Ay = sec(aj + A) — secar , 

1 1 _ cos a; — cos (a? -f A) 

'^cos(a5-fA) c6sa?"" cos aj cos (a? + A) 



2 sin 



/ A\ . A 
I a; + - 1 sin — 





: 


cos a? cos (a? 4 


w 




Av 


sinTa? 


-1) 


Brn- 


rfore 


Ax' 


cos a; cos 


{x + t 


r)-r 

2 




^y... 


sin a; 






Store 


dx 


- — s — • 

cos*a5 






T. D, C. 
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56. Differential coefficient of cosec x* 

Let y = cosec a;; proceed as in the last example, and we 
find 

dy coso? 
dx sin* 05* 

57. Since tan x, cot Xy sec a;, and cosec x are all fractional 
forms, we maj deduce tke differential coefficient of each of 
these fdnctions hj Art. 31 from those of sin x and cos x. 
Thus, let 

sino? 
V = tanaj= , 

^ cos 05 ' 

rfsina? . rfcosa: 
cosa?— ^ sinoj— ^ — 

therefore •# = ^ h > Art. 31, 

dx cosrx ' ' 

cos*a?4-sin'a? . , _, , _^ 
= 5 , Arts. 51 and 52, 



Similarly we may proceed with cot a?, sec oj, and cosec jc. 

Since versaj = l — cosaj, the differential coefficient of yers a? 
by Arts. 27 and 33 

= — differential coefficient of cos x 
= sin X. 
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CHAPTEE IV, 

DIFFEEENTIAL COEFFICIENTS OF THE INVERSE TRIGONOME- 
TRICAL FUNCTIONS AND OF COMPLEX FUNCTIONS. 

58. Let y = ^ (a?), so that y is a known function of a;; it 
follows from this that x must he some function of y, although 
we may not be able to express that function in any simple 
form. The best mode for the reader to convince himself of 
this will be to recur to algebraical geometry and suppose x 
and y to be the co-ordinates of a point in a curve the equation 
to which is y = 4>{x). For every value of x there will be 
generally one or more values of y, positive or negative, as 
the case may be. So for any value of y there will be 
generally one or more definite values of a:, which, as they 
really exist, may be made the subjects of our investigations, 
even although our present powers of mathematical expres- 
sion do not furnish us with simple modes of representing 
them. 

59. A simple example will be given in the equation 

y = aj*-2aj + l (1). 

Solve this equation with respect to a?, and we have 

a? = l+y* (2). 

Here (2) shews that if any value be assigned to y we must 
have for x one of two definite values. 

Now in (1), X being the independent variable and y the 
dependent variable, we have by Arts. 28, 33, and 44, 

1 = 2.-2 (3). 

In equation (2) we may treat y as the independent variable 

d2 
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and X as the dependent variable, and we find, by Art. 47, 

|-±te- w- 



From (2) a: — 1 = ± y\ 

1 

X 



therefore ^ = + 1/"*. 

-1 -^^ 



Hence, frozn (4). %-jj^^ (5). 

Comparing (5) with (3), we see that 

dy dx ^ 
dx dy" * 

The theorem which holds in this simple case we shall now 
prove to be universally true. 

60. To proved ^~^l. 
dx dy 

Let y^^{x) (1), 

since from this it follows that x must be some function of y, 

suppose aJ = '^(y) (2). 

Let X in (1) be changed into x + Aoj, in consequence of which 
y becomes y + Ay, then 

3r + Ay = <^(a?+Aa;) (3). 

Now in (2) it may happen that x has more than one value for 
any assigned value of y, but if the value of y in (2) be the 
same as that in (1), then amongst the values which x can 
have, one must be the value toe supj^osed assigned to x in (1). 
Hence we may suppose x and y m (2) to have the same 
values as the same symbols respectively had in (1). In equa- 
tion (2) change y into y + Ay, where y has the same value 
as in (1) and (3), and Ay the same value as in (3). ^ Then 
amongst the values which the dependent variable is sus- 
ceptible of in (2), one must be a? + Aaj, the symbols having 
the same values as in (3). 
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Hence a;+ Aaj = '^(y-f Ay) (4). 

From (1) and (3) 

Ay_ <^(a?-fAa?)-<^(a;) .. 

A^ A^ ^^^• 

From (2) and (4) 

Aa?_ i^(y-fAy)-i^(y) .. 

Ay" Ay ^^^• 

In (5) and (6) the same symbols have the same values, and 

, Ay Ax 1 

smce m that case -r-^ x -r— = 1, we have 
Ax Ay 

<f>{x + Ax)-iif> (Ji?) ^^ f (y + Ay) - f (y) _^ ^^ 
^ Aa? Ay ' 

Now diminish Aa? and Ay without limit, and we have 

^'(«)x^'(y)=l; 

or, as it may be written, 

dy dx ^ 

^ X = 1, 

dx dy 

61. The demonstration given in the last article may 
appear laborious. In reviewing it, the student will perceive 
that this arises from the necessity of proving that the a?, y, 
Aic, and Ay, which occur in (5), have the same numerical 
values as the quantities denoted hy the same symbols respec" 
tively in (6). This point is sometimes assumed, and it is 

considered suflScient td say " since t^ ^ X" ~ ^ always, we 

have, by proceeding to the limit, ;/ ^ ;7- = 1>" ^^* i* would 

appear necessary at least that the assumption should be 
noticed. 

62. Suppose « = ^ (aj), 

so that y is a function of «, and z a function of x. It follows 
that if we substitute for z its value in -^ (2), we make y an 
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explicit fimction of a?, and consequently y must have a dif- 
ferential coeflScient with respect to x. For example, \{ z=^q^ 
and y = «', we have bv substitution y = x^. If ow this is 
a function of x of which we know the differential coefficient, 

by Art. 44. Hence --^ = 60?". But if « = cos x and y = a*, we 

find y = a!^', a function of x which we have not yet seen 
how to differentiate. Hence the necessity and use of the rule 
demonstrated in the next article. 

63. Differential coefficient of a fwmtion of a function. 

Let « = ^(a;) (1), 

and y = ^W (2), 

so that y is a function of a?; required the differential coeffi- 
cient of y with respect to x. 

Let X be changed into x + Aa?, in consequence of which 
z becomes z + A^, and suppose in consequence of this change 
in z^ that y becomes y + ^y; thus 

z + Az=^{x + ^x) (3), 

y+Ay = 'i|r(2 + A«) (4). 

Now suppose that by putting for z its value in (2), we obtain 

y^F{x) (5), 

where F{x) denotes some fimction of x. From the mode 
in which equation (5) is obtained it follows that we may 
suppose X and y to have respectively the same values in (5) 
as in (1) and (2), and also that 

y + Ay = jP(aJ + Aaj) (6), 

where Aa: and Ay are the same quantities as have already 
occurred in (3) and (4). 

From these equations we deduce 

Ax Aa; w v /» 

^ = ^(^ + A^)-^W from (2) and (4), 
Az Aa 

A. ^ ^Ml^^^h^iM from (1) and (3), 
Aa? Aa? \ / % / 
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where the same symbols denote throughout the same quan- 
tities. Hence, since 

ikx tkz Ax* 
we have 

F(a; + Aa?)-jP(a?) _ Vr(g-f Ag)--i^(g) ^(a; + Aa?)-<^(a;) ^ 
Ax "" Aj5 Ax 

Now let Ax, Az, and Ay, diminish without limit, and we 
obtain j?^(aj) ^^'(^j ^'(a:) ; 

or, as it may be written, 

dy ^dy dz 
dx dz dx 

Hence the differential coeflScient of y with respect to x is 
equal to the product of the differential coefficient of y with 
respect to z, and of the differential coefficient of z with respect 
to x. 

64. We may make a remark on the demonstration of the 
last article similar to that in Art. 61. It is often considered 

sufficient to say that "x^" A ^ A~ ^^ *^® properties of 
fractions, and therefore, by taking the limit, ;/ = 77^ j- •" 

65. Differential coefficient of sin"* a?. 
Let y = sin'^a?, therefore 

Bmy^Xj 

dx 
therefore ^ = cosy. Art. 51, 

therefore -f- « , Art 60. 

aa: cos y ' 

Since siny = aj, cos y = + V(l s- a^) ; the proper sign to be 
taken will of course depend on the value of y ; we may there- 
fore put 

dy 1 

remembering that the radical must have a negative sign if 
cos y be negative. 
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66. Differential coefficient of cos"^a?. 
Let y = cos"*a?, therefore 

cosy = a;, 

therefore ^ " "" ^^^y? ^^' ^^> 

therefore ^ = — : — , Art. 60, 

dx fliny' 

1 



(See preceding article.) 

67. Differential coefficient of tan'* a? and cot"* a?. 
Let y = tan~*a?, therefore 

a; = tanyy 



therefore 


T- = — o- > Art 53, 


therefore 


H^ = cos'y, Art. 60, 




1 




l + tan»y 




=rb- 


Similarly, if 


y = cofiB, 




^_ 1 
<& 1 + a?' 



68. Differential coefficient of sec"* a? and cosec"*a?. 
liCt y = flec"*a?, therefore 

a; = secy, 

therefore -y = — ^ , Art. 55, 

dy cos'y 

therefore ' ^^cos^ ^^ g^^ 

flte smy 
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1 . iJia? — 1) 

But sec y = a?, therefore cos y = ~ , and sin y = — ^^ , 

*c so 

see Art. 65^ thus 

dy_ 1 

similarly, if y = C08ec"*a?, 



da? ajV(^' — 1)* 

69. In the manner ffiven in the preceding articles the 
differential coefficients of the inverse trigonometrical functions 
are usually determined. They may however be found without 
using Art. 60. 

Tor example, suppose 

y = tan"*aj, 

therefore y-f Ay = tan'*(aj + A), 

therefore Ay = tan"* (a? -f A) — tan'* x 

= *^^"rT^^+A) ' ^^ Trigonometiy, 
therefore ^ = Jtan-^_-^ 

tan-*: 



1 + a? (a? 4- A) 

""l+aj^+ajA * h ^ 

H-a;(aj + J) 

Now let A diminish without limit, then 

*an '7-- — 7 — --Tr 
Kmit of l+^±±R=. 1, Art. 21, 

l+a;(a? + A) 

therefore -j^= ^ . > . 

daj 1+ar 
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70. Again, suppose y = sin~*ir, 
therefore y + A7/== sin"* (a? + A) , 
therefore Ay = sin"* (a; + A) - 8in"^aj 

= sin-* [{x + h) V(l - a?«) - a? V{1 - (^ + A)»}], 

by Trigonometry, 
therefore Ay _ sip-'[(x + A)^(l-^-x Vf 1 - (a; + A)'}1 
Aa; h ' 

put (05 + A) ^(1 - ai^ - a; V{1 - (« + A)'} = « for abbreviation, 
then Ay_sin-'z^sin-^g g 

Aaj A « 'A' 

Now ^_ (a'+^)V(l-a^-icV(l-(ic + A)'l 
A A 

(a; + A)*(l-gO-a:'{l-(a; + A)'} 
A [((B + A) V(l - a^ + a; V{1 - (» + A)'}] 

2a; 4- A 

(a; + A) V(l - a*) + a; V{1 - (a; + AH ' 

thus the limit of f , when A = 0, is — 77^ — =r^ or „. ^ .^ ; 
n X v(l — ar) V(l — ar) ' 

and the limit of ?^^-? is 1, Art. 21; therefore 



dy _ 



dx VCl-aj")* 
71. Differmttal coefficient of y^r^'^ X. 
Let y = vers"* a?, therefore 

versy = a?, 
therefore 1 — cos y = a?, 

therefore -^ = sin y, 

therefore ^ ^ — — ^^ "~" — — — — ^— ^— — — 

c&c siny V(l — cos*y) V{l-(l~a;)'} 

^ 1 

""VCSaJ-ajy 



A FUNCTION OP A FUNCTION. 43 

72. Differential coefficient of z^. 

Let y = 2?", where v and z are both functions of x. 
Take the logarithms of both members of the equation, 
hence 

log,y = vlog,«. 

Now since these two functions of a: are always equal, their 
diflferential coefficients with respect to x must be so. 
And e?log,y _ rflog,y rfy 

= -:^, Art. 50. 
Also the differential coefficient of v log«« 

therefore J| = |log.^ + i |. 

and f? = ,.(j!log.. + r^). 

cic Veto ° z dx) 

73. If we compare Arts. 29 — 31 with Art. 72 we may 
deduce a general rule for the differential coefficient of a 
composite ftinction. Differentiate in order each component 
function, treating all the others as if they were constant; 
then add the results thus obtained. 

It is advisable to call the attention of the student explicitly 
to three different cases which beginners are apt to confound. 

(1) If y = «* where « is a function of x and a is a constant^ 
then by Arts. 47 and 63 

dv «_, dz 
Qjx ax 

(2) liy = a' where £? is a function of x and a is a constant, 
then by -^s. 49 and 63 



dy ., dz 
^ = a'log.a^. 
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(3) If y = «" where both z and v are functions of x^ then 
by Art. 72 

74. Differential coefficient ofoS^. Third method, see Arts. 
47 and 48. 

The differential coeflScient of a* is sometimes found thus : 
First prove as in Art. 44 or 45 that if n be a positive 
integer, the differential coeflBcient of a?* is waj*"\ 

If then n be fractional and positive^ suppose it=^ where 

p and q are positive integers. 



p 



Let y = a?" = 03* , 

therefore y* = a?*. 

Hence taking the differential coefficients of both sides 






therefore 



dy _^px^'^ __p 
dx qy^^ "" J ' 



aj«"*' 

The rule is thus established so long as n is positive. If 
n be negative suppose it = — wi, so that m is positive. 

Let y = a?"**, therefore 

y 

therefore 1 =ya?"*. 

Differentiate both sides, and we have . 

= a;'* -^ -f ymaj"*"^, Arts. 29 and 33, 
therefore -r^ = ^ = — mx~^'^ 
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Hence the rule for diflferentlating a;* is universally esta- 
blished. 

75. We shall now give some examples of the preceding 
rales for finding differential coefficients. 

(1) Let y = sin ax^ 

Put (ix=^z\ therefore y = sin «, 

, dy dy dz .^ ^^ 

But ^ = cos «, Art. 51, 

dz , 

and ^ ~ ^' '^^^ ^^' 

therefore -~ = a cos « = a cos ax, 

ax 

(2) Let y = sin (log a;) . 

By logo? without any base specified, we mean log^o:. 
Put log a? = «, 

therefore y = sin «, 

and ^ = 1^^, Art. 63. 

ax dz ax 

But ^ = cos «, Art. 51, 

dz 1 A i. cA 

^ rfv C0S5J cosfloffa?) 

therefore ^== _=___. 

(3) y = log (sin a?). 

Put sina; = £J, 

therefore y = log«, 

1 cos a? 

= - cosaj = -^ — 

z sm;p 

= cota;. 
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Pat ^ = ,, 

therefore ^ = -^ j^^^-^, ^, Art. 31, 

2ah 



{a^bxy 



. ^ dy I 2ah 2ab 

tneretore -j = ~ t i~\i = —% — m-s • 

ax z (a — bxY a' — JV 

This example may also be solved by putting 
y =z log (a + Jo;) — log (a — Jo?), 

therefore -^^ — rr-"^ T'^'~i — iju- 

dx a + bx a — ox a — oar 

(5) y = cos^-^f— . 

^ ^ 4-3a^ 

Put ~5^=='^' 

therefore y == cos"* z, 

^ dy dy dz 

and -T' — 'T-j-* 

ax az ax 

1 -a^ 

/f^ M-I^ nT V(a' - 9a!* + 24a' - 16) ' 

Ai -6a;*-3a^(4-8a?) ._^ „ 
_ 3(a^-4) .. 
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therefore ^- '^ 3(^-4) 

tnereiore ^- y^a^.g^.^+g^aj'-ie)-^ 

-3 (a!*- 4) 3 



In differentiating — -^ — we made nse of the rule for 

finding the differential coefficient of a fraction. By putting 
the expression in the form 

that is, 4a;"' - 3a?"S 

we obtain for the differential coefficient 

-12aj"^+3a:'^, Art, 47, 

or — ^ — J — I as above. 

It may be observed that cases of this kind frequently occur 
in which we may adopt more than one method. The student 
will find it very useful in rendering him familiar with the 
rules, to obtain his results, if possible, by different methods. 

^""^ ^" V(aJ-4a) • 

It is often convenient to take the logarithms of both sides of 
an equation before differentiating. Thus, from the above, 
we have 

l^gy = i {log a + logo? + log (a: - 3a) - log (a?- 4a)}. 

Take the differential coefficient of each member of the equa- 
tion, therefore 

l^=Mi+_l ?_l 

y dx 2\x x^3a x — 4aj 

_ a^-8aa?-f 12a* 

■" 2a? (aj - 3a) (a? - 4a) ' 
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therefore 


d!,_ 
dx~ 


ija. 
2{«( 


(a!'-8aa; + 12a») 
a!-3a)}*(a-4a)*' 


(7) y= 


= tan-'-. 
a 








Put ? = 
a 


: e, therefore y * 


= taii-'a, 




therefore 




dy. 


1 <& 

"l + «* dx 








s: 


1 1 

' ?a 

1 + ^ 


a 




a» + a!»* 



(8) Lety = tan-^-^j. 

^* ^i^ = *5thereforey = tan-««, 

Now # ^3(a«-a^(a'-3ai') + to(3xa'-.») ^^ 

oa? a(a* — 3ar)' ' 

_ 3(a*+2aV+a?*) 
And by reduction we find that 

Therefore -^^ = o . , . 

In fact we have jfrom Trigonometry 

. -1 3a*a? — aj* . . ^x 
^^ —T-i 5I5\ =3taii^-, 

and therefore the value of -^ ought to be a ^ . 
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It is obvious that other self-verifying examples may be 
constructed on the model of this example. 

T> , e*cosaj 

thus y = tan"*«, 

., /. dy 1 dz 

tnereiore -f^ = 5 -7- . 

dx 1 + z* dx 

y^ dz _ (e*co3a;— e*sina;){l+g*8ina;)— e*co8a;(e*Teosa>fe*siQa;) 
^^'" (l+e*sina?)* ^ " 

_ g* (cos a; — sin a; — e*) ^ 
(TT^sm^y* ' 

1 (1 + easing)' 



and 



l+«* l + 2e'sina? + e*' 



- r ^y e* (cos a; — sin 0? — e*) 

therefore ^j^. = ; , ^ , . . ^ . 

oaj l + 2e sin« + e 

(10) y = sin a; tan"* x a* log a?. 

^y X -1 »i . sina;a*loffa? 

-j^ = cosa;tan *aja*loeaj + ; 5^— 

dx ^ l + a^ 

, «, , sin a? tan"* a? a* . 

+ sm X tan a;a*loff a loff x + . Art. 30, 

. ° • X 

76. The differential coefficients of the simple functions are 
here collected for the sake of reference. 



y = a?". 




y = log.a?. 


dy _ 1 
dx xlog^a* 


y = a% 


g = a-log.a. 


T. D. c. 





E 



60 DIFFERENTIAL COEFFICIENTS. 

. X dy 1 X 

V = sm - . ^ = - cos - . 

^ a ax a a 

X dy 1 . X 

y = cos - . -^ = — sm - , 

^ a ax a a 

^ X . dy 1 ^x 

y = tan-. -:7^ = -8ec -. 

''a ax a a 

^x du 1 ^x 

y = cot - . -f^ ss — cosec' - , 

^ a , ax a a 



X 



J , sm- 
_ X dy 1 a 

a ax a ^x 

cos"- 

a 



jj ^ cos - 

X ay 1 a 

y = cosec — . ' 7 = — — — . 

^ a dx a . ^x 

sm' — 
a 

. -lO? . dy 1 
y = sm ' - . -^ =s --—5 5- , 

. _ia: dy a 

y = tan * - . ■— = -^ ^ . 

•^ a ax ar-\-ar 

^"" o' , dx" xtj{a?—a^)\ 

-1 a? d'y a 

y = cosec — . :j^ = 77-^ 57 

^ a • aa? x^J[x^^a) 

3(~vers ^. . ^dx" ^(2ax--x')' 
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EXAMPLES. 


1. 


y = c»Jx, 


dy _ c 

dx 2^Jx' 


2. 


a—x 

y- X • 


dy a 

dx-~^' 


3. 


\+X 

y-i+a?' 


dy 1 - 2a; - as* 

dx (l + o^* • 


4. 


y = ajloga;. 


g = l + log«. 


5. 


y = log cotan x. 


dy_ 2 

dx sin 2x ' 


6. 


X 


dy a* 


y-^{a'-a?)' 


> dx~ {fe-a?)V 


7. 


^ 


dy _ 3a? 


' n-^r 


dx~ {l-a*)i' 


8. 


y=^^{\-af). 


| = ^(l-3ar'-a0 
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9. y = {x-3)^ + ixef + x + 3. 



^=(2aj-5)e"+4(ar + l)e' + l. 



10. y={2x-5)^ + 4.{x + l)f+l. 

^=4e"{(aj-2)^ + aj + 2}. 

1 Q €^-e^ dy _ 4 



£2 
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14. y-logK + .-O. | = J^. 

15. y = a;'(a + a;)*(J-a!)*. 

^ = {2a5 - (6a -5b)x- 9x»} aj (a + »)» (6 - x)". 

16. y = {a + a;)"(5 + a:)". 

^ = (a + »)•-» (6 + «)•-* {»» (6 + a;) + n (a + a;)}. 

..„ _ 1 1 dy m{h + x)+n{a + x) 

^'* ^ (a + a!)-(6 + a;)"* <&" (a + a;)"« (J + a;)"*^ * 

18. y = — o tanar + x. -^ = tan*ar. 

iq „=___J___ %_ a;-V(l-a^ 

■'''• ^ aj + VCl-a!*)* die V(l-a^){H-2a;V(l-a0r 

20. y = {a*+a?)tuaL-. ^ = 2a;taii"'^ + a. 
91 _ //" j.^j.''^ ''y- 1 £a;+2c 

22. , = log{log(a4.5.-)}. | = ^_3^«gL_^. 

23. . = logtau(j + |), 1 = ^. 

24. y = e"*^''sina;. ^=e<"*''*{2(a+x)sma!+cosa}. 

„_ _ V(a 4- a;) rfy Va (Va; — i\^a) 

^~ t/a + A/x' ^~2\/x\l{a-\-x)ya + »JxY' 

27 «- /I ^-^M e?y_ -2x(2-a^) 
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98 «__£_ <?y (g'(l-a;)-l 

^^' y~V^' dx~ (e'-l)* * 

29. y=e ^^3:y^i . 

dy ( X V l + nsljl^^ 

<iB~ll + V(l-a!')i (l-aj^* * 

35. y = tano-. ^ = ^log.a.a. 

36. y = log{V(l+a=')+V(l-«0}. i = ^{l-V(I^}- 

37. y^Caai + .VC^i + O'*). i = 4VW(a*4-.V 

/TT \ <?y 2 

38. y = aj + logcos(^^-a!j. ^ = i:jrt^^- 

39- y=^(i+a^)_v(i-a^)- d»- «'t +V(i-«'Or 
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40. 

41. 

42. 

43. 

44. 

45. 
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dy . ^ X 



y 

^ = tana;tan~^a:. 
y = 8inwaj(8ina;)*. 

y 

y = e-^*^cosra:, ^ = ^ «^'***" (2a'a?cosra; + r sinra?) 



dy s X -1 . tana; 

. ^T" = sec'ic tan *a? + :; = . 

dx 1 + a:^ 

dxi 

^ = n (sin a;)""' sin (« + 1) a-. 

(sin wa?)** rfy _ wtw (sin nx)'^'- cos (wta; — wa;) 

(coswkb)"' tifc" (cos jna;)"*' 



(sin a;)" * 
^y Bina;|l- ^^^_^ |-3(x-Bin-'a;)cosa; 



46. y = 



dx 
log 



a + J tan - 



a — J tan - 
2 



(sin a;)* 






47. 

48. 
49. 
50. 
51. 
52. 



y- 
y- 
y- 
y- 



--af. 

1 



^ = ar'(H-logaj). 

1 

(7y _ af (l — loga?) 



£^ 



a;- 



oa; 

^=e''af(l + loga,). 

|=yafji + loga: + (loga.)j. 
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54. v = tan*- — -j. :^ = ^ . ^ , . — j. 

^^ . -iic + 1 eZj/ 1 

55. y = sm -^. _=^^.^____. 

56. y = tanV(l-a.). i= 2V(1-^) ' 

58. 'V=tan (ntana?). ^ = — a — ; — a - « ■ 
^ ^ ^ dx cosmic + n* sm* (c 

.a dy 1 

60. •3r=(« + a)tan-y^-VM. " ^,= tan-*y/f. 

61. y-tan^-+iog(^. i=^rr^^ 

62. y = sin"V(sin a;). ^ = y{l + cosec a?). 

,, 2a? dy 2 

63. 2^ = tan-^— ^. ^ ^ = TTx^- 

^^- 2^ = 8111 ^-j-^- ^•~V{6'+(2Jc-a*)a;'^+cV}-&+cx^' 

ox . -4 <^y a: sin""* a? 

65. y = V(l-a?).sin-^^-«^- ^^'VO^^* 

a? sin"* a? . , „^ ,v ^y s^n"^^ 

67. y = taii-{a,+V(l-a')}. ^r 2V(l-a^){l+W(l-a^)l * 
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-- . ^ gtana dy _ a* tan a 1 

• - //<^-a^ <?y x>J{V-ef) 

70. y = tau-«./(i;^5?f). f'^l 
^ V Vl + cosa;/ aa? 2 

71. vsaBin i • -T^= — rT • 

^ a + icosa: db? a + 6 cos a? 

' [ b + aco&x ) da> o + icosaj 

73. y«coB«^,:jpj. ^=-?r;:i- 

76. y = t«i ^^ . . S-2(i + a^- 

where y = ^^^-^ z 

shew that 



X 

du^ 1 

rfa? a?y(14-»)* 



. n + 1 . 7tx 
Bin— ^ajsm — 

78. Given sin x + sin 2aj + ..• + sin rw?=: — 



sin- 



EXAMPLES. 57 

deduce, by taking the differential coefficients of both sides, 
the sum of 



cos a; + 2 cos 2a; + ... -f w cos nx. 

If. n + 1 V 



n + 1 . X . 2n + l l/.n + lV 
sm - sin :: — a?— r ( sm 



.222 
Ana, ^—i ^— — — — 



. jaj 



2 

79. Having given (see Plane Trigonometry, Chap, xxili.) 
. . /tt , \ . /27r , \ . /m - 1 , N sin mx 

where m is a positive integer, shew that 

cot a? + cot ( — + a?) + ...^ + cot [ w + a? j = m cot mx, 

80. From the preceding result deduce that 

cosec'a? + cosec* ( — h a? ) + ... + cosec* ( tt + a; ) 

\m J \ m J 
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CHAPTER V. 

SUCCESSIVE DIFFERENTIATION. 

77. In the preceding cliai)ters we have shewn how from 
any given function of a variable another function may be 
deduced, called the differential coefficient of the first. This 
second function, by the same rules, has its differential 
coefficient, which is called the second differential coefficient 
of the original function. 

Thus, if y = a?", we have -^ = 7W?""\ The differential 

coefficient of wo;""^ is w (n — 1) a;""^, which is therefore the 
second differential coefficient of y or a;". The second differential 
coefficient oiy is denoted by 

dixf' 
which is to be considered as an abbreviation for 

ax 
dx 

What we said of ^ in Art. 26, we now say of -t4> 

that it is to be looked upon as a whole symbol^ not admitting 
of decomposition into a numerator d^y and a denominator ds?. 

d\ 
As -7-^ will be generally a function of x it will have its 

differential coefficient. This is called the third differential 
coefficient of y, and is denoted by 



^ *■-.. 



SUCCESSIVE DIFFEBENTIATION. 59 

as an abbreviation for 

dx 

This process and notation may be carried on to any extent. 

The successive differential coefficients of a function are 
often conveniently denoted by accents on the function. Thus, 
if (f>{x) be any function of x, then (f>'{x), <f>"{x)^ <^'"(^)> 
^'^(x), &c. denote the first, second, third, fourth, &c, dif- 
ferential coefficients of j> [x) with respect to x. 



78. In some cases the »*** differential coefficient of a 
function admits of a simple algebraical expression. For 
example, suppose 

y = sin a; ; 
therefore ^ = cos a? = sin (a? + "qJ > 



^sin 



(-1) 






d'y . / , 37r\ 

and generally -j-? =? sin ix + — j • 
So also, if y =^ sin aa?. 






= a"smf aa;+ —I. 



In like manner, if 

y = cos a?. 
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and if y = C08aa:, ^ = a*cosfaaj + -^J« 

79. Suppose y = a* ; 

therefore ^ ~ ^' ^^S ^' 

g = «-(l<.ga)-, 
and ^ = a- (log a)-. 

Similarly, if y=«", 2=a"«~. 

If y = log», 

<?y 1 _, 

^ — 0.- 



and 



where [n — 1 stands for 1 . 2 . 3 ... (w — 1). 

80. Differential coefficient of the product of two functions* 
Suppose w=y«, 

where y and z are functions of a? ; we have 
du^ dz dy 
dx"^ dx dx 
Differentiating both sides of the equation with respect 
to a?, we have 

d^u d^z dy dz . dy dz ^ d^y 
da^ '^ da? dx dx dxdx dx* 
^ d^z ndy dz d^y 

"^M'^^drxTx'^'M''' 
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Similarly 

da?~ydaf'^dxda?^^dxda?^^'d^dx'^d^'^'^d^' 

~yda?^^dxc^^^db^'^^d^''' 

So far, then, as we have proceeded, the numerical coeffi- 
cients follow the same law as those of the Binomial theorem. 
We may prove by the method of induction that such will 
always be the case. For assume 

rf\«_ d^ ^§^ n{n-l) d'yd'^z 
dj^'^doT'^^'dxflx'^'^ 1.2 d^dx'-^'^"' 

n{n-l)...(n-r + l) d'y d'^z 
^ [r dafdu^-^ 

n(n-l)... (n-r) <r"y rf'^^g <y 

Differentiate both sides with respect to x : then 
d^'u _ n^ d^d;^ ^^ d'l/d'^z , 

. n (w - 1) ... (w -r + 1) (<fy d'^z 

n (w - 1) ... (w - r) f <rV <;-"z (T-'y rf"-^'g ) 
''" \r + \ \dar*' da^-^"^ doT* ds!'-^]^ 

d*ydz cf*^i/ .. 
+ ^^ + ^'' ^^^• 

Bearranging the terms, we have 

, (n + l)n...{n + l-r)d'*'yd'-'z 
■*" [ r+1 rfar'rfa--'"^ 



■^i^-- («)• 
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Now the series (3) follows the same law as (!)• Hence 
if for any value of n the formula in (1) is true, it is true 
also for the next greater value of n. But we have proved 
that it holds when w = 3; therefore it holds when n=4, 
therefore when w = 5, &c.; that is, it is universally true. 

This theorem is Galled after the name of its discoverer, 
Leibnitz. 

81. If w = 6"* cos hx ; we have by Arts. 78 and 80, 
g=e«{a-cosJ«+«Ja"-'co8(5a:+|)+tfcL)„.-.ycos(ja.+f:) 

+ +J«co3^Ja: + ^)l. 



We may 
coefficient as 


also find another form for this n^ differential 
follows : 




^ = e** (a cos hx — h sin Ix) \ 


assume 


a = y cos <^, 




5 = r sin <^, 


so that 


r=(a»4-J?, 


thus 


— = re"* cos (J)x + <^), 



where r and <^ are constant quantities. 

Similarly ^^ = re'^[a cos (Ja? + <^) — i sin {bx + ^)1 

= r'e*'cos(6aj + 2^), 
and generally 

— = r*6"* cos (fix 4- n^) . 

82. The following is an important example of Art 80. 

Let ' w=e"*y; 

d^e°* 
then, remembering that —r-;r^(^^i '^c have 
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If now the expression 



(' 



" + 0* 



be expanded by the binomial theorem, and the symbols 

replaced by 

S' 3' g,«S:c. respectively, 
the result will be the same as the series in parentheses In (l). 
Hence^ we rhay write 

^-h^-^ ■•■(^). 

as a convenient alibreviated method of stating the equation (1). 

83. The following theorem is sometimes of use in the 
higher branches of mathematics. 

If n be any positive integer 



Vt^=^ 



da?* cfaj" 



eZ"-' / dv\ . n(n-l) rf""* / d'v\ 



+(-ir-S w- 



This theorem may be readily established by Induction. 
For it is obviously true when w= 1, and if we assume it to 
be true for a specific value of n We can shew that it will be 
true when n is changed into n+ 1. Assume that (1) is true 
and differentiate both -sides; thus 

<?"tt . dv d^u dr^^uv 



v^-s+r + 



dx^'^'^dxdaf' dx"" 



rf" / dv\ n(n-l) rf""' / d'v\ 



^(-■)-©(«y)---w- 
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Also since the theorem is supposed to hold for the value n 
we have from (I) by changing v into -^ , 
io^_d^( M_ £^( cPv\ . n(n-l) <?-' / dV>\ 



- + (-l)"«fc^ (3)- 

Now suppose the right-hand memhers of (2) and (3) written 
so that the first term of (3) is immediately under the second 
term of (2), the second term of (3) under the third term of (2), 
and so on. Then by subtracting we have 

d^'u d'^'uv , , ,. d"" f dv\ . (w + l)n d"^^ ( rf"t;\ 

d^^'O 



. + (-ir*w 



die" 



This shews that if the theorem is true for a specific value 
of w it is also true when n is changed into n+ 1. Therefore 
since it is true when n = 1 it is universally true, 

EXAMPLES. 

1. Ify==tanic + seca;, -7^ = 7; -. — r^. 

^ dor (l — smo;)^ 

rt X ^ -8 3 sin a? — sin 3a5 

2. Lety = sm'*aj = -r , 



. d^y Z . ( [ wttN 3* . /. , 717 

4. Ify = a!'loga;, ^ = i- 

5.. Ify=(«'+a')tan-'-, J = ^^:p^.. 



*"^), 



EXAMPLES. Ga 

6, lfy = e-'cosa;, ^ + 4y = 0. 

8. Ify = {a; + y(«*-l)}-, (a:'-l)g+a,g_„.y = 0. 

9. Ify = a!"-4ogaj, "*' 



10. ifj,.!^, 

11. IfM,= (e'+e-')", 

12. Ify = e*V», 

18. It,.ji;, 

14. Ify* = sec2a?, 



-=wV-4n(n-l)M^ 



e^'y ^ 2 Va? - 1 
d*i/ _ 24 

^-3=3/. 



15. Ify'(l+a:^=(l-a;+a:T, g = Lt3^\ 

a^ (1 + »•)» 

16. 






a^'-c" die' 
17. Ify = a:i"8ina;, 



= \n)^Bmx + -xsm[x + -j+^^x'smi^x + —j 

, n(n-l)(n-2) -, . / 37r\ „ ) 
+ [3[3 . ^ ^'° (^ + TJ ^-*4 ■ 

18. If 2f = tan-'-, 



then 






T. D. C. 
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hence ^3 = -- cos^ sin^ ;£ 

oaf a a a ax 

== - - am ^ -f- 
a Q ax 

a \a 2/ a 

Shew that g=2 /^ ^^\ ^,2 
dor a^ \a 2J a 

andgeneraUy 2 = ^co8{^ + (n-l)|} co8-|. 

Now tan"'- = ^ -tan-* - = J - ^ suppose ; 
a 2 X Z 

thus cosjf + (n-l)^} = Bm(f + ^) = sm(n.r-nd) 
= (- 1)""^ sin n0 ; and cos* ^ = 



a 



thus S = o(-ir-^^=^8in«d. 



;8i 



19. Since 
dx 



- ^ , 1 X ,<^^tan-p) 

o _ g ^ / 1 \ _ 1 W 

''d' + af' dx'W+a?) a c^ 



Hence, shew that 



^/_J_N_ (-l)'[n8in(n + l)g 



where tan 5 = - . 
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[The n^ differential coefficient of , ^ with respect to x 
is aometimes obtained thus ; 

_!_==_!__ I \ \ I. 



therefore 

dii^ W + aj*/ 2a V(- 1) \Sx - a V(-"i)P [x + a V(-l)r*U ' 
Now assume a; = rco^d, a = rslnd, so that 

f^^cf + a? and tand = -. 
a; 

Then {aj + a V(- 1)}*** = r»^' {cos 6 + V(- 1) sin d}"+* 

= r*"-* {cos (n + 1) ^ + V(- 1) sin (» + 1) ^} 
bj De Moivre's Theorem. 

Hence 

1 1 2V(~l)sin(n + l)g 

{a;-aV(-l)r' {aj + a ^(-1)^"" r^* ' 

and we obtain the same result as before for the proposed n^ 
differential coefficient.] 

20 ^^ fM^^SMi Axt 80 






Hence, by means of the preceding example, shew that 

(-!)''[» cos (n + l)g 

{ff + s^ 

[We maj also proceed in the manner indicated for the 
previons example, starting with 

a' + o" 2|» + aV(-l) «-aV(-l)Jj 

f2 
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1 -— 

21. Find the 4"» differential coefficient of -jr-7 and of € •*. 
Remits 

^'"*""fl"*"Vxf"^'''' and a'^flGaj-"- 14to^^+ mx^^l20x^] . 

22. ^^^^^ = {a^c" + 2naj(f-^ + n(n-l)c-^}a*, 

where c = log a. Art. 80. 

23. If y = sin (main"* a?), shew that 

Apply Leibnitz's theorem, Art. 80, and deduce 

24. If y = a cos (log a?) + 6 sin (log a?), shew that 
andthat a^^^ + (2n + 1) x^ + (n» + 1) g = 0. 



CHAPTER VI. 

EXPANSION OP FUNCTIONS IN SERIES. 



84. In the binomial theorem, we are furnished with a 
series proceeding according to powers of A, which is eqni- 
Ysdent to the expression (a; + A)*. Other series have also 
presented themselves in Algebra and Trigonometry, such as 
the expansion of e* in powers of x and of log (1 + x) in powers 
of X. In the previous articles of this book, we have, however, 
not assumed the knowledge of any expansions, exc^t the bi- 
nomial theorem in the case of a positive integral exponent ; but 
we are now about to investigate the expansion oi f{x + h) 
in powers of A, where /(a?) denotes any function of x, and it 
win appear that all the isolated examples which the student 
may have seen hitherto, are but cases of this general theorem. 

85. Before we offer a strict demonstration of the theorem 
in question, we shall notice the method which it was usual to 
adopt in treatises on the Differential Calculus not based on 
the doctrine of limits. Such treatises commenced with an 
unsatisfactory demonstration of the proposition that f{x + h) 
could generally be expanded in a series proceeding according 
to ascending integralpositive powers of A ; it remained then 
to determine the coefficients of the different powers of A, and 
that was accomplished in the manner given in the following 
two articles. 

86. We have first to establish the following theorem. 
If f(x 4- h) be any fimction of a: + A, we obtain the same 
result whether we differentiate it with respect to x, consider- 
ing A constant, or differentiate it with respect to A, consider- 
ing x constant. 
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For put a? + A =: ». 

In the first case 

dx dz 'dx 

dz , 
since J- = 1. 

ax 

In the second case, 

df{x + h) _ df(z) dz 

dh dz ' dh 

dz ^ 
since jT = '- 

ah 

87. To expand /{x + A) in a series of ascending powers 
of A. 

Assume (Art 85) that 

f{x + h)^A, + AJi+AJi^ + Afi'+ (1), 

where A^ A^, A^ &c., do not contain h. 

Then 

and ^(^^ = ^^ + 2^^ + 3^;i«+ (3). 

By Art. 86, the series (2) and (3) must be equal. Hence, 
equating tiie coefficients of like powers of A, we have 

A _i^A-, ^ ^A 

■^»"2 dx'^1.2 dsf' 
• 3 rfsc 1.2.3 dixf^ ' 
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And by putting h = Om (1), we find 

Hence, substituting the values of A^, A^, &c. in (1), we have 
f{x + h) =f{x) + hf{x)+^r{x) +^/'»+....(4), 
the general term being 

[n dx^ • 
This result is called Taylor's Theorem. 

88. There are numerous objections to the method of the 
preceding articles, and especially the use of an infinite series, 
without ascertaining that it is convergent, is inadmissible ; we 
proceed then to a rigorous investigation. 

89. Let y = -F(aj), and suppose A a? and Ay to represent 

the simultaneous increments of x and y\ then the iraction 

At/ 

■~ , since it has for its limit the differential coefficient F'{x)j 

win uUimateltf when Ax is taken small enough have the same 
sign as this limit, and therefore will be positive if the dif- 
ferential coefficient be positive, and negative if the difierential 
coefficient be negative. In the former case, the quantities 
Ay and Aa? being of the sam^e sign, the fdnction y will increase 
or diminish according as x increases or diminishes. In the 
latter case, Ay and Arc being of contrary signs, y will increase 
if X diminishes and will diminish if x increases. 

The above supposes that there really is a finite limit to 

which -j~- tends ; in other words we assume that F' (x) is not 

infinite. The limitation that the functions with which we are 
concerned are not to become infinite is one which ought to be 
understood in most theorems in mathematics, even if it is no^ 
formally enunciated. In the present subject however it is 
usual to state this limitation expressly at the more important 
stages of the investigations. 

It may be observed that we may sometimes obtain useftil 
infi)rmation respecting the sign of a fanction by examining 
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the differential coefficient' of the function. For exam|)le, 
suppose 

y=(x-l)<^ + l, 

then -r-^xe'] 

as ^ is positive for all positive values of x, it follows by the 

present article that y is always increasing so long as a; is 
positive ; but y = when a? = ; therefore y is positive for all 
positive values ofx. 

90. A function of a variable is said to be continuous be- 
tween certain values of the variable when it fulfils the follow- 
ing conditions : the function must have a single finite value 
for every value of the variable, and the function must change 
graduatly as the variable passes from one value to the other, 
so that corresponding to an indefinitely small change in the 
variable there must be an indefinitely small change in the 
function. 

91. Suppose j>[x) a function which vanishes when x — a 
and when a? = 6, and is continuous between those values. 
Suppose also that <^' [x) is continuous between those values. 
Then <^' [x) will vanish for some value of x between a and J. 

For <f> [x) cannot be always positive between those values, 
for then ^{x) would be constantly increasing as the variable 
increased from the lower value to the higher (Art. 89), which 
is inconsistent with the supposition that <^ {x) vanishes at the 
two specified values. Similarly <^' [x) cannot be always nega- 
tive. Hence 4> {^) must change from positive to negative or 
from negative to positive between the assigned values ; and 
since it is continuous it cannot become infinite and must 
therefore pass through the value zero. 

If a denote some constant quantity, such expressions as 
/'(a), /"(«)> &c. may occur in our investigations, the meaninff 
to be attached to them being that f{x) is to be differentiated 
once, twice, &c., and in the result x changed into a. 

We can now demonstrate Taylor's Theorem. The proof 
which we give in the next article is due to Mr Homersham 
Cox ; it was published by him in the 6th volume of the 
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Cambridge and Dvblin Matkemaiical Journal, and subse- 
qaently in his Mantial of the Differential Calculus. 

92. Suppose f{a + x) and its differential coefficients up to 
the (n + 1)*** to be continuous between the values and A of 
the variable x. The expression 

/(a + a:)-/(a)-^/(a)-|/'{a)...-|/-(«)-^...(l). 

vanishes when a; = A if ^ = 

\^[f{a + h)-f{a) -hf{a)-^f"(a) -^-^fia)] ... (2). 

Suppose B to have this value which we observe is inde- 
pendent of X. 

The expression (1) also vanishes when x = 0. 

Hence, by Art. 91 the differential coefficient of (1) with 
respect to x must vanish for some value of x between and h ; 
suppose x^ that value, then 

/(a + ar)-/'(a)-<'(a)...-|^/-(a)-gi? (3), 

vanishes when x=x^. Bat (3) also vanishes when x = 0; 
hence there is some value of x between and x^ for which 
the differential coefficient of (3) vanishes. 

Continuing this process to w + 1 differentiations of (I) we 
find that f^*^ (a + a:) — ^ is zero for some value of x between 
and h ; let this value of x be 0h, where is some proper 
fraction, therefore 

R^f^'icL + eh). 
Substitute this value of ^ in (2) and we have 

/(a + A)=/(a) + A/(a)+|/'(a)... + |/"(a) 
We may now put x for a in this equation, since there has 
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been so restriction in tlie valne of a, except that all the quan- 
tities are to be finite, thus we obtain 

/(« + A)=/(x)+A/(x)+|/'(a:) + ... + |/-(a:) 

Xn+1 



If the function/^ {x + 0h) be such that by making n suffici- 
ently great the term -. -f^ {x + Oh) can be made as small 

as we please, then by carrying on the series 

/H + */'(x)+|/"(a;) + g/"'(a:) + &c., 

to as many terms as we please, we obtain a result differing as 
little as we please from /(a; + A). Under these circumstances 
then we may assert the truth of Taylor's Theorem. 

93. Taylor's Theorem is so called from its discoverer 
Dr Prook Taylor; it was first published in 1715. The 
theorem contained in equation (4) of Art. 92 is called 
Lagrang^a Theorem on the limits of Taylor's Theorem* It 
gives us an expression for the difference between /(a? + A) 
and the first n + 1 terms of its expansion by Taylor's Theorem, 
or as it is called " the remainder after w + 1 terms." 

94. To the expression /^^(a? + ^A) which occurs in Art. 
92, we must assign the following meaning. "Let /(a;) be 
differentiated n + 1 times, and in the final result change x into 
X + ^A." We do not know any thing of d, except that it 
lies between and 1 ; it will generally be a fdnction of x 
and A, and hence, to differentiate fix + Oh) with respect to 
X, is not the same thing as to differentiate f{x) with respect 
to X and then to change x into x + OK 

95. Maclaurin's Theorem. 
In the equation 

/(x + A)=/(^)+A/(x) + ^/"((r)+... + *^) 
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put X = 0, we have then 

/(A)=/(0)+A/(0) + .... + ffi^ + j^/-'(OA). 

We may, if we please, change h into a, and since the 

quantities /(O), /'(O), /*(0), do not contain x or A, no 

change is made m any of them : hence 

/(x) =/(o) +<(o) + ....+^2l+^/-.(^^). 

When the last term, by taking n large enough, can be 
made as small as we please, we have for /(a?) an infinite series 
proceeding according to powers of x. This series is usually 
called Maclaurin's, having been published by him in 1742 ; 
though, as it had been given a few years previously by Stir- 
ling, it sometimes bears the name of the latter. 

96. Assuming that any fdnction of x can be expanded in 
a series of positive integral powers of a?, the following method 
has been given for proving Maclaurin's Theorem. 

Let f{x)=A^+A^x + A^ +A^x''+ 

where A^, A^j A^, &c. do not contain x. 

Differentiate successively, then 

f{x)r^A^+2A^-\-.... + nA^ar' + 

f {x) = 2 A^+2,3A^ + .... + n{n-l)A^ar* + 

f"{x) = 2.3-43+ •••• + ^ (w - 1) (n-2) ^^""• + 



Now suppose a: = in each of these equations, we have 

A=/(o), 
^.=I^/"(o), 



^.= ' 



rxa-^"^^)' 
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Substitute the values of -4^, -4^, &c. and we obtain 

f{x) =/(0) +^(0) + ^/'(O) + .... + g/-(0) + &C 

97. The demonstration given of equation (4) in Art. 92, 
which equation involves Trior's Theorem, and may even 
speaking loosely be called Taylor's Theorem, will probably 
disi^ppoint the reader. Though he may be unable to discover 
any naw in the reasoning, he will complain of the artificial 
and tentative character of the whole, and he will urge the 
same objection with respect to Cauchy's method of proof 
which we shall presently give. Without denying the justice 
of these objections, we may reply that the liighly general 
character of the theorem may be some excuse for the com- 
plexity and indirect nature of the investigation. But with 
respect particularly to the dissatisfaction felt in being com- 
pelled to assent to a number of propositions without knowing 
beforehand the general course which the demonstration might 
be expected to take, we may remind the student that he must 
not while engaged jn the elements of a subject expect to be 
able, as it were, to rediscover the theorems for himself. Instead 
of asking, "what suggested this or that step?' he must 
frequently be contented with the simpler question, " is the 
reasoning correct?" To this of course he has already, perhaps 
unconsciously, been accustomed ; for example, if a complicated 
constraction occurred in Euclid, he merely confined himself, at 
least for some time, to an examination of the consistency of 
the construction, and the truth of the deductions from it, 
without attempting to retrace the steps by which Euclid 
arrived at his construction. 

98. On account of the importance of Taylor's Theorem 
we shall add another demonstration; this demonstration is 
due to Cauchy, and is given in the following form by 
Moigno. 

Let F{x) and f{x) be two functions of x which remain 
continuous, as also their differential coefficients, between the 
values ajj and x^ + hot the variable x. Suppose also that be- 
tween these same values the derived function /'(a;) does not 
change sign, or in other words that between these values the 
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faiictioiiy(a;) continually increases or continually diminislies. 
Then the fraction 

shall be equal to the value of 

F'{x) 

when in the latter x has some value included between the 
specified values ; that is, 6 denoting somie proper fraction, we 
shall have 

F{x, -f h)^F{x,) _ F'{x, + 0h) 
f{x, + h)^f{x,)''f{x, + dh)' 

For let A and B be the algebraically least and greatest 
values which the fraction 

iM 

can assume between the values x^ and x^ + h; the two ex- 
pressions 

F'(x) 



fix) 



-A, 



and f^'-^' 

will therefore have contrary signs, each of the ttoo retaining 
its siffn unchanged. The same will be the case with 

r{x)-Af{x), 

and F{x)-Bf{x), 

since /"(a;) is of unchangeable sign. But these expressions 
aie the differential coefficients of the two functions 

F{x)^Af{x), 

and F{x)-Bf{x). 

Therefore of these last functions, one must constantly increase 
and the other decrease, (Art. 89). Hence, subtracting their 
initial from their final values. 
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and F(x,+ h) -F{x;)-B{f(x, + h) -/(xj], 

will be, one positiTe and the other negative. 

Hence i^p.±Ri:^ -A, 

f{x, + h)-f{x^ 

Fix, + h)-F{x,) 

ore of contrary signs. 

Since J,; ^ — A — 7T\ is greater than A and less than j5, 

it must be comprised between the greatest and least yalues 

of jy/ J • Moreover, this fraction, in passing from its greatest 

to its least value, must pass through every intermediate value. 
Hence there must be some proper friiction 0, such that 

99. The result of the preceding article has been obtained 
on the assumption that the functions are continuous and that 
f {x) 18 of invaruMe sign between the values x^ and a;^ + A of 
the variable x. The result however is true if the functions 
are continuous and either of the two F'{x) and /'(a?) is of inva- 
riable sign. For if F*{x) be of invariable sign we may prove 
as in the preceding article that 

f{x,+ h)-/(x,) _ f(x, + h) 

F{x^ + h)-F{x,) F{x,+ dh)' 
and from this it follows of course that 

F{x, + h)-F{x;} _ F'(x, + 0A) 

Ax,+h)-f{x;)-f'{x,+0hy 

The reader who wishes to see the application of this 
result to the establishment of Taylor's llieorem, may pass 
on to Art. 106 at once, and then return to the consideration 
of the omitted articles, in which we shall give another proof 
of the result, and also some geometrical illustrations. 
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100. The enunciation of Art 98 being supposed, we may 
arrange the proof thus : 

Divide h into a number of equal parts, and let a denote 
one of these parts. Consider the fractions 

••V(^. + A)-/(^i + A-«) ^^' 

Form a new fraction by adding together all the nume- 
rators in (1) for a new numerator, and all the denominators 
in {1) for a new denominator. We thus obtain 

Ax, + h)-f{x^ W. . 

Since the denominators which occur in (1) have by hypo- 
thesis all the same sign, we know from algebra that the 
fraction (2) lies in value between the greatest and least of 
those in (1), Now 

F{x, + a)--F{x,) 
F{x, + a)-F{x,) ^ a 

/(^x+«)-/(^i) 7E±«E7Er' 

a 
if then we put this fraction equal to 

Z^ + B 

we know that fi diminishes widiout limit when a does so. 

Similarly, 

Fjx, + 2a) - F{x, + (i) _ F' jx, + «) , ^ 
/{x,+ 2a)-f{x, + a) f(x, + a)^^\ 

F{x^ + 3a)-F{x, + 2a) F'{x, + 2a) g 
fix, + 3a) -fix, + 2a) ~ /' {x, + 2a) "^ *^ 

F(x^ + h)-F{x, + h-a) _ F'{x, + h-a) 
/{x, + h)-f(x,^h-a)-fix, + h-a)^f'' 
where 7, S, ... /*, all diminish without limit when a does so. 
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Since the fraction in (2). always lies between the greatest 
and least of the series 

F{x, + h-a) 
/'(x, + A- «)+'*' 

it must lie between the greatest and least limits towards 
which these tend ; that is, it most lie between the greatest and 

least values which j,,; I can assume between x, and x. + h. 

Bpt as -77-7-4 f in passing from its greatest to its least value, 

/ W . 

passes through all intermediate values, there must be some 
proper fraction &, such that 

F(x^ + ^) - F{x,) _ F'(x, + 0h) 

101 . Suppose / (a?) = a? — a?j ; 

therefore /' («) = !. 

The conditions required to be satisfied by f{x) in the 
enunciation of Art. 98 are satisfied. And as 

and /K)=0, 

we have F{x^^h)''F{x^^hF'[x^'\-eh). 

This simple case of Art. 98 might of course be proved in 
the same manner as the general proposition was established. 

102. The result of Art. 101 may be applied to shew 
that ai;i expression independent of a; is the only one of which 
the differential coefficient with respect to x is always zero. 
For suppose F{x) a function, such that F\x\ is always zero ; 
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then, from the last equation in Art 101 it follows, whatever 
be the value of a?^ and a?i+A, that 



therefore 



F{x,^h)^F{x,). 



Hence the function F{x) has always the same value whatever 
be the value of the variable; that is, it is constant with 
respect to a?, or in other words does not depend on x. 

From this it follows, that two functions which have the 
same differential coefficient with respect to any variable can 
only differ by a constant. For the differential coefficient 
of the difference of these functions being always zero, it 
follows from what we have just proved that such difference 
is a constant. 

103. The result of Art. 101 admits of the following simple 
geometrical verification. 

We have already shewn. Art. 43, that if u represent the 
area contained between the axes 
of x and y, the ordinate y, and y 
any curve, then 




du 

Let u = F{x), and therefore ^ 

y^F' (x) is the equation to the curve ; let OM=t x^y MN^h \ 

then area OAPM=F{x^)y 

area OAQN^F{x^ + h), 

therefore area PQNM=^ F{x^ + A) - ^(a?,). 

Now it is obvious that a point B must exist between P and Q, 
such that, drawing the ordinate EL, 

rectangle JiL.MN= area P^JVaf. 

But IiL=^F'{x, + 0h), 

where is some proper fraction ; therefore 

hF{x^+eh) ^F{x^ + h) -F{x;). 

T.D.c. a 
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104. The following is another geometrical illustration of 
Art. 101. 

If y — F[x) be the equation to a curve, then F' {x) is the 
trigonometrical tangent of the angle 
between the axis of x and the tan- 
gent to the curve at the point (a?, y). 
Art. 38, 

Let OM^x^, MN^h, 

F{x,+h)-^F{x,) 
h 



then 




is the tangent of the inclination of the chord PQ to the axis 
of a?. Hence Art. 101 amounts to asserting that at some 
point B between P and Q the tangent RT to the curve is 
parallel to PQ. 

We call this an illustration. When, however, the student 
has sufficiently considered the nature of the tangent to a 
curve, it may amount to a proof of the proposition in 
question. 

105. The following is an illustration of the general pro- 
position in Art. 98. 

Let there be two curves APQ and apq^ JjttF{x) denote 
the area contained between the 
first curve, the axes of x and y 
and an ordinate to the abscissa 
a?; then y = F'[x) is the equa- 
tion to this curve. Let f{x) de- 
note a similar area with respect to 
the second curve ; then y =f {x) 
is the equation to this curve. 

Let OM^x^, MN^h. 

Then F{x^ + A) - F{x^ = area PMNQ, 

f{x^ + h) -/(a;J = aiosLpMNq. 

Hence the equation 

F{x, + h)--F{x,) ^ r{x, + 0h ) 
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amounts to the assertion that there must exist some point B 
between P and Q, such that 

area^-MNj rL * 

106. Suppose now that F{x) B,nif{x) and all their differ- 
ential coeflScients up to the (n + 1)"* mclusive, are continuous 
between the values x^ and x^ + h of the variable x; moreover 
suppose that one of the two F'{x) and /'(a?) is of invariable 
sign between the same values, also one of the two J^" (x) and 
f^{x), and so on up to F^'^'ix) &nif*'{x). Then, by Art. 99, 

Fix, + h)-^F{x,) __ r{x,+ 0,h) 
r{x, + 0Ji)^F'{x,) _ F'{x, + 0,h) 

f{x,+0,h)-^f'{x,) r[x,+ 0^y 

F'{x, + 0Ji)^F"{x ;) ^ F"{x, + 0Ji) 

r{x,-v0jv)-r{xrr{x,^0jiy 



F^{x,+ 0Ji)^F^{x,) _ F^-'{x, + 0h) ^ 

ri!^x+0nh)-r{x,r r^{x,+0hy • 

where 0^y0^y ^^, ^, are all proper fractions. 

Let us now suppose that F'{x)^ F"{x),,..F''{x), f{x), 
/"(a:),.../* (a?) all vanish when x=^x^\ tnen from the above 
equations 

F{x^ 4- A) - F{x^ _ F*-"' {x, + 0h) 

107. If we take /(a?) = (a? — ajj""*"^ we find that the requi- 
site conditions are all satisfied ; that is, /(a?) and its differen- 
tial coefficients are continuous, and the differential coefficients 
are of invariable sign between the values a?^ and a?^ + A of the 
variable; also all the differential coefficients up to the n^ 
inclusive vanish when x = x^. And 

Suppose then that F{x) and all its differential coefficients 
are continuous between the values x^ and a?^ + A of the varia- 

g2 
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ble, and that all the differential coefficients up to the 7if^ in* 
elusive vanish when x = x^; we have by Art 106, 



Suppose a?i = and F{x^ = 0, then 

108, Application to Taylor's Theorem. 

Let ^(a? + A) be a function which is to be expanded in 
a series of ascending positive integral powers of h. Let 

Then Fiji) and its differential coefficients with respect to A, 
up to the 71^ inclusive^ vanish when A = 0. Abo 

Hence, by the last equation of Art. 107, 
and therefore 

^ From this Taylor's Theorem follows whenever the func- 
tion is such that, by sufficiently increasing n, the term 

can be made as small as we please. 
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109. The following proof of TayWs Theorem deserves 
notice, as it depends only on the equation which is proved 
geometrically in Art. 103. Let 

be called F{!c), then 

Now, "by Art 103, 

Fi^x) ^F{e) ^{x-z) F'[z + ^(oj - «)}. 
Also F{z) = 0, 



and F'{z + 0ix-z)} ^^^^^-^ ^-*' {a.+ ^ (»-«)} ; 

(«-«)' 
12 



therefore <f>{z)-4> {x) -{z-x) <f>' (x) - ^" .^' <f>" {») 



er{z-x) 



.«+i 



^^» 



-^^—^^»{z+e{x-z)]. 

Put A for 5? — a?, then 
0(a, + ;i) = ^(a;) + Af(x) + |f'(a;) +|^-(«) 

110. The result of the preceding article gives us an 
expression for the remainder after w + 1 terms of the expansion 
of ^ (a? + A), differing in form from that we found before. If 
we assume ^ = 1 — ^^ , the remainder becomes 



il:i-^^-(a: + ^,A). 



111. In the proofs given of Taylor's Theorem, we have 
supposed all the functions that occur to be continuous. If 
the. function we wish to expand, or any of its differential 
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coeflScients up to the (n + 1)*^ inclusive, be infinite for values 
of the variable lying between certain values, the demonstration 
given of the theorem 

In rn+l 

fix + h)=f{x)+hf'{x) +^/-(x)+^|^/-«(a> + tfA), 

IS no longer valid. It is usual to speak of the cases where an 
infinite value enters as " instances of the failure of Taylor's 
Theorem." The phrase is connected with the imperfect mode 
of demonstration given in Arts. 86 and 87, in which it was 
not settled beforehand when the theorem supposed to be 
demonstrated was really true and when it was not For ex- 
ample, suppose 

/(a;)=V(a?-a), 

Then it would be said that /(a? + h) can always be expanded 
in a series of whole positive powers of A, eoccept when x = a. 

When ic = a, /'(a), /"(a;}, &c. all become infinite, and 
f{x + h) becomes /s/h. 

112. It was usual in that system of treating the Difieren- 
tial Calculus referred to in Art. S5, to express, or imply, 
two propositions with respect to the " failure of Taylor's 
Theorem." 

(1) If the true expansion of f{a + A) in powers of h 
contain only integral positive powers of A, then none of the 
quantities /(a), /'(«), /"(«) can be infinite. 

(2) If the true expansion of f{a + A) in powers of A 
involve negative or fractional powers of A, then some one of 
the quantities /(a), /'(a), y (a), &c., is infinite, as well as 
all which succeed it. 

Bjr the true expansion of /(a + A) is meant the expansion 
obtained by some legitimate algebraical process, applicable to 
the examjple in question, as the binomial theorem for example. 
The proof of the above two propositions was given thus. 

Suppose /(a + A) = ^0 + ^^A* + AJi^ + Afi^ + 

to be the true expansion, A^y A^^ &c., not containing A. Then 
to obtain /'(a), /"(a), &c., we may differentiate /(a + A) 
successively with respect to A, and put A = in the result. 
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If then a, /8, 7, be all positive integers, we shall never 

have negative powers of h introduced by successive differen- 
tiation of f{a + h). Hence, by putting A = 0, we introduce 
no infinite values. 

But if any one of the exponents a, )8, 7, &c., be negative, 
f{a + h) and all its differential coefficients contain negative 
powers of A, and therefore/ (a), /'(«),/" (a), &c,, are all infinite. 

If none of the exponents be negative, but one or more of 
them be positive fractions, suppose 7 the smallest of such 
fractions, and that it lies between the integers n and w + 1. 
Theny(a + A) and all its differential coefficients up to the n^ 
inclusive are free from negative powers of h; but/"*^{a + A) 
and all the subsequent differential coefficients contain them. 
Hence /*** (a) is the first differential coefficient tliat becomes 
infinite, and all the following differential coefficients are 
infinite. 

113. It will be of use hereafter to remark that if for a finite 
value of the variable any function becomes infinite, so ajso 
does the differential coefficient of the function. In proof of 
this, it is sufficient to notice the different cases that may arise. 
An Algebraical function can only become infinite, for a finite 
value of the variable, by having the form of a fraction the 
denominator of which vanishes. Now when we differentiate 
a -fraction we never remove the denominator, so that the 
differential coefficient also has a vanishing denominator, and 
therefore becomes infinite. Similarly, the 2nd, 3rd, &c. dif- 
ferential coefficients are also infinite. 

1^ 

The transcendental functions log^a? and a*, which both 
become infinite when a? = 0, have their differential coefficients, 

viz. - and ;§— a*, also infinite when a? = 0. 

The trigonometrical functions, such as tan x and sec x, 
which can become infinite, are fractional forms, and fall under 
the observations already made. 

The i)roposition is not necessarily true for functions which 
become infinite for an infinite value of the variable, as may be 
seen in the case of log a?, which is infinite when x is infinite, 

while its differential coefficient - vanishes. 

X 
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MISCELLANEOUS EXAMPLES. 

1. Ify = tan"T , :7 =r-^ — »• 

2. Ify=«tan-i. | = tan-l-^-|^, 






_, Ti» /sin a?\isri rfy y (a? cos a? — sin a;) , «c 

^ \ X ) ai» ain'aj °sma: 

7. H,-#((.-.).(.-.)!. g- .f/j:,:;':",). - 

8. If a? = a cos ^ + J sin ^, andy = asin^ — Jcos^, then 

<f*a; cP*y cJ'aj J"y 

is independent of ^. 

9. If cos"*'~ = log ( Y J , then 

10. Shew that (a;-2)e* + ;»42 is positive for all posi- 
tive values of x. 



( 89 ) 



CHAPTER Vn. 

EXAMPLES OF EXPANSION OP FUNCTIONS. 

114. We shall first apply the formulae of the preceding 
chapter to expand certain functions. 

Required the expansion of (I+a?)**, m not being assumed 
to be a positive integer. 

If /(a;) = (l+xr, 

we have f\x) = tti (1+ a;)*"\ 

/»=77i(m-l)(l+a?r-^, 



/"(a?) = w (w - 1) •.. (m - n + 1) (1 +a;)'""", 

hence /(O) = 1, /'(O) = m, /"(O) = m (w - 1) , &c. 
Therefore, by Art. 95, 

(l+a;)"=l4-wa?+ \ ^ ar+...+ — ^ ^-r-^ -x"" 

[n + 1 ^ 

If a; be less than 1 the last term can be made as small as we 
please by sufficiently increasing n, and in that case the infinite 
series 

l + ma;+ \ ^ ar + &c, 

can, by taking a sufficient number of terms, be brought as near 
as we please to (1 4- »)**. 
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115. Let f{x)^(f. 
By Arts. 95 and 79, we have 

a' = l + a?loga+— (loga)*+... + T^(loga)- 

+ i^Ti • 

Hence, changing a to c, and remembering that 
loge = l, 

1.2 [3 |n |n+l 

The term may be made as small as we please by 

sufficiently increasing n. Hence we may write 
e* = l + a; + -— + .— + &C., adinfi 
Put aj = 1, and we have 

This series may be used for calculating the approximate 
value of 6, and we may shew from it that ^ must be an incom- 
mensurable number. See Plane Trigonometry ^ Chap. x. 

116. Let f{x) = sin x. 
By Arts. 95 and 78, 

•8ina: = a:-j^ + ^- 

a? x^ 
Similarly C08aj==l — — ^ + rT — ... 
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In Arts. 115 and 116, the stadent will see that the last 
term can be made as small as we please, whatever be the 
value of Xy if ti be taken large enough. 

117. Let f{x) = log (1 + x) ; 

therefore f{x) = -^ and /' (0) = 1, 



^'^""^ = ^ ^^%^ *"^ j^ w = (- ^)'"i".-^' 



therefore, by Art. 95, 

\n-l 



log(l+.)=.^f + f-...-f(-^ 



+ <n + l)(l + ^a?p' 

In this series, if we suppose x positive and not greater 

/ X \"^^- 
than unity, then, as [ — g-l can not be greater than unity, 

the error we commit, if we stop at the term ^ — , is 

not greater than — — - ; that is, can be made as small as 
° n + 1 * 

we please by increasing n sufficiently, . 
If we change the sign of a?, we have 

1 f-» \ X X^ X X 

log(l-«) = -«-----...---^5^-^^^^^j_^^„ 

which does not give a very convenient form to the remainder. 
But by Art. 110, we may also write 

log(l-..) = -a:-----...---i^-^, 
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where 6 is between and 1 ; 

now {i-e)'^' _ (x-ex y x 

^ (l-Ox)'^ ~\l-0x)'l-ex' 

• ic — Ox (x — 0x\* 

If a? be less than unity, so also is - — ^ , and ( ^ ^ J 

can be made as small as we please by taking n large enough. 
Hence, if n be taken large enough, the remainder can be 
made as small as we please. 

118. In the preceding examples, we have been able to 
write down the general term of the series, and the remainder 
after n + l terms. But if /(a?) be a complicated function, the 
expression for /"(a;) will be generally too unwieldy for us to 
employ. It is, therefore, not imusual to propose such ques- 
tions as "expand e*log (1 4- a?), by Maclauriu's Theorem, as 
far as the term involving ai"." Here we are not required 
to ascertain the general term, or the remainder, or to shew 
when, for the purpose of numerical computation, the remainder 
may be neglected. We proceed thus 

/(a;)=e*log(l + a;), 
therefore /(0)=0. 

By Art. 80, 

/'(a:)=e''log(l + a:) + j^, 
therefore /'(o) = l; 

therefor© /"(o);=l; 

therefore /'"(0)=2; 

therefore /"(0)=0; 

^T/ \ .1 /I . \ . 5^ l<>e' . 20«" SOe* 24 

r(a:)=6nog(l4«)+:rr:-7rzr^+77x;r.-7TT3T+ 



1+x {l+x}' (l+a;)» (1+a;/ ^ (l+as)" 
therefore ^(o) = 9. 
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Hence ^los{l + x)^x + ^ + — +^ + &c. 

This may be veriiSed hj multiplying the expansion for e* 
by that for log (1 +»). 

119. Methods of expansion of more or less rigour are 
often adopted in special cases of which we will proceed to 
give examples. We do not lay any stress upon them as 
exact investigations, but they may serve as exercises in dif- 
ferentiation. 

To expand tan"*a; in powers of x. 

Assume tsLn'^x = A^+A^x+A^ix?+...+A^oc^+&c (!)• 

Differentiate both sides with respect to x, 

then , = ^^ + 2^,a;+... + yiJ,a?*"^ + &c (2). 

But _-L-.=i-a:« + a:*-a^ + a:^-&c (3), 

by simple division, or by the binomial theorem. 

Equating coefficients of like powers of x in (2) and (3), 
we have 

and putting a? = in (1), we get -4^ = ; therefore 

tan"* a? = aj — •^+-r- — =- + &c, 
o O 7 

This example may also be easily treated by the rigorous 

method abeady used in Arts. 114 — 117. It appears from 

Example 18, page 66, that the n^ differential coefficient of 

tan"*aj is 

(-1)"-Mn-1 . /niF . -1 \ 
^ — 1 — ' ^"^ ( "o — w tan *a; 1 . 

{l + xi ^ 
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Hence we have 

tan'aj = a;- - + -^-... + - (-l)*'sm — 

+ !^ — ^ ^81^]^— ¥^ (n + l)tan^^. 

(« + l)(l + ^a^)» I ^ 

And if X be numericallj less than 1, the last term can be 
made as small as we please bj sufficiently increasing n ; so 
that the infinite series 

can by taking a sufficient number of terms be brought as near 
as we please to tan'^or. 

120. To expand sin'^o; in powers of x. 
Assume sin"*a; = -4^ + -4^05 + Ajx? + . . . + A^ + &c. (1) . 
Differentiate both sides ; thus 

by the binomial theorem. 

Hence, comparing the coefficients in (2) and (3), we de- 
termine -4j, -4,, &c., and putting a? = in (1) we get A^^ 1. 
Substituting in (1), we have 

. ., ,1 oj' , 1.3 a>« „ 

sm^a; = a: + 2. 3+274- 5- + *"- 

12U Expand e««^-*« in powers of x. 
Put ^'*»-*»=y (1), 

*^- S=«"'^"V(1^ (2)' 
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therefore ^^^^"^^^^y W" 

Assume y = Jo + A^ + -^a^ + A^+'--+-^»^"+&c- (5); 
therefore ^ = J^ + 2 J^ + . . . + nA^oT'' + &c., 



dx 
d^ 



^= 2J, +...+w(n-.l) J.iB"-» + &c. 



Substitute these values of y, ^, and^, in (4), then equate 

the coefficients of like powers of x on both sides, and we 
obtain 

^•^- (n + 1) (n + 2) ^ W- 

Equation (6) will enable us to determine -4,, A^y A^, &c., as 
soon as we know A^ and A^. 

But Jjj is the value of y or e«"^-*«, when a? = 0, and 

A, :r^or e^^'^^-rj^ — sr, when a; = 0; 

* dx V(l - a? ) 

therefore A^^j 



Hence, by (6), 



A^=^a. 



A -—A - — 
^»""1.2^«'"1.2' 

&c. ; 

therefore e^"^"'* = i + oa? + -— + ; ^ \, ^ x' + \7 ^ 

1.2 1.2.0 [4 

La 

Since ««■•»"»= 1 + a sin-'aj + -^ (sin-'a:)* + &c., 

we have, by equating the coefficients of a in this series, and 
in the result just found, 
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1 a> ^1.3 af^ „ 

sin aj = a? + - . — I . — \- &c.. 

as already found. Also equating the coefficients of a", wis 
have 

122. Eequired the expansion of sin {m sin"* a?) in powers 
of X. 

Putting y for the function, we may shew that 

Proceeding as in Art. 121, we find 

(n+l)(w + 2)^^,= (n»-m')^.,and 

sm {m sm ^x) = - »+ — So — - ^ + — ^ [5 ^^ + *^^- 

123. Similarly cos (m sin"* a;) 

7^^ m'(2'.~7n') .7i'(2'-m ' )(4'-m«) e ^, 
= ^"172^ [4 ^ 16 ^ *^- 

EXAMPLES. 

1. If e^ (3 - aj) — 4a?e" - a? - 3 be expanded by Maclaurin'a 

4aj* 
Theorem, the first term is — -— - . 

[5 

2. Expand log (1 + 6*) in powers of aj< 

3. Expand e*"""* in powers of a?. 



^715. log2+| + ~8-^ + &C. 



Am. l + a^ + -g- + &c. 



2aj' 
4. e* sec a? = 1 + a; + a?" + -— + &c. 

o 
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6. V(l + 4a; + 12ic*) = l + 2a! + 4x*+&c 

7. («' + e-)- = 2-(l + -ga!' + ^^^^a;« + &c.}. 

8. (cosa;) =1-— + g [g 

+ &C. 

a? 2a:* . 16a!» . 16 x \la? . 

9. -logcosa; = ^ + -g- + -j^ + — j3— + ... 

r a;* 4a;* 31a!» „ 1 
10. ^'=e|l--+^-^&c.} 

l + 2a ;' A' 3«(3 + 2^A* - 

-™ , , « a? 2a? X* a? 

12. log(l-a> + a:«) aj + ^ + l""^ 4 "5 - 

13. log{a; + V(a* + a>»)l = loga + f-i^. + ^^.-... 

o;' or* 

14. log(l + 8lna:) = a?-— + -... 

16. For what values of x does Taylor's Theorem fail, if 
y ^ 7|(^""^^y7^n , and which is the first differential 
coeflScient that becomes infinite? 



T. D. C. 
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CHAPTER Vni. 

SUCCESSIVE DIFFERENTIATION. DIFFERENTIATION OF A 
FUNCTION OF TWO VARIABLES. 

124. We have, in Art. 77, defined the second differential 
coefficient of a function to be the differential coefficient of the 
differential coefficient of that function. The differential 
coefficient of the second differential coefficient has been called 
the third differential coefficient, and so on. We are now 
about to give another view of these successive differential 
coefficients. 

125. Let y=/(a:), 

therefore Ay =/(a? + h) -/(a;). 

In the right-hand member of the last equation change x into 
x + h and subtract the original value ; we thus obtain 

fix + 2h) -/(x + A) - {/{x + h) -/(x)}, 

or f{x + 2h) - 2f{x + h) +f{x). 

This result, agreeablv to our previous notation, may be 
denoted by A (Ay), which we abbreviate into A'y. Hence 

A'y =/(aj + 2h) -2/{x + h) +/ {x). 
Similarly A (A*y) or A'y will be equal to 

fix + 3A) - 2f{x + 2h) +f{x + h) 
-[f{x + 2h)^2f{x + h)+f{x)}, 
that is, A»y =/(» + 3A) - 3f{x + 2h) + df{x + h) -fix). 
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126. By pursning the method of the last Article, we find 
expressions for A*y, A'y, &c. We shall not for our purpose 
require the general expression for A*y. It will, however, be 
easy for the reader to shew, by an inductive proof, that 

^•3^=/ (a? +«A) - n/{aj + (n-1) A} + ^?^^/{a:+ (^ 

±nf{x + h)Tf(x). 



127. To shew that the limit of x:^ is 3^ . 

Aar dur 

We have, by Art. 125, 

AV=/(a? + 2A) - 2f{x + h) +f{x). 
But, by Art. 92, 

Ax + 2h)^f{x)-^2hf{x)^^f"{x)^^^r{x + 20h), 

f{x + h):^/{x) + hf{x)+^f"{x)^^r{x + e,h), 
and 6^ being proper fractions. Hence 

AV = hr'[x) + ^ W"{x + 20h) -f"{x+ eji)]. 

Divide both sides by A', that is (Aa?)', and then let h be 
diminished indefinitely. Hence we obtain 

limit of^=/"(ar); 
that is, the limit of -t~^ is -p^ . 

128. The result of the last Article may be generalized by 
the inductive method of proof. Assume 

Ay=:hT{x)+h''^'ylr{x) (1), 

where '^ (x) is a function of x and h, which remains finite 
when h is made = 0. From (1) we have 

= A*{/* (aj + h) -rix)} + A"^Mt (x + h)'ir{x)}. 

H2 
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Now, by Art. 92, 

-f (a? + A) = -^/r (a;) + h'^'[x + 6JC), 
therefore 

= A-V*'''(«) + A"'*^i(^) (2)- 

Equation (2) shews us that, granting the truth of (1), we 
can deduce for A"*V a value of the same form as that we 
assumed for A*y. fiut Art. 127 gives for A"y an expression 
of the assumed form ; hence A'y has the same form, and so 
also has A*y, and generally A*y. 

From equation (1), by dividing both sides by A* and then 
diminishing h indefinitely, we have 



limit of ^=r (a.); 



.a;>^ 

Ax' 
that is, the limit of ^ ^^ ^ . 

129. Hitherto we have only considered functions of one 
independent variable ; that is, we have supposed in the equa- 
tion y=^f{x), although quantities denoted by such symbols 
as a, J, &c. might occur in /(a?), yet they were not susceptible 
of any change. Suppose now we have the equation 

tt = iB" + xy + y", 
and let y denote some constant quantity and x a variable, 
we have 

^w ^ . 

From the same equation, if x be a constant quantity and y 

a variable, we obtain 

d^ « . 
— = 2y + a?. 
ay ^ 

Of course we cannot simultaneously consider x both con- 
stant and variable ; but there will be no inconsistency if on 
one occasion and for one purpose we consider x constant, 
and on another occasion and for another purpose we consider 
it variable. 
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130. If X and y denote quantities such that either of 
them may be considered to change without affecting the other, 
they are called independent variables^ and any quantity w, the 
yalue of which depends on the values of x and tfy is called a 
"fimction of the independent variables x and y ;" 

du d^u d^u o 1 -I • T «• -I 

1- > -7-7 J -7-11 > &c., denote the successive ditierential co- 
dx* da^' dx^^ ' 

efficients of u^ taken on the supposition that x alone varies ; 

du d^u cPu n t • T/*i i« 1 

-7-* -7-5 » T^.-M denote the successive differential co- 
«y df df ' 
efficients of u, taken on the supposition that y ahne varies. 

131. If w be a function of the independent variables x 

and y, then ^ will also be generally a function of x and y. 

Hence we may have occasion for its differential coefficient 
with respect to x or y. The former is denoted by 

d^' 

as already stated ; the latter is denoted by 

^du 
dx 



which is abbreviated into 



1^' 

d^u 

dy dx* 



Again, both -^-^ and , , will be generally functions 

of both X and y. These may require to be differentiated with 
respect to a? or y. Hence we use such symbols as 

dy dix? ' dxdy dx^ di^ dx ' 

the meaning of which may be gathered from the preceding 
remarks. For example, , , , implies the performance 
of three operations : we are to differentiate u with respect 
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to X, supposing y constant; the resulting function is to be 
differentiated with respect to y, supposing x constant: this 
last result is to be differentiated with respect to a?, supposing 
y constant. 

132. In considering the equation y =/(»), where we have 
one independent variable, the student could be referred to 
analytical geometry for illustrations of the nature of a de- 
pendent variable and of a differential coefficient. See Arts. 
35 — 43. In like manner, if he is acquainted with the ele- 
ments of geometry of three dimensions, he will be assisted 
in the present chapter of the Differential Calculus. For in- 
stance, the equation 

z = ax + hy + c 

represents a plane ; x and y are two independent variables, of 
which z ia s, function. Here 

dz dz , 

d'z 
and all the higher differential coefficients, -j-^ , &c., vanish. 

Again, 2 = VC^^-aj'-y') (1), 

is the equation to a sphere. If we pass from a point on 

the sphere, whose co-ordinates are x and y, to another whose 

co-ordinates are a? + Ax and y, we vary x without varying y. 

If in this case the value of the third co-ordinate be « + A«, 

we have 

« + Aj5 = V{^-y'-(a? + Aa;)*} (2). 

Az 
From (1) and (2) we can of course find -^ ; and its limit, 

which we denote by -r- > will be -77-^ = jr . 

•^ dx V(»^ — ^ —y) 

The process is the same as if we had given 

where a is a constant ; from which we deduce 
dz ^ —X 

and finally put r* — y* for a". 
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On the other hand, if we pass from the point (a?, y) to 
a point having x and y + ^y for its co-ordinates, we have, 
as before, 

z + Az=^^{f^--a?^{y + Ayy} (3). 

Uow, in (2) and (3) we have used A« ; but we do not 
mean that the value attcLched to the symbol is the same in both 
cases. If there were any risk of error by confounding them, 
we could use A'z in (3), or something similar. But in fact 

we only use (3) to assist us in forming a conception of -j- ; 

and as we look on -^ and -j- as whx)le symbols not admitting 

of decomposition, the question can never occur, " Is the dz 

in -J- the same as the dz in -7-?" 
cLx ay 

133. When t^ is a function of two independent variables, 

the differential coefficients -y-, ^r> T-t* -, 1 > &c«r are 

da? dy do? dxdy' 

often called ^^ partial differential coefficients." Each of these 

differential coefficients is obtained by one or more operations, 

every operation being conducted on the supposition that only 

oTie of the possible variables x and y is actually variable. 

Let us suppose for example that u = tan"* - ; then 

*/ 

du _ y 
d^u 2xy 



du 
dy- 


2xv 


dy'- 


(«? + /)" 



da? {?? + y'f' 
and so on. 

By differentiating ^ with respect to y we obtain 

^du 
dx ^ — tt 
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and by differentiating -^ with respect to a? we obtain 



dy _ a ^-y* 

dx \ 



Thus we see that in this example 
ydu ydu 

-§-^ ">• 

or, as we may write it, 

cPu ^ d^u .V 

dydx^dxdy 

We shall prove in the next article that this result is 
universally true. Of the two modes of writing the result 
given in (1) and (2) the second is the more commodious, but 
it has the disadvantage of making the theorem which we 
have to prove appear obvious to the student, because it sug- 
gests to nim that he is merely comparing t^o fractions. But 
as we have already remarked, a symbol for a differential 
coefficient is defined as a whole, and is not to be decomposed 
into a numerator and a denominator. See Arts. 26 and 77. 

134. Ifube any Junction of the independent variables x 

and y, 

^du jdu 

d-y dy 

dx dy 

dy " dx ' 
Let u^^{x, y)\ change x into a? + A, then by Art. 92, 

we may therefore write 

<l>ix + h,y)'<f>{x,y)^h-£ + h'v (1), 

where t; is a certain function of a; and y, which remains finite 
when A = 0. In (1) write y + k{oiy; then the left-hand 
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member becomes ^ (a? + A, ^ + i) — ^ (a?, y + *) ; by Art. 92 

^becomes -J- +A-nr— ^-A^iS, where ^ remains finite when 
£=0 ; and v becomes v + Ara, where a is a quantity which re- 
mains finite when A; = 0, for it tends to ^ as its limit. Thus 

j.du 
^(» + A,y + ifc)-^(a?,3^ + *) = A^ + A*-^ + AA?)3 

+ A't; + A'A?a (2). 

Subtract (1) firom (2) ; thus 

^ (a? + A,3^ + A) - ^ (aj + A,y) - ^ (a:, y + &) + (aj,y) 
jdv, 

= AJfc^ + A«A;a + AJfc'i8. 

Divide by hk^ and then suppose A and Jc to diminish inde- 
finitely; thus 

—7— = the limit when A and h vanish of 
dy 

<l> (a? + A,y + ;^) - j» (g; + A, y) - <^ {x,!f-¥Jc) -f <l> (x,y) 

hk 

In a similar way by ^rat changing y into y + A?, and ajier- 

ydu 

dv 
wards ax into x + hf we can pr9ve that .^- is also equal to 

the above limit. 

,du .du 

Hence _± = -^. 

dy dx 

135. The object of the preceding Article is to prove that 

, j^ '=^ j^j ; ttis is done by shewing that each of these 

quantities is equal to the limit of a certain expression. It is 
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comparativelj unimportant what that expression is, but it is 
of some interest to notice the analogy of the result to those 
in Arts. 127 and 128. 

Proofs of the proposition in the preceding article have 
sometimes been given which appear simpler than that here 
adopted, but they are deficient in strictness. In particular 
an assumption has sometimes been made which deserves to 
be noticed. The following is substantially a proof that has 
jdu 

been given. To obtain — y— involves, according to the defi- 
nition of the symbol, the following operations. (1) In the 
function u we put a? + A for a?, subtract the original value 
firom the new value, and then divide by A. (2) We find the 
limit of the result when A = 0. (3) We now put y + h for y, 
subtract the original value horn the new value, and then 
divide by Tc. (4) We find the limit of the result when A= 0. 
All this is immediately derived from first principles; the 
next step however is the assumption that we may perform 
the third of the above operations before the second instead of 
after it. With this assumption the required result is readily 
obtained; for from the first operation we get 

0(a?-f A,y)-^(a?,y) ^ 
h ' 

then firom the third we get 

^ (a; + A, y + A?) - <^ (a; + A, y) -- (f> {x, y + k) + <f> (a;, y) 
'' hk ' 

,du 

dos 
and according to our assumption, the limit of this is --^ . 

And by ^ similar assumption it is found that ^^v^ is also 

equal to the same limit. 

One more remark must be made to guard against a possible 
error. Intheproof of Art. 134wehaveusedt>for J^^"(aj+^A,y); 
in this expression all that is known of is that it is a 
proper fraction, and it must not be assumed to be a function 
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of X only. Thus when y is changed into y + A the value of 
6 will generally change. This does not affect the preceding 
proof, because it was not necessary there actually to find the 

value of j-\ but the assumption that Q does not change 

when y changes has rendered some proofs unsound which 
have been given of the proposition in Art. 134. 

136. The important principle proved in Art. 134 is 
enunciated thus — "The order of independent differentiations 
is indifferent;" or it is referred to as the principle of the 
" convertibility of independent differentiations." It may be 
extended to any num ber of differentiations ; so that if a 
function of two independent variables, x and y, is to he dif- 
ferentiated m times with respect to x, and n times with respect 
to y, the result vnll he the same in whatever order the dif- 
ferentiations he performed. In proof of this we have only 
to apply the theorem of Art. 134 repeatedly in the manner 
shewn in the following example. 

T ^'^ — ^^ • 

^ dy^ dx'' dx dy* ' 

, d^u 
a 



d^u dydx , , ^ .,. 



, d^u 
a 



dxd\ 



=-^, by Art. 134, 

it 

— ^^ .^ ^du 
"^ dydx^ " dy^ 

d^u 
" dxdy*' 
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137. If w be a function of the three independent variables, 
x^ y^ z^ we have in a similar manner 



dy dz dzdy* 

d^u _ d'u 
dx dz dz dx 

d^u _ d^u 
dxdy'^ dydx^ 

d^u d^u d^u 



dxdydz dxdzdy dzdxdy* 



and so on. 



EXAMPLES. 

1. If 1* = a '^ a , find -J— J- and , , . 

a^z^ ax ay dydz 

2. Verifj in the following cases the equation 

d^u _ d^u ^ 
dxdy"^ dydx' 

u = a; sin^ + y sin x, 

u^xlogyy 

w = logtan|, 



w = 



X 

ay — hx 



by — ax^ 
w = y log (1 + xy). 
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3. If tt = ^afjr' + Bofif + C&V + &c-» 
where a + a' = )S + )S' = 7 + 7' &c. = n, 

shew that x-^- ■\-y-j-^nu. 

In this example u is called a homogeneous function of n 
dimensions, 

4. If w be a homogeneous function of n dimensions, 
shew that 

5. If w be a homogeneous function of n dimensions, 
shew that 

6. Verify the theorems in Examples 3 and 4 in the follow- 
ing cases : 

w = (aj+y)', 
x+y 

7. If w = afz^ + ey«' + a^t/'z\ shew that 



8. If tt = e^, shew that 
d'u 



9. If u=y»J{c? - ar*) + a? V(«' - V^y shew that 
du du ^ ,f ^ ,. ,, , 8. / d^u y a* 
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10. If tt = tan"' .,, .^ . ., , shew that 
d'u 1 d*u ISay 



daidy (i + a^+y«)i' da? df (n.a5» + y»)4' 

11. If « = a!V(«'-3^)V(«'-0+yV(a*-«')V(«*-a^) 

shew that 

-V(<^-^V(<.■-3fl^/(«•-^3^-^/(a•-«Oa 

-V«.'-,')|=V(»'-^g. 

12. If M = log [af-vf-Vz^- Sayz), shew that 

1 d^u 1 dududu ^ _. 

idxdydz 3 dxdy dz'^ ' 

du du du 3 

-+ J- + J- = ■ 



c/a? c?y cfe a:+y+«' 
(Tw d*u d^u d^u cPu d^u 



do^ dy^ dz^ dxdy dy dz dzdx 

9 



(x+y + zy 
d^u d^u d%. 360 



«»• j4mP .r//»»* rv<* 



doi?dfdz''^dx'dy'dz^dx^dfdz'' {x-^-y-^zf 
d^u d^u d^u __ 3 



cJa^ rfy' cfe* (a? + y + «)" 
rf*w rf*M rf*w 72 

+ j—j-TjI + 



dx^dydz dxdy^dz dxdydz^ (a; + y + «)'* 



( in ) 

CHAPTEE IX. 

lagbange's theorem and Laplace's theorem. 

138. Suppose y =" z + x(f>(i/) (1), 

where z and x are independent, and it is required to expand 
/(y) according to ascending powers of x. Put u for /(y), 
then, by Maclaurin's theorem, we have 

du d^u^ 01 11/. du d*u 

where u^^-r^ , --,—, , &c. denote the values of w, -r- , -j-j , &c. 

when X is put = after differentiation. We proceed to trans- 
form these differential coefficients of u with respect to x into 
a more convenient form in order to ascertain their values 
when a? = 0. We shall first shew that 



dx 



Hi-sHi (^). 



supposing that v is any function of the independent quantities 
x and z, and F{v) any function of v. 

To estabUsh (2) we need only observe that the left-hand 
member is 

^ , . dv dv , ri, . d^v 

and the right-hand member is 

T-f,. .dvdv, ri, . d'v 

and these two expressions are equal by Art. 134. 
From (1) we have 
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therefore 

Also 

therefore 

Hence 

Also 

therefore 

Hence 



Again 
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dx l — axj}'!^)* 

dz 1 — x^'iy) * 



d^'^dydbi dz'^ dy dz^ 



du 
dx 



*(^)S' 



(3). 



^ 

<&!' 
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Suppose, according to this law, that 
d"u 



then 



dx' 

cT'u^ d' 
daT' dxd£ 



= ^|^(^"S}'VArt.l34. 



which shews us that the expression for -^-^ follows the same 

law as that for -T-;c=^. • Hence, since the law has oeen proved 

to hold for ^ and -^-^ , it holds universally. In -j-^ we are 

to make a; = after the differentiation has been performed ; 

but when we transform — -r , by the above formula, into an- 

expression involving only differential coeflScients taken with 
respect to z, we may put a; = before the differentiation, since 
a; IS to be considered as a constant in differentiating with 
respect to z. When a; = 0, 

<!>{!/) = <l>{z), 



S-|{*wT/'w} 



T. D. C. 
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and thus 

f{y) =/{") + ^^ (^)/' ^) + ui i^^^'-^' (') } 

+g|i{^iv'w}+&c. 

This result is called Lagrange's Theorem. 

139. Suppose y=F{z'\-x^{y)]\ 
required the expansion oif[y) in powers of x. 
Let t stand iox z-\-x^ (y) ; then 

dy dF dt dF(,.. .,. . dy\ 



therefore 






, dy dF dt dF L , ,,, .dy] 

dF 
therefore -r^ = jb . 

Hence S = *(2')f- 

From thiSf in the same way as in Art. 138, we deduce 
that 






where u^f{y). 

If we make a? = in the equation 

y-=^F{z + X(l>{y)], 



■+7z^\mmr^^]+&o. 
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we deduce y = F{z), 

<l>(i,) = <l>{F{z)}, 

du_ df{F{z)} 

dz dz ' 

and finally, 

This is called Laplace's Theorem. 

140. Lagrange's Theorem may of course be deduced from 
Laplace's, by putting F{z) = z. But Laplace's Theorem may 
also be deduced from Lagrange's, thus : 

In the equation y==F[z + x<l>{jf)] (1), 

put ^ + a?<^(y)=y, 

then y = i^(y), 

thus y'^z + x<i>[F{y')] (2), 

and f{y) becomes f[F{y')]. 

Thus we are req^uired to expand f[F{jf*)] in powers of a?, 
by means of equation (2). But this is precisely what La- 
grange's Theorem effects, the complex functions f[F(y')] and 
^[F^y*)] taking the place of the simple functions f{y') and 

141. It must be remembered, that in quoting Maclaurin's 
Theorem, which serves as the foundation for those of Lagrange 
and Laplace, we ought strictly to have used it in the form 
given in Art. 95, with an expression for the remainder 
after n + 1 terms. That expression for the remainder however, 
becomes so complicated in this case, that we have not referred 
to it. The investigation of Lagrange's and Laplace's Theo- 
rems must be confessed to be imperfect, since the tests of the 
convergency of these series, which alone can justify our use of 
them as arithmetical equivalents for the functions they profess 
to represent are of too difficult a character for an elementary 
work. The advanced student may consult Moigno's Lemons 

12 



116 burmann's theorem. 

de Galcul JDiffSrenttel, 18me Legon. Liouville's Journal de 
MathSmattques, torn. XI. p. 129 and 313. 

142. If oj = a +y^ (aj), we have by Lagrange's Theorem 
/(a;)=/(a)+y|^(x)/'(a:)|+i^^{f(^7'(a,)} 

where in the coefficients of the different powers of y, we are 
to make x = a after the differentiations have been performed. 

OS "^ (Z 

Let y or , . > = -^ (a;), so that a; = a is a root of -^ (a;) = ; 
then 

+ &C. 

where, in the coefficients of the different powers of -^(a;), x is 
to be made = a after the differentiations. This series for /(a?) 
in powers of ^^{x) is called Burmami's Theorem. 

143. Let i^"* (x) denote the inverse function of yfr{x), so that 
if u=^yjr{x) we have i/r"^(w)=a;, and therefore '^{•^"^(w)} = m. 
If we write ^Ir'^x for x in Burmann's Theorem, we have 

No change is made in the quantities in the square brackets, 
for they do not contain x when the operations indicated are 
completely performed. 

If f{u) = w, we have 

1-1/ \ , r^-al . a?" rf r(aj-a)n 

. a^ <r r(a'-«)n . p. 
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and if a = 0, so that -^ (x) vanishes with a, 

EXAMPLES. 

1. Given y = z-\- oe*, expand y in powers of ». 
Here ^{y) = ^, 

therefore |^|^^V'(«)| =^.e~ = n-'e~ 

Thus « = « + a^ + .^2e* + ^3'e*+...+^n"-'e"' + &c. 
^ 1.2 [3 |» 

v'— 1 

2. Given y = z + x ^ — , expand y in powers of a;. 

v*-i 
Here ^ (y) =^— ^ , 

/(3')=y; 

therefore ^J. |<^-^ f/' (.)| = i -^. (.' - 1)-. 
Hencey = . + «^(.'-l)+g.|.|(.'-ir+... 

3. Given xy — logy = 0, expand y in powers of x. From 
the given equation 

therefore ya? = aje**, 

say y' = xe^. 
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If then we put 2? = in the result of the first Example, we 
deduce 

y = a; + aJ' + ^3+...+— ^n-» + &c., 

^ [2 [n — 1 

restore yx for y' and divide by x ; then 
^ L? |« — 1 

4. If y = . ^ «. , expand y" in ascending powers 

of X. 

we have y V(l -^)^x-y\ 

therefore y' (1 — a;') = ic' — Ixy + y*, 



We must then put 



and y=--4.^aj. 

•^ 2 2 



so that <^ (y) = I , 

n+l ^r ^ Jr-\ 

Thus 3,- = z- + «.^ + ...+^||^(^--') + «&c, 
and a/ter the difierentiations are performed, we must put 

X 

2 ^°' ^- 

. w (« + 4) (« + 5) M""*. 
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Let a^ = 4« ; thus we obtain 

«(w + 4)(n + 5) 
+ 1.2.3 '^+-' 

Change the sign of n ; thus we obtain the expansion of 

{^-4-^n-isof{,3,^}: 

that is of |l + Va-4<)|; 

Hence [l+^I^^'^i-nt^!^) ^ 

w (n - 4) (n ■- 5) ^ . 

1-2.3 ^'^•••• 

If we expand {1 + V(l - ^T ^^^ [^ " V(l - ^t)Y ty the 
Binomial Theorem, we see that the sum of the two expressions 

will l)e a rational function of / which will be of the degree - 

•9 1 

if w be even, and of the degree — ^— if n be odd. 

By adding the expansions we hare found above we obtain 

f i + V(i-4<) j'' ^ ( \-^{\-u) Y 

and by what we have just shewn the series on the right hand 

extends to - 4- 1 terms if n be even, and to terms if n 

be odd, so that the remaining terms in the two expansions 
most disappear; that is, the terms arising from one expan- 
sion are cancelled by similar terms arising from the other. 
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In the same manner as we deduced the expansion oiy* from 

the equation y = jj- — -^ we may deduce the expansion 

of any other function of y ; for example take logy. Thus 

logy = log« + »- + ... + ^-.^^.(^ ) + 

where after the differentiations are performed we must put 
. for z. Thus 

logy = log f+(f) +|(f) +o(f) +1:1^(1)' 



t: +. 



and y = : 



l-V(l-a^) 



Let a? = it, and we shall obtain 

l-V(l-40^ 3 4^ 5^6^ 

^ 2t ^2 ^2.3 2.3.4 ^ 

The expansions which this example has furnished are of 
some importance in mathematics. 

5. If a? = ye^, expand sin (a +y) in powers of x. We have 
given 

y = xe"^. 

Suppose then y = « + a^e"^, 

so that 0(y) = «"^> 

/(y)=sin(a + y). 

The general term given by Lagrange's Theorem is 

which becomes 

^ (- 1)*-^ (1 + n')%-~ cos {a + « - (n - 1) </>}, 

where cot^ = n, by a process similar to that in Art. 81. 
Putting « = in this, we have for the required expansion 
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sin (a + y) =sina + a?cosa+ ... 

+ ^ (- 1)"-^ (1 -f n*)^cos {a - (w - 1) cor'n] + &c. 

6. Given a — y + x log y = 0, find sin y in powers of x. 

7. Given y = « + xy'e^, expand i/^e"^ in powers of x. 

8. Given y=z+xsinyy expand siny and sin 2y in powers 
of a?. 

9. Given y = log {z+x cos y), expand ^ in powers of x. 

10. From the equation 

ay* + 2xr^ + San^ + 2r/ + 1 = 
determine y in ascending powers of x. 



11. If y = e***^''^**^ find the first four terms of the 
expansion of cos log y in powers of x. 

^ _ 1 a; 3ic^ a;' 

Besult _---_--^-. 

12. If y^ + m7^+ny = ar, shew that one value of y is 

X m fxV 2m* — n fxV 5m' -- 5mn /xV 
n n \n) rf \nj n^ \nj 
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CHAPTER X. 

LIMITING VALUES OP FUNCTIONS WHICH ASSUME AN 
INDETERMINATE FORM. 

144. In the equation, limit of —3— = 1 when diminishes 

indefinitely, we have an example of a fraction which ap- 
proaches a finite limit when the numerator and denominator 
each tend to the limit zero. The object of this chapter is to 
find the limit of any fraction of which the numerator and 
denominator ultimately vanish, and also the limiting value 
of some other indeterminate forms^ 

145. Form J. 

Suppose , , ; 

such a fraction that both numerator and denominator vanisli 
when aj = a ; it is required to find the limit towards which 
the above fraction tends as x approaches the limit a. 

We have proved in Art. 92 that 

<f>{a + h)-<f>{a)= h<f>' (a + Oh), 

yjr {a + h) -yjr {a) ^^hyjr' {a + 0^h). 

If then ^ (a) = and -^ (a) = 0, we have, by division, 

4>{a + h) ^ (j)' {a + 0h) 
'yjr{a + h)~'f'{a + 0Ji)' 

Let h diminish indefinitely ; then 

the limit when a; = a of , i is i-rr4 • 
yjr {X) yjr (a) 



INDETERMINATE FOBUS. 123 

146. Suppose that not only 

^ (a) = 0, and ■^ (a) = 0, 
but also f (a) = 0, f (o)=0, ...^"(a) = 0, 
and i|r' (a) = 0, ^|r" (a) =0, . . .■^* (a) = 0. 

By Art. 92, 
^(a + A)-<^(a)-Af(a)'...-^^-(a)=j|^^-«(a + ^A), 

t(a + A)-t(a)-At'(a)...-gt-(a) = j|^t-«(a + ^.A). 
Hence, by division, we have 

Diminish h indefinitely, and we have 



the limit when « = a of ,; ( is , ,. . ,{ , 



147. In Art. 145, if 

t'(a)=0, 
and (j)' (a) = some finite quantity, 

we have 

S (x) . . 
the limit when a;= a of , ) : is infinity; 

if f(«)=0, 

and '^' (a) = some finite quantity, 

the limit when a? = a of , \ { is zero. 

And in the same manner, we may shew that if the first 
of the differential coefficients 0'(a), ^"(a), &c., which does not 
vanish, is of a lower order than the first which does not vanish 

A (x) 
of the series -^'(a), '^"(a), &c., the limit of -j-j-4 when x=a, 

JT \ / 

is infinity ; if of a htffher order the limit is zero. 
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These results may also be obtained without the use of 
Taylor's Theorem. 

if (f>{a) =0 and ^fr (a) = 0, we have 

^ (g + A) - ^ (g) 
^ (g+A ) ^ <f>{a-\-h)''<f> (a) __ h 

-^ (g + A) -^ (g + A) — -^ (g) "" -x/r (g -}- A) — -^^ (g) * 

. A 

Now diminish A indefinitely, and we have 

the limit when a? = g of , ) { is ^-rr i . 

If ^' (g) = and 'yjr' (g) = 0, we have in the same way 

the limit when a? = g of \, ) ; is ,„ , . . 
^jr {x) ylr^^ (g) 

Hence, the limit when » = g of , ,{ is ,„ ,1 . 

This process may be extended, giving the same result as 
in Art. 146. 

148. Form — . 

00 

Let </) (x) and yjr (x) be functions which both become infinite 
when x = a; it is required to find the limit of the fraction 

ir{x)' _1_ 

i|r {x) 1 ' 

and the fraction on the right takes the form - when a; = g; 
hence, by the previous rules its limit is 



Hence 



t(«)"lt(«)) f («)' 



therefore Vf{ = Vf{- 
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149. From the last article it wonld appear that the limit 

of a fraction which tends to the form — , may be found by 

considering the ratio of the differential coefficient of the 
numerator to the differential coefficient of the denominator. 
But, by Art. 113, when for a finite value of the variable a 
function becomes infinite, so does its differential coefficient. 
Hence, if 

; ) [ takes the form — , 

,, , takes the same form, 

and thus the result of Art. 148 would appear to be of no 
practical value. It wiay, however, happen that the limit of 

the fraction ; , ){ is more easy to settle than that of %-t-I . 
•^ {x) ^ -^ (a?) 

For example ^^ 

X 

00 

when a; = 0, takes the form — • 

1 

Here ^Vr-^ = — r = " ^» 

-^ (x) 1 

a? 

the limit of which is 0. 

_^ losr X 

Hence, the limit of — |— , when aj = 0, is 0. 

X 

150. The demonstration in Art. 148, which is that usually 

given, is satisfactory only in the case in which X7~T ^^% 

has a finite limit. For we divided both sides of an equation 
by this limit which tacitly assumes that the limit is not zero 
or infinite. 

But the demonstration may be completed thus : 
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(k(x) 
Suppose the limit of ^^ is really zero; then the limit 

of , . ^ • is really finite, namely, unity. Hence, it has 
been proved that 

the limit of iM+t^) when « = a is i^W+i>) . 

that is i + Umitof^! = l + f^; 

^ (a;) ir (a) 

. <f) (x) S' (a) 
therefore the limit of -|-y-( = , ry-r • 

If the limit of T ; ; be really infinity, then the limit of 

■ V is really zero, and therefore, as just shewn, the limit of 

; / / ! will be zero. Hence, the limit of ^A-i will be infinity. 
^ (a?) ^|r {x) ^ 

Combining then this article with Art. 148, we can assert 
that if ^ {x) and i/r (a?) both become infinite when x^a^ the 

limit of %-tX will be the same as the limit of \, ,\ . 
y (X) T|r (x) 

151. The two articles 148 and 150 may be replaced by 
the following mode of exhibiting the proposition. 

Suppose ^ («) = «> J and i/r (a) = oo , 

Then -^^ = and -r^ =0; 

1 '^' (g + Gh) 

therefore <^'(a + gi) ^{a^B\) >fr(a + gfe) 

mereiore ^' (a + ^AJ "'^(a + ^A) ' V)(a + A ) ' 

-f (a + A) 
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d> (x) ' 
If , \ i has a finite limit when x — a, the limit of the 

'>lr{x) 

second factor on the right-hand side of the equation is unity. 
Hence 

limit of -f4-! = limit of -^. 
yfr {x) ^|r [x) 

But if ; , ; tends to or oo as a? approaches a. it will in 

t^^^ . ... 

general finish by approaching the limit in such a manner that 

the second factor will in the first case be less than unity, 

and in the second ffreater. Hence, ,,) ! becomes zero or 

° Y (x) 

infinity at the same time that ,) ! ■ does. 

yjrix) 

152. In the preceding rules for finding the limit of a 

function which takes the form - or — when a; = a, we have 

00 ' 

made no supposition as to the magnitude of a. Hence the 

rules are often applied to the case in which a is infinite. But 

for a direct demonstration of this case we may proceed thus. 

(b(x) 
Suppose the limit of jy-^ required, when » = oo , it being 

known that then either ^ (a:) = and i/r (a?) = or ^ (a?) = co 
and -^ (a?) = 00 . 



Put aj «i= - , then 






Now as y tends to zero, we have, by preceding rules, 
limit of lisl^ limit of ?^i# 



' limit of y =8 limit of , , , . . 



*%) 
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153. Ex. Bequired the valne of 
1 

X 

— — ■ when aj = 0. 
cot a; 

Differentiating both numerator and denominator, we find 
the required limit is the same as that of 



1 

1 


or 


of 


sin* a; 


that 


is, 


unity. 


— sin^'iC 





The same result may be obtained by writing the proposed 
fraction in the form - ; thus 

1 

X _ tan X 1 sing; 

cotic X COS a; x 

- • 

The limit of is 1 and of is 1 ; therefore that of the 

cos a? X 

proposed fraction is 1. 

. . a;* 
As another example we may find the limit of ^ when x is 

infinite, n being positive. 

aj* waj* 

Limit of — = limit of — ^- 
e e^ 

= limit of —^ — ^ &c. 

Proceeding thus, we shall, if n be a positive integer, arrive at 

I fi 
the fraction '=t , the limit of which is 0. If n be a fraction, 

f . . , 

we shall arrive at a fraction having e* in the denominator and 

some negative power of a? in the numerator, which also has 

for its limit. 

Hence the limit of -5 , when a? = 00 , is zero. 
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154. A remark should be made for the purpose of pre* 
venting a misconception of some of the results of this chapter. 
Suppose (l>{x) and '^lr{x) >both to vanish when x = a^ and that 
<f)(a)= while -^X^) ^^ finite. We say then, that when a? = a, 

linxitof#4 = Umitof|tM, 
^fr {x) ylr {x) ' 

meaning that each side of the equation vanishes. It does not 
follow necessarily that 

,\ { -7- ,,) { has unity for its limit. 

Ex, <f> {x) = ic*, 'yjr (x) = sin a;, 

^' (a?) = 2a?, yjt (a?) = cos x. 

When X approaches the limit zero, we can infer that, since 

, ,\ \ approaches zero, so also does , , ; . But it is obviously 
it{x) ^^ / f{x) ^ 

not true that the limit of 

a? 2a? ^ a;* cos a? . 

or of - — : — IS unity : 



sma; cos a; 2a; sin a; 

the limit is in fact J. 

155. It should be observed that there are examples which 
may be solved by means of the Differential Calculus, but 
which can also be solved, and sometimes more simply, by 
common algebraical transformations. For instance, 

{x--a)^ 

(aj*^-a«)* 

when x=a takes the form - . Put x^a-^-h^ and the fraction 

becomes 

A* A" 

or 



hi{2a + h)i (2a + A)i' 
and the limit, when Aa=0, is 0. 

T.D.C. 
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Again, suppose we have to find the limit of 

Va; - 1 + V(a? -- 1) 

as X approaches unity; put a? = l+A, and the fraction becomes 
V(A-hl)-l + VA 

V(A'+2A; • 

Multiply both numerator and denominator by 

V(A + l) + l-VA, 
and we get 

2jjh 2 

vAV(A + 2){V(A+l) + l-VA} ^"^ V(A + 2){V(A + 1)+1-VA}' 

and the limit of this, when A = 0, is -7- . 

156. There are cases in which not only (f) (x) and i/r (x) 
vanish, but all their differential coefficients, and where, con- 
sequently, we are not able to ascertain the limit of ?4^ . 

it{x) 

Jj or suppose 

a and n being positive numbers, and a greater than unity: 

we have 

1 



f(^)= % , 



f '(x) =nloga.a ^|-^--^i^ 
&c. 



Put i = 2?, 

X 



then <l>'{x)^ ^ , 

A- M ^ nloga{nloga.g't-^^>-fn-fl)0 
9 \x} — -^ ; 
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also the value x = corresponds to « = oo . But it is easy to 
see that eveiy expression of the form 

where a, w, n, are positive numbers, and a greater than unity, 
is zero when z is infinite. For if we apply to this example 
the rule for finding the value of a firaction which assumes the 

form —- and differentiate r times successively, r being the 

integer next above m, we have 

a"* . . k 

limit of -3 = limit of - 



where k is some constant, and ^|r (z) a function of z which is 
infinite when z is infinite. Consequently, all the differential 
coefficients of ^ (x) vanish when » = 0. 
If then we nave 

<l>{x) = a^% 

ir{x)^b'^, 

where 6 is a positive nuiAber greater than unity, and w' also 
positive, the differential coefficients of all orders of the two 

terms of the fraction —Vr will vanish when aj= 0, and the 

limit cannot be found by this method. 
In the case of n' = n, the fraction becomes 



this, when aj = 0, will be or oo , according as a is greater or 
less than b. 



157. The fraction 

1 



takes the form - when a? = 0. Put a; = - and we have ^ , the 
V e^ 



limit of which, when y is infinite, is 0, oj Art. 153 ; 

k2 
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e* 1 - . 

— , or - X e"' is of course InfimteTwhen x = 0. 

X X 

Hence, — is or qo when x approaches the limit 0, 

according as we suppose x negative or positive. 

158. Form x oo . Suppose <^ {x) and i/r {x) two functions 
of a?, such that (a) = 0, and -^ (a) =qo ; it is required to find 
the limit of ^(a?) -^(a:) as a? approaches a; 



4>{x)^{x)=iM., 



and as the fraction on the right takes the form - when a; = o, 
its limiting value may be found by rules already given. 

Ex. Let ^ {x) = log (2 - ^) , 

t(^) = tan|^. 

Here, <^ [x) -^ (a?) takes the form x oo when x=^a. 
Then ' logf2--)tan^ 

cot—- 
2a 

The limit of this when a? = a, is found by making a? = a in 

- 1 1 
a* a? 
2 — - 
a 



— 1 
2a' . ,7ra? 
sin'-- 
2a 



which gives 
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2 



TT 



Again, »"(loga?)*, 

where m and n are positive, takes the form x oo , when a; = 0. 

Here ^ takes the form - 

when a; = ; its limit is the same as that of 



a;(loga;)"^' 
which does not assist us. 

If we assume x = e"*', then »"* (log x)* becomes 

f _ lY ^ • 

the value of this, when y is oo , is 0. See Art. 153. 

The result in this case should be carefully noticed, as it is 
frequently wanted in mathematical investigations. 

159. Forms 0", 00 ^ 1". 

Let ^ {x) and -^ {x) be two functions of aj, such that when 
x = a^ the expression 

assumes one of the forms 0°, ao'*, 1"; it is required to find the 
limiting value of this expression. Since 

we have {^ (a?)}^<*> = e^^'^ ^*('>. 

Now T|r(a:) log ^ (a?) in each of the proposed cases takes 
the form x oo , and its limiting value can be found by 
Art. 158, and thus the value of [^ (x)]"^^'^ becomes known. 

Ex. sf, when a; = 0, takes the fonn (f ] 

and a; log a? = 0, when aj = 0, (Art. 158) ; 
therefore, af = 1, when i = 0. 
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©iliix 
takes the form oo • when a? = ; also 







(1)-.,-..., 


Now, 




1 sin a; . 

sin a? log a? =s .a? log a;; 

a? 


when X = 


0, we 


have 

sinaj 
X "^^ 

a? log a; = 0, (Art. 158), 


therefore 




sina;loga? = 0, whenaj = 0, 


therefore 




- =1, when a? = 0. 

\x} ' 


Again, 


when a 


J = a, the expression 


takes the form 1*. 


The above expression = t^^^V'^ 






= 6' when x^a, (Art. 158). 


160. Form oo 


-oo. 


Let ^( 


a?) and 


-^ (a?) be two functions of x which become 


infinite w 


ien a; = 


a, then 



^ (a?) - i|r (a;) 

assumes the form oo — oo ; it is required to find the value of 
the expression. 

Put y = ^(a?)-'^(aj), 

, then e^^e^w-V'ia* 
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Thus e" takes the form - when a? = a, and its value may be 

investigated by Art. 145. 
Or we may proceed thus, 



^-*(^){'-iii}.- 



then y is infinite unless the limit of ^ ) { is unity : if the 

limit of -T-7-f IS unity, 
<l>{x) ^' 

<f>{x) 
since y = Ij 



Ex. Suppose y = tana; — secaj; 



it takes the form - 



then y takes the form oo — , oo when a: = r- . 

Also y = tana;(l ) 

^ V tana;/ 

_ 1 — cosec X ^ 

~ cot a? ' 

this takes the form - , and its limiting value is 

cosec a? cot a; ^ 

—5 — or 0. 

— cosec* a? 

161. The limit of — ^ when a;=oo , supposing F{x) to be 

F' (x) 
then infinite, will be the same as that of — -^, or F'{x)j 

(Art. 151). 

But, ^fc^Il^=2r'(a.4-^A). 

If a? be made to increase indefinitely the limit of the 
second member of the equation is -F" (x). 
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Hence, 

Kmit when a? = oo of — ^— ^ = limit when «= oo of — ^^ 7 ^ — . 

X h 

If for simplicity we make A = 1, we have 

limit of ffl =limit of [F{x + 1) - F{x)]. 

X 

1 

162. The limit of {F{x)}' when x is infinite, is the same 
as that of 

lot Fix) 

e ' . 
But, by Art. 161, supposing F{x) to become infinite with x, 

the limit of — — — is the same as the limit of 
x 

logF{x + l)-'\ogF{x), 

, F{x + 1) 

Hence the limit, when a: = 00 , of {^ (a;) j' ' 

= the limit of ^^fetll. 
Suppose, for example, that we require the limit when x is 
infinite of Jr-^ . 
By the theorem just proved the required limit 

= Hmitof(^y 

= limit of ^1 + -^ 

= «by Art. 16. 

163. A few remarks may be made on indeterminate frac- 
tions involving more than one variable. 
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A function of two variables may take the form -, 1st, 

when one of the variables remains undetermined and the 
other has a particular value, 2nd. when both receive particular 
values. 

As an example of the first, suppose 



y(a;-a)+(aj-a)'' 

if we make a? = a we have ^ = 77? whatever y may be. But 

bjr removing the filctor x — a from the numerator' and deno- 
minator of 0, we have 

cix-^a) 

z = • 

y+x — a 

Hence, when a; = a, we have 

2ca 
« = — . 

y 

This case is very simple, and whenever it occurs the ap- 
plication of the preceding rules will give the limiting value 
towards which z approaches as x approaches its limit. 

As an example of the second case, suppose 

clx — ci) 
z = J— • 

y-o 

This fraction takes the form - when x = a and y = J, and 

is really indeterminate. For suppose y — J = m (a? — a), then 

c 

« = -. 
m 

Hence the value of z is indeterminate, for x and y being 
independent m may have any value we please, 

164. It may happen that the values which such a function 
assumes, although infinite in number, are confined within 
certain limits. For example, suppose 

c{x-a)(y-h) 

{x-^ar + {y-br 
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Assnme 
therefore 




Here the greatest value of z is when m = 1, and z always 
lies between - and — - . 

165. We give two more examples : 1st suppose 

this takes the form - when x^a and y = J. 
Put x — a^Ti and y — J = i ; 

therefore ^^A^rdb^- 

If pow we assume h = -4A*, we have 

^"A' + c^^A*" 
and, according to the diflferent hypotheses we make respecting 
a, w, ^, &c., we shall obtain for z finite, infinite, or zero 
values. 

2nd Let -^ ^^"'•^^ dr-ja-y) a?*+ {a''x)y'' 

{x''y){a^y)(a-x) ' - 

It x=y ^a, this takes the form - . Put a 4- A and a + A? 
for X and y respectively ; we shall have 

__ (A-fc)a"+A;(€i + A)*~A(g + fe)* 
^^ (A-A)H 

If we expand (a + A)* and (a + i)", and make some 
reductions, we obtain 

n(n — 1) ,«- n(n— l)(n— 2) «^,, ,. « 
g= 1.2 "* "^ 1.2.3 ^«^(* + ^) + &c. 
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Hence, putting h and k each zero, we have 

n(n-l) n-^ 
""- 1.2 "* • 

This result may also be found by examining the limit 
towards which z tends as x approaches y, and then the limit 
towards which this result tends as y approaches a. 

The next article must be omitted until the student has 
read Chap. XI. 

166. Generally, if « = V/ i > ^^^ toth numerator and 
F{x,y)\ 

denominator of z vanish for certain values of x and y, the 

value of z is really indeterminate, and in fact depends upon 

the arbitrary relation we choose to establish between x ana y. 

Suppose that a?= a, y = i, are the values which make z assume 

the form-; and assume that y = '^{x), where -^{x) is any 

function the value of which is h when x^^a. 

Thus the numerator and denominator of z become func- 
tions of X only ; and by previous rules for ascertaining the 

value of a fraction which takes the form - , we have 






X being put = a and y = h after the differentiations are per- 
formed. This value is indeterminate, since '^'{x) is a function 
which is quite arbitrary. 

But '^{'T) ^^^ v"^) ^^^ vanish, 

or if {;t-) ai^d (-7~) both vanish, 

then the value of z becomes determinate. 
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The value of is is also determinate if 

fdf\ fdf\ 

\dxj _ \dyj 

[dxj \dy) 

- (I)-. (S)-». (!)-». (f )-». 

then proceeding to a second diflferentiation we have 

which is generally indeterminate, since -^'(a?) is an arbitrary 
function. 



/dF\ , /dF\ „ 

therefore z = i ^ ^ , / > \ , 

which is really indeterminate, and may assume any value 
between + Qo and — oo . 

Ex. 2. Again, suppose 

(a; - 1)^ + y^ - 1 

Here z takes the form - when a? = 1 and y = I. 
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Also then f-f-) =0 and f ^- )r=0. 
\dxj \dxj 

3 
Hence z has a determinate value, namely, — - . 

Ix + vY 
Ex. 3. Suppose z = ^ — ^ . 
^^ X* +y 

Here, when x=0 and y = 0, we have 

- (D-. (|)-»._f )-''. (f)=». 

and .._ l + 2t'(a;)+^'(a')? . {l+f(g) }' 



l + u" 



say. 



Here the value of z is indeterminate; but it will be found 
that it is confined between the limits and 2, as may be 

Oat 

shewn by writing the fraction just given in the form l+~ , , 

remembering that ^ is never greater than unity. 

167. In solving examples on this chapter there are various 
considerations which will abbreviate the labour of the opera- 
tions, as will be seen in the following case. 

Find the value of log {I +x + a^) + \og {l-x + an ^^^^ 

sec a?— cos a? 
x = 0. 

The proposed expression takes the form - when x = 0. If 

we proceed in the ordinary way, we shall find after reduction 
that the diflferential coeflScient of the numerator is 

2x + ix'^ 



1 + x^ + x^' 

and that the differential coefficient of the denominator is 

sin a; 

— 5— 4- sm X. 

cos a; 



142 INDETERMINATE FOBMS. 

Thus we obtain again the form - , and we may continue in 

the ordinary way the process of evaluation. We may how- 
ever obtain the result more easily by arranging the fraction 
we have now to evaluate thus : 

2(1 + 2a^) cos'a; x 

{l-\-a?-\- X*) (1 + cos* a:) sin x ' 

Here the first factor is not indeterminate when x — 0; its 

value is then unity. The second factor takes the form - , 

and its limiting value is known to be unity. Thus unity is 
the required Kmiting value of the original expression. 

Or the original expression may be evaluated in the follow- 
ing manner. It may be put in the form 

cos X log (1 4- a^ -f a?^ 
sin*a; 

Now cos a; = 1 when a? = ; we need not then pay any atten- 
tion to this factor, but consider that we have to evaluate 

log (1-4- a;' + a;*) 
sin'a? 

when x — 0; and we may proceed in the usual way to dif- 
ferentiate the numerator and denominator. Or if we are 
allowed to use the results of the expansions of functions we 
have 



log{l+a? + x*) a? + x'^i^(a? + xy + i{x' + xy^, 
x' + i^x'- 



sm a? . ^ . \« 

(^--6 + ...)* 



l + ja^-... 
l-ia;* + ... 

■■ 1 when x = 0. 
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EXAMPLES. 




Find the limits of the following functions. 




1. 


logo; 


when a; = 1. 


Am, 1. 


2. 


05-1 


when aj = l. 


Ana. -. 
n 


3. 


sin a? ' 


a = 0- 


Ana. 2. 


4. 


e*-6"'-2a? 
oj — sin a; ' 


a; = 0. 


Arts. 2. 


5. 


a? — sin"* a: 


a: = 0. 


Ana, "- — • 


(sina?)' ' 


6 


6. 


X ' 


ic = 0. 


-47W. log T 


7. 


tan a: — a? 

a? — sin a? ' 


aj = 0. 


Ana, 2. 


8. 


a; — sin a? 
x' ' 


a? = 0. 


^n..^. 


9. 


sin 3a: 


a? = 0. 


Ans^ — — 


3 ' 
a? — - sin 2a; 


^7W. 2 


10. 


I — a? + log X 

l-.V(2a?-a?'*)' 


a; = l. 


u4«5. — 1. 


11. 


1 X 

log a; log a;' 


a;= 1. 


Ana. - 1. 


12. 


e*— 2cosaj + 6'* 
a; sin a; 


, a; = 0. 


^n«. 2. 


13. 


sin2a? + 2sin'a?- 


- 2 sin a; 


^OT« 4 


J , M/ — V. 

COS X — cos a? 


^XrCo* %• 
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14. a? tan a? — — sec a;, ^=o- Ans. — l, 
(a!-2)e' + a; + 2 

^''' a!*-3a^-7a^ + 27a;-18' '""**' 

a; = -3. 

,_ a!\/(3a; — 2a;*) — aj^aj 

17- i_Jl ' '" = ^- 

18. ^rl+kziL*, .=1, 

(«'-l)*-a! + l 

on *» gin ^ — sin m6 /9 = n 

''"• ^(cos^-cosm^)' ' 

21. , ^— a, ^ = 0. 

sin(g + ^)-8in(g-A) ,_ 

^''- cos (^+ A) -cos (5 -A)' " 

23. tan««-ntanx ^^^^ 
71 sm a? — sin wa5 



^n«. 


1 
6* 


.ulns. 


10. 


Ana. 


1 
10* 


Ans. 


81 
20' 


Ana. 


3 
~2* 



/ /2 + cos2a;-Bing\ f ir-jx ^ ^_'ir ^^ _1 
V Va!8in2a; + a!COsaj/ V2sm2a!/' 2' * 4 

27. 2"sin |^ , a; = « . 



^n«. 


3 ' 


^W5. 


2 


Ana. 


-cot^. 


Ans. 


2. 


Ans. 


V2 
V3+1' 


Ans. 


1 
V(2a) • 


-. Ans."-. 
4 


Jin^ 


. a. 
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1 



28. (a* - 1) a?, a? = oo . Ana. log a. 

29- * (^^ + 1 j , a? = 00 . j:n*. e\ 

gQ w'^sinwa? — n*sin7wa? (1) a; = 0. 

tan wo; -tan wo? ' (2) m = n. ^w. 1. 

-47W. n*"* (n cos na? — sin nx) cos'wa?. 

32. (^^f. 
83. ■ (!!l^f , 
34. (i^f . 

n 

35. , (cos mx)x , 

n 

36. (cos mx)^f 

37. (cos »ia;)«», 
^ Q a? (cot a:)* + sin x 

X [ 

39. (^"0'-2^'(^" + 



40. 



l-V(l-a;) 



V(l+a;)-V(l+a^)' 
41. (sina?)**"*, 

yio V(2) — sin a? — cos x 
log sm 2x ' 
T. D. c. 



aj = 0. 


u4w«. 1. 


a; = 0. 


Ans. 1. 


a; = 0. 


-47W. e*. 


a; = 0. 


Ans. 00 . 


a; = 0. 


u47W. 1. 


ar = 0. 


Ans, e" 2 . 


a: = 0. 


u4n«. 0, 


a; = 0. 


Ans. 2. 


aj = 0. 


-4w*. — |. 


a? = 0. 


Ans. 1. 


^=2- 


Ans. I.^ 




^"*- 2V'2- 




L 
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14. ajtanaj — — secic, ^=o* Ans. — l. 

.^ (a:-2)e*+aJ + 2 ^ .1 

^ (e^-l)« ' ^'"^' ^W5. g. 

a;*-3a;'-7a?* + 27a;- 18' 

a? = — 3. -4n5. — . 

17. ^V(3.-^^V^^a: ^^^^ ^^81 

\-x^ 20 

18. -i^i+lElliL*, . = 1. Ans.-\. 
(»'-l)»-ar + l 2 

^(cosd — cosm^) 3 

(F 2 

co8(^ + A)-cos(^-n,) 

^^ tan wa? — w tan oj ^ vi « 

23. — : ; , a; = 0. Ans. 2. 

w sm a; — sm nx 

Va?-Vg4-V(a;-a) , 1 

^^- V(a?*^a«) ' ^"•''' ^'^•V(2a)* 

//2 4-cos2a; — sina:\ /tt — 2a;V "^ >« 1 

V \ic sm 2a? + a5 cos x) \2 sm 2aj/ 2 4 

27. 2* sin 1^ , a? = ao , Am. a. 
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28. 


{c^-l)x, 


aj = Qo. 


-4n*. log a. 


29. 


•e-y. 


a? = Qo. 


-4n*. «"• 


30 


w*sin nx — n* sin tox 


(1) a: = 0. 

(2) m = n. 


-47W. 1. 


*/V/« 


tan/wj — tanwo? ' 




Ans. n*"* (» cos nx - 


- sin nx) coB^nx. 


31. 


(-1)- ■ 


aj = 0. 


Ana. 1. 


32. 


■(^y. 


a; = 0. 


^fW. 1. 


33. 


1 
/tan x\^ 

\ X ) ^ 


aj = 0. 


Am, e*. 


34. 


/tan ir'\«» 
\ X ) ' 


a? = 0. 


-4w5. 00. 


35.. 


n 

(cos«ia;)«, 


' a: = . 


Ana. 1. 


36. 


n 

(cos Tnx)^^ 


ar = 0. 


^7W. 6" 2 . 


37. 


(cos »ia;)«», 


35 = 0. 


Ana, 0. 


38. 


0? (cot a?)* -f sin a? 

X 


a; = 0. 


^n5. 2. 


39. 




, aj = 0. 


.4w*. - 1. 


40. 


l-V(l-aj) 


aj = 0. 


-47W. 1. 


V(i+^)-V(H-a^)' 


41. 


(sinaj)*"**, 


TT 


Ans. 1^ 


42. 


V(2) — sina? — cosa? 
log sin 2x ' ' 


TT 


^"*- 2V'2- 




T. D. C, 




L 
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43. V(a*-a'').cot{f^(^)}, x = a. 



44. 


(1 - x) tan 


2 ' 


a! = l. 


45. 


A 




x = \. 


46. 


sec- 




a! = 0. 


47. 


9 


»= 1. 



-4?w. 


4.a 

IT 


-4w5. 


2 

TT 


Am, 


1 



Ans. 0. 



-4/w. 00. 



48. {Aar + Bx''-K,. + Mx + N)', x = cc. Ans.l. 
*9- V^^^g 5 + 2V(ax) ' '"-'• 

K9 . x-O. Ans.-i. 

e'8ma!-e"{sina + V2(a;-a)cos(a-i7r)} ^^^ 

o3- - e'-e"(a; + l-a) .' 

^r». 2coaa. 



2 



„ (g+sing -4 8in^g)* ^_» >!„« H 

55- (3 + cosg-4cosW ' • ^* 
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1 



. f^'}-. 



56. -^^^^^k »=«. Ans.!. 



57. M4±(li:^, ,=.1. Ans.!. 

sin*(aj— 1) 

58. Prove that when x is infinite -^-^ is infinite or zero, ac- 

cording as m is greater or less than n; a and b being 
both greater than unity. 

59. Shew that when x is infinite 

x-a?log(l+l)=i. 

60. If„V(a«^) = taa->^+log{^ + y(l+^)},8hew 

that when a:=0,tt= — and -7- = — —-5 : and when ar = Qo, 

tt = Oand-^ = 0. 
ax 



l2 



( 148 ) 



CHAPTER XL 

DIFFERENTIAL COEFFICIENT OP A FUNCTION OF FUNCTIONS 
AND OF IMPLICIT FUNCTIONS, 



168. Suppose wa fimction of y and z, and y and z them- 
selves ftinctions of oj, it is required to find -^ . This of course 

might be obtained by substituting in u for y and z their values 
in terms of a?, by which substitution u becomes an explicit 

function of a?, and -j- can be found by previous methods. 

But it is often convenient to have a* rule which gives — 

without requiring the substitution for y and z. To this rule 
we proceed. 

169. Suppose • u = <f>(tffZ), 

where y and z are both functions of x. Let x become x+Ax, 
and in consequence let y, «, and w, becoine respectively y+ Ay, 
z + A«, and u + Am. Then 

Am = ^ (y + Ay, z+Az) - <f) (y, «) 

= ^(y + Ay, 2J+A2?)-^(yj «+Aj2;) + ^(y, i5+A2j)-^(y, «); 

therefore ^^^ <^(y + %> ^ + ^^)~<^(y> ^ + ^^) ^ 
Ao; Ay Ax 

4>(y,z + Az)'-<f>{y,z) Az 
Az Ax' 

Now let Ax and consequently Ay, A«, and Am, diminish 
without limit 3 then 
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xi. T -x r^^ . du 

the limit of -r— IS -J- , 
Ax ax 

theUmitof^isI', 
Olx dx^ 

the limit of -r— is ^y- • 
Ax dx 

The Umit of ^^^^^±Mi:ii^ is the differential 

Az 

coefficient of <f> (y, «) or w, taken on the supposition that z is 
the only variable ; and may therefore be denoted by -=- . 

uZ 

The limit of ^(y + A.y.^ + Ae)-<^(y.e + A.) ^ 

did not change, be the diflferential coefficient of ^(y, « + Ais) 
with respect to y. But as Az diminishes without Hmit with 
Ay, the liniit is the differential coefficient of ^(y, «), toyfce/i on 
the supposition that y is the only variable. 
We nave then finally 

du^dudy . du dz 
dx dy dx dz dx' 

du 
170. In this result -^ denotes, as stated, ** the differential 

coefficient of t*, taken with respect to y, supposing y alone to 
vary.^'* It is not impossible that the reader may be inclined 
to say, " But y and z being both fiinctions of a?, if y varies, 
z must vary too, how then can I make the supposition that 
y alone varies?" His own further reflexion will probably 
remove the difficulty, if such it be. Should he however be 
unable to satisfy himself, it may be suggested to him that 
we do not make the supposition that y alone varies as a 
final supposition. We allow for the variation of both y and 
2, but it IS convenient for our purpose to consider these varia- 
tions one at a time. 

It is usual to write l-jA and f-r- ) , instead of -j- and -j- , 
the brackets serving to remind us of the suppositions to be 



150 DIPPEEENTIAL COEFFICIENT 

made in finding the values of these differential coefficients. 
Hence the above equation should be written 

du _ /du\ dy (du\ dz 
dx ~~ \dy) dx \dz) dx * 

Of course the brackets may be omitted, and indeed frequently 
are omitted, provided we can feel certain of remembering the 
conditions wnich they are designed to express. The beginner 
will do well to use them, although as he advances in the 
subject he may be able to dispense with them. 

171. Ex. t« = 2j' + y" + 2jy, 

z = sin «, 

Zy'^-z, 

dx ^' 

dz 

^ = cosa>; 

therefore ^ = (3y' + «) e* + {2z + y) cos x 

= (3e**+ sin x) c*+ (2 sina? + e*) cos a? 
= 36'*+e*(sinaj + cosa3) + sin2a;, 

and this value is of course precisely what we obtain if we 
substitute in w for y and z their values in terms of a?, thus 
obtaining m = 6*" + e* sin a? + sin' a?, and then differentiate with 
respect to x. 

172. An important case of the general proposition is 

dz VB-r 

obtained by supposing « = a: so that ;>- = 1. We have then 



du ^ fdu\ dy /du\ 
dx "" \dyj dx \dxj ' 
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Here we cannot dispense with the brackets or some equi- 
valent notation, f-^ j denoting what would he the differential 

coefficient of u with respect to a?, if y were not a function 

dtA 
of aj, and -j- denoting the actual differential coefficient of u 

with respect to a?, when y ii a function of x. 

173. Ex. u^ts.n'^{xy), 

fdu\ _ y 
(djA _ X 

therefore -^ = -3^, 

dx 1 + x^ 

which of course is what we obtain if we differentiate tan"\a^*) 
with respect to x. 

174. Suppose w = <^ (i?, y, «) where t?, y, «, are each func- 
tions of X, We have, as brfore. 

Aw = ^ (v + Av, y + Ay, z + As?) — ^ (v, y, «) 

= ^ (v + Ai?, y + Ay, 2 -f A«) — ^ (v, y + Ay, « + A«) 
+ ^(v, y + Ay, i5 + A«)-^(v,y, « + Ai&) 
+ ^ (v, y, « + A«) -^ (v, y, «) ; 
Aw_ <^(i; + A!;, y + Ay, g + Ag)-<^(i?,y + Ay, g + Ag) A?> 
Aaj Av Kr 

^ ^(t?,y + Ay, g + Ag)~<^(r,y, g + Ag) Ay 
Ay ^ Aaj 

^ ^ (t?, y, g 4- Ag) •- ^ (t;, y, g) Ag 
Ag Ax' 
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Proceeding to the limit, we obtain 

du _ /du\ dv^ /du\ dy^ /du\ dz 
dx \dv) dx \dy) dx \dz) dx * 

The process may be extended to the case in which u involves 
more than three functions of x. 

175. Examples may occur more complicated in appear- 
ance, but essentially involving the same principles as those 
of the preceding articles. Suppose for instance 

t; = '^(y, 2j, a?), 

z^F{xl 

so that u could, by performing the requisite substitutions, be 
made an explicit iimction of a; ; it is required to express the 
diflFerential coefficient of u with respect to a?, without pre- 
viously making these substitutions. 

du _ /c&*\ dv fdu\ dy fdv\ dz fdu\ 

dx^ \dv) d^'^yd^J ^"*" w d^'^ v^y ' 

dv _ (dv\ dy /dv\ dz /dv\ 
dx^\dy) di'^Xdz) di'^\^J ' 

176. The same suppositions being made as in Art. 169, 
it is required to express -1-5 • We have 



du /du\ dy /du\ dz 
dx ^ \dyj dx \dzj dx ' 
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Now (-T-j is itself a function of y and z. If we denote it 
by V its differential coefficient with respect to x will be 

/dv\ dy fdv\ dz 
[d^Jdi'^Kd'z)^' 

which may be written 

/d*u\ dy f d^u \ & 
\dy^} dx \dz dy) dx ' 

The differential coefficient of -£■ with respect to a; is ^ . 
Proceeding in the same way with the factor 

/du\ dz 

[d^Jdi' 

and remembering, (Art. 134), that 

\dz dy) " \dy dz) ' 
we have 



d'u __ /rfV\ (dyS^ o / d^u \ dy^ dz fd^\ fdz\* 
d^ " \dyV \dx)^^\dydz) dxdx'^\dzV \dx) 

i*\ d'^z 

zjd^' 



(du\ d^y /du\ d*z 
\d^)d^^ [dij "^ 



If z=^Xf we have ;t- = 1, -rn = ; thus 



^_ /rfV\ /^Y / d\ \ dy fd'u\ fdu\d^ 
da?^W \dx) '^ UvdxJdx^Kda?)^ \dv) dx^ * 



177. Hitherto in this chapter we have given methods 
wliich, although often convenient, are not absolutely neces-- 
sary^ as in all cases, by effecting the required substitutions, 
we may obtain an explicit function of a?, and differentiate it 
by known rules. But the case we now consider is one in 
which a new method is frequently indispensable. 

Let (a?, y) = be an equation connecting the variables x 

and y ; it is required to find -^ . If the given equation can 
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be solved so as to give y in terms of a?, say y = '^{x)y then the 
diflFerential coeflScient of y with respect to x can be found by 
previous rules. If x can be expressed in terms of y, we can 

determine -7- and then ^ , since ty- x ^ = 1. But as it is 
ay ax ay ax 

often difficult, and sometimes impossible, to solve the given 

equation, it is necessary to investigate a rule for finding -^ 

which does not require this operation. 

Put u for 0(a?,y). From the given equation y is some 
definite function of a? ; hence 

/^\ dy /dti 



/du\ dy /du\ 
\dyj dx \dx) 



is, by Art. 172, the differential coefficient of u with respect to 
X. fiut u is always zero, and therefore so also is its differential 
coefficient with respect to x. Hence 



«-(t)t^©. 



therefore 



dx /du\ 



178. ^ This important result may also be obtained thus, 
which is in effect combining into one article portions of the 
preceding pages. Let 

4> {x, y) = 0. 

Suppose X to become x-^-Lx and y to become y + Ay, so that 

(a? + Aaj, y + Ay) = 0. 
Hence (a? + Aa?, y + Ay) - ^ [x, y) = 0, 

and ^(a;+Aa?, y +Ay) — ^(a:+Ax, y) +^(a?+ Aa?, y)—<f>{x, y) =0. 
Divide by Aa?, and we have 

^(a;+Aa;, y+Ay)-^(a;+Aa?, y) Ay ^(a;+Aa;, y)-<^(a;,y) ^^ 
Ay Ax Ax 

This equation, being always true, remains so when Ax and 
Ay are diminished indefinitely. 
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The Umit of <l>i^ + ^'y)-t>i''^y) ^ ^hen Ax diminishes, 

is the differential coefficient of {x, y) with respect to x, formed 
on the supposition that x alone varies^ and if we put u for 

(a:, y), this limit may be denoted by (-r-J . 

The limit of »(^ + Aa.>y+Ay)-^(.. + Aa.,y) .^ 

Ay 
Aa? remained constant, be the differential coefficient of 
<^ (a; + Aa;, y) formed on the supposition that y alone varies. 
But as Ax diminishes without limit when Ay does so, the 
limit is the differential coefficient of u with respect to y, 
formed on the supposition that y alone varies. It may be 

denoted ^7 ( j-J • 

The limit of -r^ is -p . Hence finally 

Aa? dx '' 

\dyj dx \dx/ 
179. Ex. Suppose 

Here t* = ay + JV-a«J«, 



(!)-'•- 



therefore a^y -J- + J*a? = 0, 

therefore -~- = «- (!)• 

oa? a'y 

Since y = -V(«*-i»'^) from the given equation, we obtain 

directly ^V Sa; /q\ 

^~"aV{a'-ic') ""^ '* 

When in (1) we substitute the value of y in terms of x, 
the result agrees with (2). 
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In this case we can verify our new rule, by comparing its 
results with those previously found. In more complex 
examples, such as 

oj^- ooj'y + Jic^y*--y" = 0, 
we can find -j- only by the new method ; 
putting w for aj* — aa^y + Jic*y" — y', we have 

(^) ~ ^^ " ^^y + 2 Jay", 

^ aa;'+2Ja:'y-5/; 

therefore ^ = ^^'-^<^y^^W ^ 

dx 5y* — iba?y + ax^ 

180, We shall now investigate the second differential 
coefficient of an implicit function. 
From the equation 

w or (a?, y) = 0, 
/^\ 

we have deduced -^ ^—^rr (^) ' 



it is required to find ^ 



dx (du\ 
\dy) 



We observe that y-r) being a function of both x and y, 
its differential coefficient with respect to x must be found by 
Art. 172. If we put v for i-j- j , the required differential 
coefficient will be 

\dyj dx \axj 
Similarly, denoting (;t-) by «?, we have for its differential 

coefficient with respect to a:, 

/^\ dy^ /dw\ 
\dy) dx \dx) * 
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Hence> from (1), 

i 



((dv\dy (dv\\ (fdw\dy (dw\ 



da? 



.(2). 



the latter symbol denoting that t^ is to be differentiated twice 
with respect to x, on the supposition that x alone varies; also 



\dy)'\dydx)' 



the latter symbol denoting that w is to be differentiated with 
respect to a?, supposing x alone to vary, and the result with 
respect to y, supposing y alone to vary. Similarly 



/dw\ ^ / d^u \ 
\dx)^\dxdy)' 

/dw\ _ f^\ 
\dy)'Wr 

Hence, substituting in (2), we have 

(diA (f d'u \ dy f^\\ _ (diA U^\ dy ( d^uV i 
d^y \dy) (Uv dx)dx'^\dxV\ \dx) tW/ dx '^ \dxdy)\ 
dx^" fduV 

\dy) ; 

(3). 

If we substitute in (3) the value of ^ given by (1), we 

/^\ fdu\*_ f d^u \ /du\ /du\ /dV\ f^\* 
d'u W) W \dx dy) Vdxl \du) '^ UW W m 
da? (dux" '"^ '' 

\dy) 
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181. This result may also be found from Art. 176, by 
supposing w = always, and. therefore 31^ = 0; or indepen- 
dently thus. 

From tt = 

"n»-.4»' ©lKl)-» (')• 

Denote this result for the sake of shortness by 

v = 0. 

=- ©l+d)-"-; ». 

which result, expressed in terms of w, is 

as -p is already known, this equation will furnish -j^ . 

Equation (1) is frequently called the " first derived equa- 
tion, ' or " the diflferential equation of the first order ;" and 
equation (3) is called " the second derived equation," or the 
" differential equation of the second ord^r ;" the equation u = 
being called the "primitive equation." 

182. Should the reader succeed in correctly deducing for 
himself the important equation (3) of the last article, he may 
omit the next two articles, as it seems unnecessary to direct 
his attention to difficulties he might have felt, or mistakes he 
might have made. If however he has failed in his attempts, 
he may compare his process with the following. 

In (1), put^ for -^ , so that v stands for 

^^^'^^ ©=(^y)^+(|)(l)+(£)' 

fdv\ _ fd^\ /du\ f^\ ^ d'u \ 

\dy) ~ W) ^ Uy/ \dy) ^ \dydx) ' 
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Thus (2) becomes 

-(l|)^-0(l)-(S)-». 

or 

this simplification we obtain the required result. 
A very common mistake is to omit the brackets in 

(|)^+(l)' *"^ '^"^ ® ^ '"^^'' S' ^^ "^''^ 

remains a superfluous term, viz. -r- , or as it has perhaps been 
written bj the student, , ^ * 



183. In Art. 182 we proceeded verv strictly according to 
the literal requirements of the rule involved in equation (2) of 
Art. 181. We might have reasoned thus. • 

We have merely to express symbolically the fact, that the 
diflferential coefficient of 

\dy} dx \dx) 
with respect to x is zero. 

Now the differential coefficient of (^ j with respect to a?, 



\dxdy) 



and the differential coefficient of — with respect to x is -r^ , 
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Hence the differential coefficient of [-j-j -y- is 

f / 3}u \ (d^u\ dy\ dy (du\ ^ . . 

\\d^) ^ WJ dxjdx^ \dy) da? ^'^• 

Also the differential coefficient of \-f-\ is 

(^)l+(S) <^)- 

Collecting the terms in (1) and (2), we have 

WJ'^^dxdy) dx^WJ [dxj ^ \dy) &^"""- 

184. It is not necessary to proceed further with the 
successive differential coefficients of implicit functions, as the 
equations become too complicated to be often used. The 
reader may, as an exercise, obtain the following result from 
equation (3) of Art. 181, by either of the methods we have 
used in Arts. 182 and 183 : 

(d^u\ ( d^u\ dy (^u_\ (dy^ (^\ /dy\' 
[dxV ■*■ "^ Wdy) dx'^^ \dxdyV [dxJ "*" [dyV \dx) 

,A(d?u\ fd'u\ dy] d^y (du\ d'y _ 
'^''\\dxdyj ^ \dfj dx)da?'^\dy) (&'"""• 

We may observe that it is often found convenient to use a 
certain abbreviated notation for partial differential coefficients. 
Thus i{^{x,y) be any function of a; and y, any partial differential 
coefficient of the function may be indicated by the letter i^, 
with accents above corresponding to the number of differen- 
tiations with respect to x, and with accents below correspond- 
ing to the number of differentiations with respect to y. For 

example, 0" will indicate ( Ij j^ ^^^ ^/ ^'^^ indicate 

(^).«.d.«n. 

We may also use y' for -^, and y" for ^, and so on. 
Thus with the present notation the equations (1) and (3) of 
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Art. 181, and the equation which may be obtained from (3) 
will be expressed respectively as follows : 

r' + m'y' + 3^„y « + <f,,„y> + 3 (^; + <i,J) y" + ^,y"' = 0. 
185. Suppose the two equations 

exist simultaneously, in which x is the independent variable 
and y and z dependent variables. From the two given equa- 
tions we may eliminate z, and thus find an equation connecting 

y and a?. Hence -^ may be determined. Again, firom the 

two given equations we may eliminate y, and thus find a 

relation between z and a;, whence -r- may be determined. In 

cases where the elimination is tedious or impracticable we 
may proceed thus. 

Let u denote /(a?, y, z) and v denote F{x, y, «). Since y 
and z are functions of x, the differential coefficient of u with 
respect to x is, by Arts. 172 and 174, 

/^\ fdu\ dy /du\ dz^ 
\^)'^[dyjdx'^\dzjdi' 

and since u always = 0, we have 

"-©-©I-©! (')• 

s«i„.„«=(|).(Di+(l)* «, 

from which we find 

'du\ (do\ _ (dv\ (da\ 

(3), 



/du\ fd6\ _ /^\ fdiiA 
dy W W W \dz) 

fdu\ fdv\ /dv\ /du\ 
\d^) \dz) ^ \d^) V&j 



dx 

T. D. C. M 
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(dv\ /du\ _ /^\ /dv\ 
dz \dx) \dy) \dxj \dy) , . 

d^ (do\ (M\ _ (da\ /(h\ ^ ^' 

[dzj \dy) [dzj \dy) 

186. By differentiating equations (1), (2) of the last Article 
with respect to x^ we obtain 

(d^u\ fd'u\dy fd'u\dz (d'u\fdyV 
\da?) ■*■ \dxdy) dx^ \dxdz) dx "^ \dyV \dxj 

/ d^u \ dy dz /d^u\ /dzV /du\^ f^\^^f\ 
. '^^[dydzJdxdx'^W) [dxJ "^ \dy)d^'^[dz)^'^^' 

\dx*J \dxdyj dx \dxdz) dx \dy^/ \dx) 

^ [dydzj dxdx^W) \dx) "^ \dy) da?'^ [dzj da?""^' 
From these equations we can deduce -7^ and -y-^ , which 

may also be found by differentiating equations (3) and (4) of 
the preceding Article. 

187. Suppose we have n equations connecting n + 1 vari- 
ables Xyy^z, t. Let the equations be 

J^Ka?,^, «, = 0, say t«j = 0, 

-fi (a?, y, «, t) = 0, say w,= 0, 



F^{?^,yyZ, «) = 0, say w» = 0. 

From these equations all the variables but one may be 
considered functions of that one. If a; be the independent 
variable, we have 

0-/'^A + /^^i^^+/'^A^4. +/'^M ^* 

"^^KdxJ^KdyJ dx'^Kdz) dx^ '^KdtJl^' 

^"Kdxj'^Kdy) d^'^\(iz) clx'^ ^\di)dx' 
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Wa;y'*"Uy/e^ [dtjdx' 

from which n equations we can determine the n quantities 

di/ dz dt 

dx* dx^ Ox * 

188. Suppose j) (ic, y , «) = to be the only equation connect- 
ing three variables, so that z may be considered an implicit 
function of the two independent variables x and y\ it is re- 
quired to find -r- and ^- . 
^ ax dy 

dz . 
By ^ is meant the differential coefficient of z with respect 

dz 

to 0?, supposing y constant, and by -7- the differential coefficient 

of z -with respect to y supposing x constant Theoretically 
we may from the given equation find the value of z in terms 
of X and y and then effect the differentiation by common rules ; 
(see Art. 131). But to avoid the difficulty of solving the 
given equation we adopt another method. Suppose y constant 
so that we have two variables x and z^ ana let u stand for 
^ (a;, y, 2), then by Art. 178 



©^©S-o (')' 



where yjA stands for the differential coefficient of u taken on 

the supposition that x alone varies, and (-t-] for the differen- 
tial coefficient of u taken on the supposition that z alone 
varies. Similarly 



ldv\ . fdu\dz ^ ,^. 

y+fej^=« (2)- 



Equations (1) and (2) determine -7- and -p- ; 

We may determine -^ and -^ by the method of Art. 180, 

h2 
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or by that of Art. 181, If we adopt the latter, the two 
equations we obtain are 

(d^u\ ( dSi \d^ fd^u\ (dz\\ fdu\ d'z 
W)^^\dydz) dy-^W) \Ty) + \Jz) d^'^^' 

We can obtain an equation for finding -rA- by differen- 

tiatinff (1) with respect to y, or (2) with respect to x. We 
thus deduce 

/ d^u \ f d?u \ dz^ / d^u \ dz^ rd^u\dz^ dz^ 
\dxdyj \dzdx) dy \dzdy) dx \d? J dy dx 

/du\ d^z _ 
\dzj dydx 

189. Suppose we have two equations connecting four 
variables ; for example, 

/(v, aj, y, z) = 0, say u^ = 0, 
F{v, x, y, z) = 0, say t*, = ; 

from these equations v and z may be considered functions 

of the independent variables x ana y. If we eliminate v we 

dz dz 

obtain an equation connecting z^ a;, and y, so that -7- and -j- 

may be obtained by the preceding Article; and similarly 
if we eliminate z we may find ^ and ^ . Or we may pro- 
ceed thus : from w^ = we deduce, by Art. 174, 

(du\ (duXdo^ /du\^ 
\dx)'^\dv)dx^\dz)dx^^' 
and from w, = we have 

fdu\ fdu^ dv (du\ ^z ^ 
\dx) \dvjdx Xdzjdx" ' 

from which j- and j- can be found, 
ax dx 
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Similarly, from v^ = and u^ = we deduce 
\dy) "^ \dv) dy '^ \dz) dy''^' 

from which -j- and -j- can be found. 
dy dy 

In such equations as those in the present article it is 

.^ df df dF ^ J, :i J, du. 
very common to write ^ , 4- j -r-j &c., to denote -^ , 

dv' dy' *''• 

190. If values of x and y which satisfy an equation t« = 
involving x and y, also make f-^j and f-^-J vanish, ^, 



which 



fdu\ 



IduV 



assumes the indeterminate form - . If we apply the method 

of Art. 145, we have 

/^\ /<?tt\ f d^u \ dy 



U) ....,■■,.. ..w)"^( 



dxdyJ dx 



the limit of 4tt ** *te limit of ^ « . V x ^ > 
/^\ • / dru \ /dru\ dy^ 

\dj/) [dxdyJ'^WJd^ . 

the numerator and denominator of the second fraction being 

respectively the differential coeflScient of f^J and of f-j-j 

with respect to x. 
We have then 

(dPu\ ^ f_^\ dy 
dy \da?J \dxdy) dx /-^ 

^^ — -Tnrr^ — Titrr: W- 



/ d^u \ (dru\ dy 
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In this expression we must substitute in { t^ ) > ( , i ) , 
and ( j-i] , the values of x and y under consideration, and thus 
we obtain a quadratic for finding -p. This quadratic is 

equation (2) agrees with equation (3) of Art. 181, remem- 
bering that by hypothesis f t- j = 0. 

191. Should the values of x and y we are considering in 
addition to making w = 0, f-j-j = 0, (-j-j = 0, also make 

(S)=». §)-". (d)'"- 

then the value of -^ given in^equation (1) of the preceding 

article also takes the form - . Hence, applying again the 
rule for finding the limit of such a fraction, we have 



f cPu 



dx' 




Since f ^— ^ ) and ( t^J vanish, we obtain from (1) 

(|)(l)"-KJ|.)(l)"-'(^)l-(£)-»-«- 

where in all the differential coefficients of u we must sub- 
stitute the values of x and y under consideration, giving a 

cubic equation to determine -^ . Compare Art. 184. 
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It most be observed that this method is liable to an 

objection. We assume that , , -y~ and j-s 3^ vanish 

dxdyda? dy da? ^ 

because in each case one factor vanishes ; if however -v^ he 

d^Vt d^v 
infinite^ it does not follow necessarily that , , -^ and 

d?u cPy . , 

^^, vanish. 

192. Ex. y"" + 3ay - 4a% - aV =0, or w = 0. 
Here f -~- j = — 4a*y — 2a'ic, 

xaereiore ^ - __^___ _ ^^3 _^ ^^,^ ^ ^^^^ . 

Here a? = 0, y = 0, satisfy w = 0, and make -^ assume the 

form - . 

Diflferentiate both numerator and denominator, and we have 

-^ = the limit of n 

^ (6y'+3a')|-2a' 

2| + 1 

= h ultimately. 

3^-2 

therefore -J^ = •" "^ . 

aa? 3 
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Again, suppose m^ — hofy + oj* = to be the given equation. 
Then (^) = 4«»-2Jay, 



(|) = 3a/-..., 



\dy. 
therefore ^=^^__^. 

This value of -^^ takes the form - when x and y vanish. 
ax ^ ^ 

Hence, differentiating the numerator and denominator, we 

have 

, Uaf-iby-ibx-^ 
dy ^ cLx 

when X and y are made = 0. 
Again, we have the form ~ • Hence, differentiating again, 

ay dx d^ 

dx 



'^MtJ-'"^' 



d^y 

X and y being made each == 0. Thus aasumtng that x ^i 

and y ^ vanish, we have 



|(..-e»(|)]-«|, 



from which /7 "^ ^> 



193. It may be noticed that equation (2) of Art. 190 
differs from equation (3) of Art, 181 onlj in the omission of 
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the term (-^-1 -r^. This term would not occur if -^ were 

a constant quantity, for then -^ would be zero. Hence 

equation (2) of Art. 190 may be derived by differentiating 
the equation 

©^(1)1-0. 

with respect to x and treating -~ as if it were a constant. 

Similarly, equation (2) of Art. 191 may be deduced from 
equation (2) of Art. 190 by differentiating with respect to x 

and treating -^ as if it were a constants 

194. If in equation (2) of Art. 190 we have [^J = 0, 
we have 

dy 



dx « / d^u 



\dxdy) 



dy) 

as one value of ^ • The other value of -M^ will be infinite, 
dx dx 

for we know from Algebra that if we have a quadratic 

equation and the coefficient of the highest power ot the un* 

known quantity gradually diminish without limit, that one 

of the roots simultaneously increases without limit. 

195. The value of -^ , when the values a; = 0, y = 0, make 
it assume an indeterminate form, may often be more simply 
found thus. We have only to seek the limit of - as a; and y 
diminish without limit; this is obvious from the meaning of 
-r^ ; it will be seen too if we refer to the geometrical illustra- 
tion of Art. 38. 

Ex. y* + 3ay - 4a*a^ - aV = 0. 
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Hence, y (gVaa' (|/-4a«|-a« = 0. 

If now - have 9iHj finite limit, the term y' f -) will vanish 

when y = 0, and we have for finding the ultimate value of - 
the equation ^ 

therefore S_i^. 

X 3 

If '- have an infinite value, then - has a value zero: 
putting the given equation in the form 

3^ + 3a«-4a'?-a«g)'=0, 

we see that - = ultimately would not satisfy it. Hence - 
has not an infinite value. 

Again, suppose ay* — hofy + a;* = ; 



therefore a\p\ - 5 (^ j + a? = ; 

whpn X vanishes, we have 

therefore ^ = ultimately, 

^ = ±a/-. 
X y a 

Again, suppose a?* + CLa?y + hxy^ — y* = ; 
therefore ^ + '^1^^^^ -y^^=^' 
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The Jintte limiting values of - are given by 

X \xj 
therefore 2f = o, ' 



X 

y a 

or ^ = - -. , 

X b 



And since the given equation may be put in the form 



X 

we see that - = ultimately satisfies it ; 
therefore ^ = oo ultimately for another value. 
Hence the limits of - are 

X 

0, or — T", or CO. 

This method is free from the difficulty which is pointed out 
at the end of Art. 191. 

If we wish to ascertain by the method of the present article 

the value of -^ at a point for which a? = a, y = J, we may put 

a + a?' for x and h-\-y' for y in the equation which connects 

X and y. We shall then have to find the value of -~~ when 

a;' = and y' = ; and this may be ascertained by the method 
shewn in the preceding examples. 

EXAMPLES. 

1. If t^ = A /(V— ^) J where z and y are functions of x, 

iind -7- . 
dx 
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2, If M = sin"* - , where z and y axe functions of a?, find -r- . 

3 ifi/fi"''=aaj"' ^y - ^y 

4. Ifa:^-v* = e?y^ y'-aylogy ^ 

5. If(a+yr(J«-3^) + (a:+a)y = 0, find ^. 

6. If sin (iry) = wia?, find -^ . 

7. Given y^ + a? — Zaxy = 0, shew that ^ = - / a^ vs • 

8. Given x^ •\-2aa?y ^at^^ find -3- and -^, and write 

down the third derived equation. 

) and -^ {xy yyu)^i 

dyjr d<f> d>^ d^ dyjr 

P 7/ ^ — «_ ^ ^y dy dx dx 
dx "" c?^ d^ dylr dj> d^Jr * 
du dy dy du du 

10. If M = ^ (a?, y), and u = x {^)i fi^^d j- • 

^4;{x'w-(S)}=(l)^(''- 

11. If u = a'^+'s/{atcxy)y find ^, (1) when a; andy are 

independent, (2) when x + y=^a. 

12. If a*'+ V(sec a;y) = 0, find ^ • 

Eesult ^y_ y V (sec a^) tan a;y + 2a''yar Mogg ^ 
&? aj\/(sec xy) tan a^+ 2a*'a;*loga loga; * 



9. If y = ^ (a?, y, u) and -f (a?, y, u) = 0, find ^. 
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13. If x^ + 2aa^y - af = 0, shew that j^ = 0, or + V2, 

when 05 = and y = 0. 

14. If a?*- ay + 2aa?y*+ 3aaj'y= 0, shew that ;/ = 0, or - 1, 

or 3, when a; = and y = 0. 

15. If oaj' + o'y- a/ = 0, shew that ^ = 1, 

whenic = andy = 0. 

16. Ifa='3^=(a«-^(J + 3,)«,Bhewthatg = ±;^^^-^^, 

when a? = and y = — J. 

17. If (/-a0(»-l)(a;-?) = 2(y»+a!'-2a;)«, 

find ^ when a; and y vanish, and when «=!, y—\. 

18. If y*-y'+3xy-2a? = 0, find ^ when a? = 0. 

3 

Result 1, 2, or — -• 

19. Given w* + i»'+y + 2' = c', 



log^|j + «ic = J", 



find -7- . 
ax 

Remit J'^-y'^'-y 1 g* ^^"^ re 
dx X x + y xxz + l 

20. If -' + ^' + ^-1 = 0, find 
a Ir (? 

cic" dxdy^ dy^' 



( 174 ) 



CHAPTER XIL 

CHANGE OP THE INDEPENDENT VARIABLE. 

196. In Art. 60 we have proved the equation 

^=1 m 

dx ^ ^ ^' 

dy 
and in Art. 63, 

^^dydz^ 

dx dz dx ^ '' 

and we now proceed to some extensions of these formulae. 

Given x and y, both functions of a third variable z, it 
is required to express the successive differential coefficients 
of y with respect to a?, in terms of those of y and x with 
respect to z. 

dy 

dz 

dy dy 

TT d^y d dz dliz dz ^ .... 

Hence ^-^ = -—--.=: — .^.•-- by (2), 

da? dx dx dz d^ dx "^ ^ '' 

dz dz 

d^y dx d^x dy 
dz* d z dz^ dz dz 

/dxV * dx 



w 
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<??/ dx d^x dy 

dz^ dz dz^ dz , _ ,-v 

. 7^7 — ^y(')- 

\dz) 

d^y dx d^x dy^ 
d^y _d 'd^'dz^ dz^ dz dz^ 
^S^^^' '^"dz 7^? 'dx 

\dz) 

fd?y dx d^xdy\ /^V-S /^V — /'^ — - — ^"^ 
[d?di'''dk^ dz)\dz) \dzj dz' W dz dz' dz) dz 

\dz) 

fdJ'y dx ^^ dy\dx _ ^ /^ dx d?x dy\ 
ic^ dz dz^ dzjdz dz' \dz' dz dz' dz) 

W) 

d*y 
Similarly we might express ^, &c. 

This process is called " changing the independent variable 

from X to «;" since in -r^ the independent variable is x, 

but in the expression 

d^y dx d'x dy 
dz' dz dz' dz 

the independent variable is z. 

197. Suppose in the preceding article we put z=y. 

dx _dx ^_^ A. 
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and thus 



dy 
dx' 


1 




dy 




d^x 


d*y 
da?~ 





^ dydy^' ^W) 

da? /^Y " 

\dy} 



198. The fonnulae of Art. 197 may also be obtained 
directly thus, 



therefore -j^ = -7- 



dy 
dx 


1 
dy 




d'y. 

da?' 


_d_ 1 






.1 1 
dy ax' 

"dy 


dy 

dx 



d'x d^x 

__ dy* dy di^ 

Uy \dy) 

d^x ^^ 

^ d ^ d df dy 

da?" dx /^Y dyT^^'dx 

W \dy) 
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(I) 

This process is called changing the independent variable 
from X to y. 

199. With respect to the use of the preceding articles 
we must observe that, as is the case with some other parts 
of the Differential Calculus, the student is here acquiring 
materials which will be available in some of his following 
subjects. Expressions which present themselves can some- 
times be much simplified by transforming them in the manner 
above indicated; of thid examples will be seen at the end 
of this Chapter. 

200. The following is an important case. 

d!^v 
Change the independent variable in ^ -jz^ from x to t, 

where aj = e'. 

-nx ^ + x ^,,, 

therefore i(x*^\-nx'^ -af^*'^ 
theretore Jf[o' ^) ^ dx'~ cbT^' 

This result may for the sake of ahbreviation be thus ex> 
pressed, 

U r dx'' d^^ ^^^• 

T. D. C. N 
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Put n = 1 ; then 

\dt J dx cbf' 

But ^ = ^^==aj^- 

dt dxdt dx' 

^g.g-.)i p). 

Put m = 2 in (1); then 

[dt V da? "^da^' 
or firom (2), 

'^Mi-MI.-^Yi ")• 

Proceeding thus we deduce 



X' 



201. It is often usefiil in geometrical applications of the 

Differential Calculus to have expressions for --^ and ^ in 

terms of 0, supposing 

a? = rcos^) , . 

y = rsintfj ^^^• 

Since y is by supposition some function of x, it follows 
from (1) that an equation subsists between r and 0, so that 
r may be considered some function of 0. 

:/« ;^ sm^-^ + rcos^ 
^^^sin^l + rcos^^ 

cte" dd "T^ TT'db* 

cos^T^-rsin^ 
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The numerator of this fraction is 

(sin ^ ^ + 2 cos ^ -7^ — r sin ^ j f cos 5 ^ - r sin 0j 

- (cos ^ ^ - 2 sin tf Tg - r cos tf J fsin ^^ + r cos ^j 
and the denominator is 

(cos^-j^ — r sintfj . 



Hence, 



d^ I ^dr ^' 



"Hi)'-'- 



f COS ^ -^ — r sin ^ j 



202. Let M be a function of the independent variables 
X and y, say u=f{x,y); and suppose x and y functions 
of two new independent variables r, (/, so that 

It is required to find the values of -r- and -j- in terms of 
^ dM ay 

differential coeflScients of u taken with respect to the new 

variables. 

If for X and y we substitute their values in terms of r 

and 6y we make u an explicit function of r and 6. Now, by 

Art 169, 

du ^du dx du dy 

ar dx dr dy dr ' 

du ^du dx du dy 
dd'^dide'^'^de' 

From these equations -j- and t- can be found. 
^ dx ay 

203. If the equations which connect a?, y, r, 0, instead of 
those in Art. 202, be 

r^F,{x,y), 

e^^F,{x,y), 

N2 



180 CHANGE OF THE INDEPENDENT VARIABLE. 

we may use the formulaB 

du ^du dr du dO 
dx~ dr dx d0 dx^ 

du __du dr du dQ 
dy dr dy dO dy* 

204. If the equations which connect x^ y, r, d, are given 
in the form 

F,{x,y,r,G)^^ (1), 

F^{x,y,T,G)^(S.... ..(2), 

we may, in order to find the values of ^ , ^^ , -^ , -^ , 

required by the formulae of Art. 202, by successively eliminat- 
ing y and x from (1) and (2), obtain explicitly the values of a? 
and y in terms of r and B, Or, by Art. 189, we may find 

-^ and -^ from the equations 

(dF\ (dF\^ (dF\di_ 
\de)^\dx)dd^\dy)dd~ ' 

\dd)^\dx}de^\dy)dd~^' 

U'X du 

and use two similar equations for ^ and -^ • 

205. Ex. u^f[x,y), 

a; = r cos ^, 
» y = r sin &, 

dx • /I ^y A * 

dr ' dr 
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Hence, hy Art. 202, 

du ^du , ^du 

-jT = COS ^ J- + sm ^ -J- , 
dr dx dy^ 
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therefore 



du . ^du ^ ^du 

du ^du 1 , ^du 

ax dr r dd^ 



du . ^du I ^du 



dd' 



,{\). 



If we proceed according to Art. 203, we must put the 
equations between x, y, r, 6^ in the form 



r = V(^+y'), 



^ = tan-*-^; 

X 



hence. 



therefore 



X 



dr _ 

dr __ y ' _ y 
dy'W+F^^r' 

du _^x du 
dx r dr 



dd^ 
dx 

dd 
dy' 

y du 
'V^dd' 



y _ y 

x' + y^^ /' 



X 



a^ + f 



X 



^y^du "j 



.(2). 



du _y du X du 
dy~rd?'^r*'de' 

X It 

Since - = cos ^ and - = sin 5, the formulae (1) and (2) 

agree. 

In this branch of the subject beginners are liable to mis- 
takes from not paying sufficient attention to the precise 
meaning of the symbols. Generally speaking mathematical 
notation is so definite that the meaning of any symbol can 
be settled without regard to the context ; but sometimes in- 
stead of using a complex symbol to express our meaning 
without any possibility of mistake we use a symbol which 
in itself may be ambiguous, but which is rendered perfectly 
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definite by means of the connexion in which it occurs. Thus, 
for example, as we have intimated in Art. 170, the brackets 
expressive of differentiation under certain conditions are 
sometimes omitted, that is, they are left to be suggested by 
the context. 

In the present case the meaning of the symbols ;»- > ;7g j 

du du 

■J- , -r- which occur in Arts. 202 and 203 must be carefully 

observed. We might use a more complex notation, as for 
example the following ; let ^^ (a?, y) be any function of x and 
y, ana let ;^(r, 0) be the form which '^(aj, y) takes when for 
X and y we substitute their values in terms of r and ; then 

<^X(^, ff) ^ W (a?, y) ) ^ ^ { df (a?, y) | dy 
dr \ dx ) dr \ dy ) dr ^ 

and this is the equation which in Art. 202 is expressed more 
briefly thus, 

du _ du dx du dy 
dr dx dr dy dr * 

The beginner however must remember that the second form 
is an abbreviation of the first form, and he should recur to the 
first form if he has any doubt of the meaning of the symbols 
du du du 
dx^ dy^ dr* 

It is however with respect to the symbols 3" > ^ > 

-^ , -— which occur in Art. 202, and the symbols ^ > ^ > 

-rr-, -=-, which occur in Art. 203, that mistakes are most 

frequently made. For example, beginners sometimes imagine 

ujx dr 

that the -r- of Art. 202 and the -,- of Art. 203 are connected 
dr dx 

dx dr 
by the formula -7- x -y- = 1. This formula however is quite 



< 
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inapplicable here; for it implies that there Is a single equation 
involving x and r and no other variable, which is not the 
case here. 

In Art. 202 we suppose that x and y are expressed as 

functions of r and 0, and -j- means the differential coefficient 

dr 

of X when r varies but does not vary ; and as r varies v will 

also vary, so that on the whole r, x, and y vary and does 

not vary. In Art. 203 we suppose that r and are expressed 

df 
as functions of x and y, and -r- means the differential co- 
efficient of r when x varies but y does not vary ; and as x 
varies will also vary ; so that on the whole a?, r, and vary 
and y does not vary. 

dx df 

Thus the -j- of Art. 202 and the ^- of Art. 203 are formed 
dr dx 

on different suppositions as to the quantities which vary and 

the quantities which do not vary. 

dx 
In the example of the present article the -j- of Art. 202 

= cos 0, and the -r- of Art 203 = - = cos 5 ; and the product 
of the two is not unity. 

206. Suppose u a function of the three independent vari- 
ables X, y, z, and that these are connected by three equations 
with three new independent variables ^, ^, r ; it is required 

to express -r- , -,- , ^7^ terms of differential coefficients of 

u taken with respect to the new variables. 

We have, by Art. 174, 



du ^dud0 du d<l> du dr 

dx d0 dx d^ dx dr dx 

du ^du d0 du d<f> du dr 

dy " d0 dy d^ dy dr dy 

du ^du d0 du d^ du dr 

dz "" d0 dz d(f} dz dr dz 



(1). 
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But by means of the three equations between a?, y, 2?, 

0y <l>y r, we can detennine the values of 

d0d0d0d^d^d^dr^dr 

dx' dy' dz' dx' dy' dz' dx' dy' dz' 

J 1 xT. V x« du du ^ du . 

and hence the above equations express ^- , -7-, and -r , in 

pdu du J du 
terms of -^, -jj^ and t-. 
dd a<l> dr 

Also by solving the above equations we can express 

du du du . ^ ^du du ^ du , . , , 

T^> ~Tr9 J- 9 in terms of :> , j- , and -y- , which can also 
dd d(\> dr dx dy dz 

be found by the equations 

du ^dudx du dy du dz - 
Wdxdd'^dyW'^dz^ 

du ^dudx du dy du dz 
d<l> dxd<l> dyd<l> dz d<l> 

du ^dudx du dy du dz 

dr dx dr dy dr dz dr - 
207. Suppose, to exemplify the above, we put 

a? = r sin ^ cos <^, y == r sin 5 sin ^, z^r cos 9. 
Hence, to apply equations (2) of Art. 206, we have 

-^ = r cos 0coa(f>j ^ = rcos6 sin <f>^ 



(2). 



dx • /I • • 

— =s — r sm & sm 0, 

dx . ^ . 
^ = sm ^ cos 9, 

therefore 

du ^ » du 



dd' 
dy _ 



^--rsin^, 



c/^ 



= r sin ^ cos ^, 



->- = sin sin ^, 



Jt^ 



dz 
d4> 
dz 
dr 



= 0, 



= cos ^ ; 



du 



^ = rcosdcos<^-j- +rcos58in^^ — rsin^ , 

du • /I • i^«* . • zi j^^^ 

— = — r sm ^ sm 9 -X- + »• sm ^ cos <p -^ 

du . ^ J ^^ . • Zl • JL ^^ . /I ^^ 

^ = sm ^ cos 9 ^ + sm ^ sm 9 -r- + cos a j- 



(I). 
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If we employ equations (1) of Art. 206, we must put 
the relations between x, y, and z, in the form 






X 



therefore -,- = 



X 



X 



- = - = sin 5 cos <^, 



X 



cos d cos 4> 

T 

cos 6 sin <f> 



dx V(«* + y'+«*) r 

dr y . /I . . 

dy r ^' 

dr z a 

^=-=:COS^, 

d0^ z 

dx a;* + y'+««V(aj' + /)' 
dQ ^ z y 

dd^_ /{a^ + y') ^ sing 

d^ _ y __ sii^ <^ 
rfa;"" a^ + y*" rsin(9' 

^^— ^ — cos<^ 
rfy '"a;' + y*~rsing' 

therefore 

rfw . ^ . rfw cos g cos <f> e?i^ sin A du 
^ = singcos^^ + ^ ^- 






dO r sin g c?</) 

du . /% . . rfw . cos g sin 6 du cos <A /7m 
av ^ar r dd r sin 6 d6 



^ du sin du 

= cos a J -j^ 

dr r dd 



which will be found consistent with .(1). 



(2), 



186 EXAMPLES OP THE CHANGE 

For exercise we give the results arising from differentiating 
equations (2) of the preceding investigation. 

d^u _ sin 2<^ f . «p<^'w co»^ d% 1 d^u 

dxdif^~2~^ r^ ^d? "^"^^ d¥^7^^ed^^ 

sin 2d d^u An? 6 du 



+ 



d^u _ sin 26 
dxdz^ 2 



^ (?'w __ sin' du ^co&d / . ^ 1 \ du) 

j_ 9ik J^ ^'^ cotd (^'^ 1 du) 

+ cos2^|-^^^^ + -^^pg-^^j^^|; 

. frfV 1 d'^u 1 JmI 

cos 2d cos <^ J d% __ 1 Jm) 
"*" T \idd^''rdd) 

sin ^ ri d% ^ cos d rf'tt | 
■^ "r"" |r ^d^ " smd ^^j 

sin 2d cos <f> . cos 2d cos 6 „ sin A >^ 
= 5 ^^ + ^5+ C, say; 

<?'u sin 2d sin . cos2dsin<^ „_^cos<^ ^^ 
dydz^" 2 r r * 

^'^-. a^<^'^ , sin'd /1 J'm , dv\ , sin 2d /I g?^ <?'^ ^ 
^^.-cost^^^, +-j^(^-^+^j + -^^^^-^-^^J; 

dSi_ 
dx^^ 

a.f • «/i^w . C08'de?M 8in2d cPm co^d du sin2dc?M] 

COB ^J8XB*^^+^:^ ^^+--___^+__ ___^_| 

sin 2</) f d^u cot d d'u 1 du] 

'l^ld^'^^lT ddd^^r Bin' 0c^' 

Bin*</) f 1 rf'^ du cotdc^ttl 

"*■ r trsin»d5^«"^^"*'T"SdJ 

^ . 7- sin 2<f> , - . sin' 6 ^.^ 
= cos"^i/ ^Jf+ ^^, say, 



r r 



d^U . a J r . 811^ 26 , , cos' <f> ,,- 

dy^ ^ T r 
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By addition, we have 
d^u d^u cPu _ cPu JL (Pu 1 (Pu 2 du cotO du 

208. The following example for two independent yariables 
is analogous to that in Art. 200 for one independent variable. 

If » = e* and y = e* it is required to change the independent 
variables £rom x and y to and (f> in the expression 

Let this expression be denoted by t?„, and let t?^^ denote 
what it becomes when n is changed into n + l; we shall 
prove that 

dd'^d<l> 



^n^i^zm'^:d"^'^n (1). 



For ^•-^^^aj^n 

^""^ dd^dxdd ""dx' 

and ^^^^y ^y^ 

d<f> dy ^ dy ' 

Now take any term in the expression represented by v^ and 
perform the following operations ; differentiate the term with 
respect to x and afterwards multiply by x ; differentiate the 
term with respect to y and afterwards multiply by y ; then 
add the two results. Take for example the (r + 1)^ term 
which is 

n(n-l)...(n--r + l) n-r r _^"«i_ 

[r ^ y dx'^-^df ' 

and by performing the operations we obtain 

[^ r ^ dx^^'-'df y dx'-'dy^' 
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Hence we infer that x -~^ + y -j^ is equal to nv^ together 

with two series ; and by uniting like terms in the two series 
we obtain a single series of which the general term is 

Therefore sb -j^ + y -^^ = nv,+ »^j ; 

and thus (1) is proved; we may write (1) for abbreviation thus, 

Put n = 1 in (2) ; then 

_i^4.^_lU^4.M_J'Ax^_llHx— I ■ 

as we may write it; again put n = 2 in (2) ; then 
Proceeding in this way we obtain 

EXAMPLES. 

1 . Change the independent variable from a? to y in the equation 
.d% ^ du 

. supposing y = log a. Result yi + u = 0. 
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2. Transfonn tK + . . « -^ + ,, . ,,8 == into an equa- 

da? 1 + ar dx {1 + a?y ^ ^ 

tion in which is the independent variable, where 
^ = tan"*ir. j. ,. d^y 

3. Transform -v^ + - ^ + y = 0, into an equation in which 

t is the independent variable where x^ = U. 

^- ^^3=(7T1^' anda, = log-^^^. shew that 

(*-0f+(i-30|=/y. 

5. If a? = cos ^, then 

dy 

6. Transform j, i ,a, , by assuming a; = r cos 0, 



ResuU 



7. If a? = r cos ^, y = r sin ^, sTiew that 

dy rdO * 

8. If a; = a(l-cosO and y = a(n« + sinO, 

A- X r. i> 7* ncoBt + 1 

express ^ m terms of t. Result - ~^-^j3^ 
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9. Suppose w to be a function of r and 

r' = a?,*+a?," + ir,'+ + x,'; 

then if 

d^u d^u cPu dPu _ 



shew that 



d^u n — 1 du _ 
dr^ r dr * 



H^l 



10. Given a? = acos^, y = Jsin^, express 

^■^ ^ in tenns of 0. 
"^ da? 

11. Transfom ^. + 2^^-^^- + ^^,,^ 

into an equation in which t shall be the independent 
variable, having given a? = logV(tan<). 

Result ^ + w'y = 0. 

12. Change the independent variable from y to a? in 

— 3-.4tany^, + 2 tanV^ = 0, supposing tany = ar. 

i?-Ml + -Tg + 2.(l + a^)g + 2g = 0. 

13. Transform -r^ + (;j^ j into an expression in which y is 

the independent variable. 

14 Given aj = ^ + ^, transform — into an expression in 
which X is the independent variable. 
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15. If « = w — € sin w, 

and t^^I = -v/(l^e)*»^|. 

shew that 3- = 7-^^ ^— r^ • 

dv (1 + e cos vy 

and ai' + y* = a', 

shew that a:^ -7-2 — « = 0. 

17. Transform 

{a + lxy^ + A{a^hx)^-\-By^F[x), 

by assuming a + Ja? = e*. 

18. If ;? be a function of the two independent variables x and 

y, and X and y be connected with two new variables 
r and d by means of two equations, express 

in terms of the new variables. 

Ex. If a? = r cos ^, y = r sin 0, shew that 
^ = ui + 5 COS 20 - (7 sin 20, 

54 = -4 - 5 COS 25 + (7 sin 20, 
d/ 

' d}z 

= JB sin 20 +(7 COS 25; 



da;£?y 

where ua + 5 = -Ti,, ul-^=-2 :^^+- ^j- , 
dr^ ' 'T dGr r dr 

^1 d^z _ 1 ^ 
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19. If a?, y, «, and f, r), Ji ^ co-ordinates of the same point 
P referred to two different rectangular systems, shew 
that 

dJ^ "^ df "*■ dz^" d^'^drt "^ e^r ' 



20. If 


""da? 2,\dx)^dx "' 


and 


a! = K» 




d^z dz 


fihew that 


'v^d,-"- 


21. Given 


»=©)■-(§)■ 


and 


©■-(1)-'. 


shew that u 


/<Z8\* /cl'x\' (d'y^* /(fsV 

w ~ It^**; U**; Uv ' 



22. Transform ^ - sec 5 cosec ^ ^ + y ^' t®-^' 5 = 0, into an 

equation in which x shall be the independent variable, 
having given x = log (sec 0). 

Result ^ + w'y = 0. 

23. If y = e"^ and a? = sin 5 

^ = -^ {3 sin 5 cos 5 - flin'5 - 2}. 

24. If « = ^+e^, and < = e"* + 6"^, express 

d^u . ^ rf^w . (?w . , j^du du 

i> 74 «^^ ft 4 ^«* . jA^^ . du ^ du 
Result, ^^,-2st^^^ + f^^s^ + t^^. 

25. If a? = oe* cos ^, and y — ai sin ^, shew that 

«^ 9 ^^ . ^<^«_^^ , du 
y da? ^"^ dxdn'^'^'df' d^^^Td' 
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CHAPTER XIII. 

MAXIMA AND MINIMA OP FUNCTIONS OP ONE VAKIABLE. 

209. Suppose <f>{x) to denote a certain function of x, 
and that while the variable x changes gradually from one 
definite value to another, (f>{x) changes in such a manner 
that it is sometimes increasing and sometimes decreasing. 
There must then be certain values of a?, for which </> (a?) begins 
to decrease, having previously been increasing, or begins to 
increase, having previously been decreasing. In the former 
case, <f) {x) has a greater value for the particular value of x 
than it has for adjacent values of a?, and is said to have a 
maximum value. In the latter case, ^{x) has a less value 
for the particular value of x than it has for adjacent values 
of X, and is said to have a minimum value. Hence, these 
terms maximum and minimum are not used to denote the 
arithmetically greatest and least values which a function can 
assume; for it appears from the above explanation that a 
fimction may have several maxima and minima values, and 
that some particular minimum may be greater than some 
particular maximum. 

210. Dep. If as X increases or decreases from the value 
a through a finite interval, however small, ^{x) is always 
less than ^(a), then ^(a) is called a maximum value of ^(a?) ; 
if <^(aj) is always greater than ^(o), then (f>{a) is called a 
minimum value of ^ (a?) , 

211. Rule for discovering maoo£ma and minima values. 

Let ^(a?) denote any function of x. By Art. 92, we 
have 

(f>{x + h) = 6{x)+h<l>'{x) + ^^ <l>"{x+0h). 

T. D. Ci 
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If </)'(a?) be not zero we can give such a value to h that 
the sign of 

shall for that value of A, and all inferior values of A, be the 

same as the sign of h^'{x)^ because jr<l>"{x + 0h) can always 

be made less than (f){x) by taking h small enough. In this 
case 

<f>{x + h)^<f>{x) 

and ^{x — h) — ^{x) 

have different signs, and therefore ^ {x) has neither a maxi- 
mum nor minimum value. 

Hence, as the first condition for the existence of a maxi- 
mum or minimum value oi (f>{x), we must have 

f(a') = (1). 

Let a be a value of a; deduced from equation (1), so that 

f (a) = 0. 
We have now, hj Art. 92, 

Suppose <f>'{a) not zero; then by giving to h some value 
sufficiently small, the sign of 

will be the same as that of 7-5 ^"W> ^^ ^^ ^"W> ^^^ that 

value of h and all inferior values ; 

therefore ^ (a + A) — ^ (a) 

and ^(a — A) — <^(a) 

have the same signs. 

If then </>"(«) be positive <b{a) is a minimum value of 
^(a?) ; if <!> {a) be negative (f>{a) is a maximum value of <f>{x). 
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If 0"(a) vanish as well as <f>'{a) then, by Art. 92, 
^(a + A)=<^(a)+~f» + ^</>'> + ^A). 

By reasoning similar to that used before, we may shew 
that unless (l>"'{a) also vanish ^(a) can be neither a maximum 
nor minimum value of ^ {x) ; but that if (h'"M vanish and 
<l>""{a) be positive ^(a) is a minimum, ana if <f>"{a) vanish 
and <l>""{a) be negative </> (a) is a maximum. 

Since this process may be continued until we arrive at 
a differential coefficient which does not vanish when x=^a, 
we have the following result. In order that ^ (a?) may have 
a maximum or minimum value when jc = a, it is necessary 
that this value of x should make an odd number of the suc- 
cessive differential coefficients of ^ (a?) vanish, beginning with 
the first ; when this condition is satisfied <l> (a) is a maximum 
if the next differential coefficient be negative and a minimum 
if it be positive. 

212. It is to be observed that in the above demonstration 
we have used ^ to denote a fraction leas than unity, and it 
is not to be assumed that the same fraction is denoted when- 
ever the symbol is used. Also we have supposed as usual, 
that none of the functions f\>{a), </>"(^)> &^" *^® infinite. We 
shall shew hereafter, that maxima and minima values may 
occur when ^'(a;) = oo , as well as when <f>{x) = 0. 

213. Suppose that when x = a, the function ^(ar) has a 
maximum or minimum value, and that 6*(a) is the first 
differential coefficient that does not vanish, n being even. 
By Art. 92, since </>'(«)* ^"W> &^' ^^^ vanish up to ^**"\a) 
inclusive, we have 

f (« + ^) = i^ ^"(«) + 1 r'(« + eh), 

where & and ^^ are proper fractions. 

From these values of ^'(a + A) and ((/{a — h) we see that 
^'{x) changes sign as x passes through the value a. If we 
suppose X to increase and pass through the value a, then 

02 
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^\x) changes from positive to negative if <^"(a) be negative, 
that is, if ^(a) be a maximum ; and ^*{x) changes from nega- 
tive to positive if </>"(«) be positive, that is, if ^(a) be a 
minimum. This suggests another form for the definition 
of maxima and minima values and for the investigation 
of the conditions of their existence which we give in the 
next article. 

214. Dep. If as X varies through any finite interval, 
however small, ^{x) increase until x^a and then decrease, 
^(a) is called a maximum value of </>(»); if <^(aj) decrease 
until 35 = a and then increase, ^ (a) is called a minimum value. 

By Art, 89, if the difierential coefficient of a ftmction 
be positive that function increases with the variable, and if 
the differential coefficient be negative the ftmction decreases 
as the variable increases. Hence, as x increases ^' {x) must 
change from positive to negative when a? = a, if <^{a) be a 
maximum, ana from negative to positive if ^(a) be a minimum. 
But a function can only change its sign by passing through zero 
or infinity. Hence, we must find the values of x that make 

or 4^\x) = oo ; 

and if as x passes through any one of these values fj>\x) 
changes its sign, we have for that value of a; a maximum 
or minimum value of ^(a:), according as, when x increases, the 
change is from positive to negative or from negative to positive. 

Ex. (1) Suppose ^ {x) = a;' - Sic" + 24a; - 7, 
then «^'(^) = 3 (a;* - 6a? + 8), 

f'(^) = 6(a;-3). 

If we put ^'{x) = 0, we obtain a? = 2, or a? = 4 ; 
when a??=2, <i>\x) is negative, 

when a? = 4, ^"(a?) is positive. 

Therefore when a; = 2, <^ (a?) has a maximum value, and 
when a; = 4, ^ (a?) has a minimum value. 

Ex. (2) Let «^(a?)=e* + e"* + 2cosa;; 
therefore ^' (a?) = e?* — e"* — 2 sin a:, 

^"(a?) =e* + e'^- 2 cos a?, 



pip^f^^jf . ai^i L MU 
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« 

^"'(a.)=6*-e-'+2 8inaj, 

If aj = 0, we have ^'(«) = 0, 4>'\x)=^0, ^"\x)^0, and 
^""(ar)=t4. Hence, 0(ic) is a minimum when a; =0. 

A 

It may be easily shewn that a; = is the only value of x 
for which if}'{x) vanishes; for 

e-' = l-a; + |-g + &c., 

( a? x^ 1 

2 sin 0? = 2 Ja; - -rr + TT — &c.k- 

therefore i^\x) = ^ [| + |r H- 1^ + &c.| . 

All the terms in <^'(a?) being of the same sign, ^'{^) ^*^ never 
vanish except when a; = 0. 

Ex. (3) Suppose -1- = a; (a? — 1)^ (aj — 3)', for what values 

of x will w be a maximum or minimum ? In this example 
the method of Art, 214 is preferable. When x is negative 

~j- is positive ; when x is positive and less than unity, -j- is 

negative. Hence ^ changes from positive to negative as 

x passes through the value 0, and a; = makes u a maximum. 

When a? = 1, -T- vanishes ; it does not however change its sign, 

but continues negative until a? = 3, and after that it is positive. 
Hence, when a?= 1, t« has neither a maximum nor minimum 
value, but has a minimum value when a; = 3. 

Suppose that in the example last given we merely wish 
to ascertain if a; = gives a maximum or minimum value to w, 
and that we are required to proceed according to the method 
of Art. 211: we have 
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du 



^ = a:(aj-l)'(a:-3)», 



d\i 



_ = (aj-l)»(aj-3)' + 2a?(a:-l)(aj-3)" + 3a:(aj-l)*(aj-3)"; 

when oj = the first term in -rnr is negative, and the other two 

terms vanish since they loth have x as a fojctor. Hence we 
need not have expressed them, but might have put 

d^u 

•^ = (a? — 1)' (a? - 3)' + terms vanishing when a? = 0. 

This remark should be carefully noticed, because in exam- 
ples like the above we are saved the trouble of writing down 
superfluous terms. 

Ex. (4) The following example will introduce the reader 
to considerations by which the process for finding maxima and 
minima values may sometimes be abbreviated. 

Through a given point Pa ^' 

straight line is drawn, meeting 
the axes Ox and Oy at A and B 
respectively; find the least length 
this line can have. 

Let OM^a, MP^h, PAO-=0. 

h 




Then 

Putw = 
Now 



P^ = 



sin 5' 



cos 9 

-r— a H ^ , and we have to find the least value of m. 

sinff cosff 

du ^ hcosO a sin 

therefore -^g vanishes only when tan = ^ /- . 

From the figure it appears that by making either as 
small as we please, or as nearly equal to a right angle as 
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we please, the line AB may be made as great as we please. 
Also, as varies from to — , there must be some value 

A 

of which gives to the line AB the least length it can have, 

and this least length of AB will satisfy the definition of a 

duL 
minimum length. And as -^^ for a value of between and 

— can never change its sign except when tan 5 = ^ - , this 

must be the value of that gives the least. length we are 
seeking. 

This value of gives for the least length the value 

In this example it is easy to see from the value of -^, 

that it does change sign from negative to positive when 
increases and passes through the value assigned j but in more 
complicated questions it is often advisable to shew in the 
manner above exemplified, that a maximum or minimum 
miLst necessarily exist, and then we are ^aved the trouble of 
examining if the differential coefficient of the function changes 
sign when it vanishes. 

215. If w be a function of x we have shewn that 3-= 

is the equation from which we are to find values of x which 
make u a maximum or a minimum. If then between two 

assigned values of x there exists no value which makes -j- 

vanish, we conclude that there is no maximum or minimum 
value of u between those assigned values of x ; so that u 
either continually increases or continually decreases as x 
changes from the less to the greater of the assigned values. 
This principle has alreadv been noticed in Art. 89, but its 
importance and its natural connexion with the subject of the 
present chapter lead us to draw attention to it again. 

For example, suppose 

w = 2aj - tan"*aj - log {x + V(l + ^)] \ 
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then -T^=2 — 



Hence ^- is positive and cannot vanish for any value of x 

lying between any assigned positive value and positive in- 
finity. We conclude that u continually increases as x changes 
from zero to positive infinity. 

216. Maxima and minima values of an implicit function. 

Let <^ (a;, y) = be an equation connecting x and y ; it is 
required to find the maxima or minima values of y. From 
the given equation we know that y must be some function 
of x^ and if the equation admits of solution we can express 
y explicitly in terms of a?, and then find the maxima or minima 
values of y by the foregoing articles. 

But instead of solving the given equation we may proceed 
thus : by Art. 177, 



dy 

djir~ "" (dAi\ ' 

where u stands for ^(aj, y). But the values of x which make 
y a maximum or minimum must, by Art. 211, be found by 

solving the equation ;7^ = 0. Hence 

and this equation, combined with w = 0, will determine the 
values of a?, which may make y a maximum or minimum. 
To determine whether such a value of x does make y a 
maximum or minimum, we must, by Art. 211, examine the 

value of ^ . By Art. 180, since f ^ j =0, we have 

d'y [dxV 
cLx? /du\ 
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Hence we have this rule : To find the maxima or minima 
values of y, which is an implicit function of x determined by 
M = 0, we must find values of x and y which satisfy w = 

and (-Y- ) = 0. If when these values are substituted in ^ , . , 
\dxj (du\ 

the fraction is positive, we have obtained a maximum value 
of y ; if the fraction be negative, we have a minimum value 
ofy. 

Ex. If a;"-3aa;y+y=0 (1), 

find the maxima or minima values of y. 

Here ^^?^. 

ax y --ax 

therefore ay — x^ = (2). 

Combining (1) with (2), we have 

aj'-2aV = 0; 

therefore x = 0, 

or x = ay/2. 

The corresponding values of y are 

y = a/J/4, 
If we substitute the values x=a^2, y = a\4, in — , , 

H) 

Qx 2 

that is, in — —j-a n > we obtain . Hence there is a 

3 (y' - oa?) ' a 

maximum value of y. The values a; = 0, y = 0, which make 

the numerator of — vanish, also make its denominator vanish : 

dy dx ' 

thus -^ assumes an indeterminate form, and we must discover 
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its real value. Forming the derived equations from the 
given equation, we have 

When we put a? = 0, .v = 0, in these, the first gives us 

j^ = 0, and the second j^ = ^r- • Hence, when a? = 0, and 
ax ' da? Za 

y = 0, we have y a minimum. 

217. If the values of x and y found from w = and 
f-j-J = 0, make ^ vanish, then in order that they may 
make y a maximum or minimum, it will be necessary that 
t4 should also vanish. This can be tested by making use 

of the value of -r^ given by Art. 184 ; and by obtaining 

a formula for -r^ similar to that for -^^ just referred to, we 

can ascertain whether -7-^ is positive or negative for the 

specific values of x and y. On account however of the 

rfV d*y 

complexity of the general formulae for -^4 and -7-=^ , it is 

preferable to determine them in any example directly by the 
method of Art. 184, rather than to quote the results of that 
article. 

218. Suppose u = <l>{x,y) and '^(a?, y) = 0; so that y is 
a function of x by the second equation, and therefore from 
the first equation w is a function of x ; required the maxima 
and minima values of u. We may proceed theoretically thus: 
solve the equation y^{x, y) = 0, and thus obtain y as a function 
of 0?; substitute this value of y in ^(a;, y) ; thus u becomes a 
function of x only, and its maxima and minima values can 
be found by previous rules. But we may avoid the difficulty 
of solving the equation -^ (a?, y) = 0, thus. 
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Bj Art. 172, we have 

du _ /du\ fdu\ dy 
dx "" \dx) \jly) dx ' 

Also, putting V for -^(a?, y), we have, by Art. 177, 

fdv\ 
dy _ \dx) 



therefore 



c?w _ /rfttX ^ \dyl \dx) 
dx " Vda;/ /d?A ' 



Hence, the values of x and y that render u a maximum 
or minimum must be sought among those that satisfy simul- 
taneously 

ldu\ (dv\ ^ (du\ /dv\ _ 
[^)[^j[^j[di)^^' 
and ^{x,y) or v = 0. 

The value of ^ must then be found by Art 176, and 

we must examine whether the specific values of x and y 
render this positive or negative, in order to determine whether 
t« is a minimum or a maximum. 

Ex. M = a?-|-y', 

while (i»-a)'+ (y-ft)'-c' = 0, or t? = 0. 

=- (S-»^ (1)-^. 

Hence a? (y — J) — y (cc — a) = ; 

therefore ay = bx. 



204 MAXIMA AND MINIMA VALUES 

Substitute the value of y in v = 0, and we have 

therefore x = a± ,, , . ^^ . 

Upon examination it will be found, that if we take the 
upper sign in the value of x we obtain a maximum value 
for w, and if we take the lower sign, a minimum. This 
example is a solution of the geometrical question, " To find 
the points in the perimeter of a given circle which are at a 
maximum or minimum distance from a given point." 

219. The process for finding the maxima and minima 
values of an implicit function may be extended to the case 
in which one variable is connected with more than one other 
variable, the whole number of equations being one less than 
the whole number of variables. Suppose, for example, we 
have three equations, 

F{x, y, 2, v) = 0, 

F,{x,y,z,u)^^, 

F^[x,y,z,u)-^0\ 

u being the variable of which we wish to find the maximum 
or minimum value. 

From the given equations it follows that we may consider 
y, «, and u functions of the independent variable a?. Hence 

dF.dFdy^ dFdz^ dFdu^^ 
dx dy dx dz dx du dx 



.(1). 



dF. dF. dy , dF, dz dF. du ^ 

dx dy dx dz dx du dx 

dF dF^dy dF\dz_ dF\dM^ 

dx dy dx dz dx du dx 

From these equations we can eliminate -J^ and -7- , and 
the value of -7- which we then obtain must be put equal 
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to zero. Or, more simply, we may put -j- = in these equa- 
tions, and then eliminate -r- and -7- from the resulting equa- 
tions which are 

dF dFdy dF^ ^ 
dx dy dx dz dx^ 



dx dy dx dz dx 
dx dy dx dz dx 



(2). 



The equation obtained by eliminating -^ and ^ , com- 
bined with the equations 2^= 0, i^, = 0, -Fj= 0, will determine 
Xf y^ z and u. 

d^u 
By diflferentiating equations (1) again, we can obtain -% , , 

and by the sign which the values of x, y, z, u] already found, 
give to this quantity, we determine whether w is a maximum 
or minimum. 



220. Suppose we have a function of n variables, the 
variables being connected by n — 1 equations, and we require 
the maximum. or minimum value of the function. For ex- 
ample, suppose three equations 

F{x,y,z,u)=0, F^{x,y,z,u)=-0, F^{x, y, z, u)==0, 
and that we wish to find the maximum or minimum of 
f(x, y, z, u). In this case, to the equations (1) of the pre- 
ceding article, in which -j- must not be supposed zero, we 
must add 

d>x dy dx dzdx dudx 

From these four equations we must eliminate -^ i -r- ^ 
and -p. The resulting equation combined with the given 
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equations F= 0, F^ = 0, i^,= 0, will determine x, y, z, and u. 
We should then form the second differential coefficient of 

f{x, y, 2?, u) with respect to a?. This will involve -T^^ , -y-, , 
and -T-^, which must be found by differentiating equa- 
tions (1) : by the sign of this second differential coefficient 
of /(a?, y, Zy u) we shall settle whether the function is a 
maximum or a minimum. 

221. In Art. 214 we obtained as the condition for ^(a;) 
having a maximum or minimum value, that ^'(aj) muat 
change sign, and hence that ^\x) must be zero or infinite. 
The cases in which <^'(a?) is infinite occur but rarely, and in 
the articles following Art. 214 we have always considered ^'(^) 
to vanish when ^ {x) is a maximum or minimum. We shall 
here add one proposition which shews that according to the first 
view given of maxima and minima values (Arts. 209 — 213), 
a maximum or minimum may exist when the differential 
coefficient of the function considered becomes infinite. 

Suppose that 6(ar) is such a function of x that when x^a 
we have some oi the differential coefficients of ^[x) infinite, 
so that <^(a + A) cannot be expanded in powers of h by 
Taylor's Theorem. 

Suppose that by some unexceptionable algebraical process 
we find 

^(a + A)-<^(a)=^r + 5A^+aF + &c., 

where a, ^, 7, &c., are not necessarily positive integers. If 
any one of these exponents be a fraction in its lowest terms 
with an even denominator, then ^(a — A) — <^(a) will be 
impossible, and the consideration of maxima and minima" 
values becomes inapplicable. If none of the exponents be 
of this form, then ^ (a — A) — <^ (a) will be a possible quantity. 
Now there may be cases in which, by taking h small enough, 
the sign of -4A* determines the sign of ^ (a -h A) — (a) ; for 
example, this happens if the number of terms in ^ (a -h A) —0(a) 
is finite, and the exponents a, /8, 7, &c., all positive, and a 
the least Let us suppose such a case, and let a be a proper 
fraction with an even numerator; then <^ (a + A)— 0(a) and 
(<i — A) — (a) are both positive if -4 be positive, and nega- 
tive if A be negative, when h is taken small enough. Hence 
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^(a) in the former case is a minimum value of 0(a?) and 
in the latter a maximum value. 
Also, since a is a proper fraction, 

^^„ — - is infinite vhen A=0, 
ah 

therefore <l>{x) is infinite when x^a. 

Hence {x) may be a maximum when (f)\x) is infinite. 

Ex. Suppose 

(f){x) =c + {x — a)^ + {x—a)^; 

therefore if>{a-\rh)=c + h^ + 0, 

^{a) = c, 

0(a±A)-0(a) =A,* + A*. 

Hence ^{a + h) and ^{a — K) are both necessarily greater 
than ^(a). Hence <^{a) is a minimum value of <f>{x), and 
it is obvious that j>\x) is infinite when x='a. 

222. On certain cases of Oeometrical Maxima and Minima. 

We occasionally meet in Geometry cases of maxima or 
minima values for which the ordinary analytical process 
appears to fail, though from geometrical considerations it is 
obvious that maxima or minima do exist. The following 
problem will introduce the difficulty which it is proposed to 
explain. " Find the maximum and minimum perpendicular 
from the focus on the tangent to an ellipse, the perpendicular 
being expressed in terms of the radius vector." 

The equation which gives the perpendicular in terms of the 
radius vector is 

,_^ Vr 
^ 2a'-r' 

therefore p^ — jz v2 , which must = 0. 

■^ dr (2a - ry 

Now this can only be satisfied by r = ± oo , which values 
are not admissible, whereas we know from Geometry that jp. 
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has a maximum value = a (1 + 6), and a minimum value 
= a (1 - e). 

The reason we do not find these values by the above usual 
analytical process is this. In the ordinary theory of maxima 
and minima the function is considered expressed in terms of 
an independent variable which may assume all possible values. 
But in the example above r is not an independent variable ; 
its values are limited to those found by ascribing all possible 
values to d in the equation 

1 -h e cos 5 ' 

Since r is thus a function of 5, we may consider p 
which is a function of r to be also a function of 0. Hence 

^ = -^ -7^ , and this may be made = if we can make 

dr 

^ = 0. This we can do, and thus p has a maximum or 

minimum value at the same time as r has. 

Similar remarks apply to other examples. Thus generally, 
if y = ^ (aj), where x is not susceptible of all possible values, 

it may be impossible to make -^ =^0, and thus there may be, 

apparently, no maximum or minimum value of y. But in this 
case, if x can be expressed in terms of some variable which 

dx 
can assume all possible values, we must put -7^ = 0, which 

makes -K = 0, and thus we determine simultaneous maxima 
or minima values of x and y. 

Ex, To find the maximum and minimum length of the 
line drawn to a circle from a given external point. 

Take the axis of x passing through the centre of the circle 
and the given external point, the former being the origin. Let 

a = radius of circle, 

c = distance of given point {A say) from the centre, 
x be the abscissa of a point P on the circumference ; 
then ulP" = c* + a*-2ca?. 
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The differential coefficient of this. expression with respect 
to a; is — 2c, which cannot vanish. But if we put a? = a cos 5, 

AP = c" + a' - 2ac cos Q, 

— ^2 — = 2ac sm Q ; 

and ^ = 0, ^ = TT, give the minimum and maximum values 
respectively of AP*. 

In this example the difficulty would not appear if we had 
so chosen our axes that x should not be a maximum simul- 
taneously with AP. Calling b the ordinate of -4, c the abscissa 
of Af and a the radius of the circle, we shall have 

^P« = a*+5* + c»-2JV(a'-a:^-2ca?, 

which has its minimum and maximum values, when 

aj= + 



The following is an analogous case. Find those conjugate 
diameters in an ellipse of which the sum is a maximum or 
minimum. If r ana r' be any two conjugate diameters, then 

w = r + r' is to be a maximum or minimum, 

while r* + r''=a*H- J'=c', say; 

thus t« = r + \/(c'^0> 



If -J- be put = 0, we get r^ = ^ , and therefore ^'' = -^ • 

This gives us the eqtml conjugate diameters^ the sum of which 
we know to be a maximum. If we express r, and therefore 
r\ in terms of some variable which can take all possible values, 
as for example ^ the inclination of r to the axis major, we 

shall eet an additional result. For tt = ^~ tt > and there- 
° d<\> dr dip 

dv du dv 

fore, if Tr=^> w® ^ave also t7 = 0. But -77 =0 makes r a 
<i<p a<p a<p 

maximum or minimum, and thus we obtain the two principal 

T. D. C. P 
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axes, whose sum is a minimum. By a different method, we 
might have obtained at first the mmimum value of r + r'. 

For since r* + r^ ^ a" + J', 

and rr' sin d = ah, 

we have (r + rT = a'+5' + -^— /,, 

sm u 

where 6 is the angle between V and r'. Differentiate with 
respect to 0, and we get 

2aJ cos ^ _ 

therefore ^ = -r ; this gives the minimum value as before ; 

_- = would give us a second result, which would be the 

maximum. 

The foregoing article has been taken nearly verbatim from 
the 3rd vol. of the Cambridge Mathematical Journal, p. 237. 
The following problem will furnish an exercise. Find the 
maximum or minimum length of the line drawn from the end 
of the minor axis of an ellipse to meet the curve. If a:, y, be 
co-ordinates of the point where a line drawn from the end of 
the minor axis meets the curve, the length of the line can be 
expressed either as a function of a? or of y ; thus two solutions 
can be obtained and compared. 

In the solution of some of the examples on maxima and 
minima the following results will be required ; they may be 
established by means of the Integral Calculus. 

The volume of a right cylinder is found by multiplying 
the area of its base by its altitude. 

The convex surface of a right cylinder is found by multi- 
plying the perimeter of its base by its altitude. 

The volume of a right cone is one-third of the product of 
its base and altitude. 

The convex surface of a right cone on a circular base is one- 
half the product of its slant side by the perimeter of its base. 

If r be the radius of a sphere its volume is — — - and its 

o 

surface 47rr'. 
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EXAMPLES OF MAXIMA AND MINIMA. 

1 . If w = oif^ — 5aj* + 5aj^ — 1, find its maximum and minimum 

value. A maximum when a; = 1; a minimum when 
0? = 3 ; neither when a? = 0. 

2. If w = a?'— da?+ 1 5a? — 3, find its maximum and minimum 

value. A maximum when a? = 1 ; a minimum when 
a? = 5. 

3. If u^^x^—Sa^+Qx + l, shew that it has neither, a 

maximum nor a minimum value. 

4. If tt = a;' — 3aj^ + 3aj + 7, is it a maximum ot minimum 

when a; = 1 ? Neither. 

5. w = (a;.-l)*(a? + 2)^ 

A maximum when a? = — ^ ; a minimum when a? = 1 ; 
neither when a; = — 2. 

6. w = (1 + a?*) (7 — a?)'. A maximum when a? = l; 

a minimum when a? = 0, and when a? = 7. 

7. w = 3aj'-125a^ + 2160aj. 

A maximum when a? = — 4, and when a? = 3; 
a minimum when a; = — 3, and when a; = 4. 

1 — a? + a^ ' 

8. w = — — — -— , . A minimum when a? = J. 

^ a;'-7aj + 6 

9. w = ?77— • 

a?— 10 

A maximum when a? = 4 ; a minimum when a? = 16. 

10. If ^ = a;»(a?-^l)«(ar-2)»(a:-3)*, find what values of x 

make u a maximum or minimum. 

A maximum when a? = ; a minimum when a? = 2. 

11. If ^ = (a? — 1) (a? — 2)' (a; — 3)', find when w is a maximum 

or minimum. 

A maximum when a? = 1 ; a minimum when a:= 3. 

p2 
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12. w = aj (a + a;)" (a — a?)". 

A maximum when a? = - , and when x^^-^a^ 

n. 

and a minimum when a5 = — - . 

13. « = i^\ 

A minimum when a? = 7 . 

4 

14. w = J + c(a? — a)'. 

A minimum when x^a. 

15. t*=— +- 



a? a — a? 
A minimum when x = r , and a maximum when 



x = 



a--y 



A minimum when a? = 0, and a maximum when x=:±a, 

17* w = {mx + na)"^ — (m + w)****aj'*a\ 
A minimum when a; = a. 

18. w= ^ 



1 + a; tan a? 

A maximum when x = cos a;. 
1 

19. 2* = a^. 

A maximum when x = e. 

20. u- 



' tan 3iC * 

A maximum when a; = — , &c. 

o 

IT 

21. Shew that sin a; (1 + cos x) is a maximum when a; = — . 



EXAMPLES OP MAXIMA AND MINIMA. 213 

22. If ajy(y — ic) = 2a', find whether y has a maximum or 

minimum value. 

A minimum when x — a. 

23. If 3ay + ajy' + ^aa? = 0, shew that when aj = -~ , y has 

a maximum value, namely — 3a, the value of ^ being 

then — -- . 
5a 

24. If a;* + 2a£c*y — ay' = 0, shew that when x=±aft/ = ''a 

and is a minimum. Also, when y = — — , a? is both 



a maximum and minimum, and is =^ + 



9 
4aV6 



9 ' 

25. If 2a/'+3ay--aj'y = 0, aj = a.5* makes y a minimum, 

and = a. 5^. 

26. Find the maximum and minimum value of y, when 

y*— 4c*ya: + aj* = 0. 
x = c^S makes y = cy/{27) a maximum, 
a; = — c^ys makes y = — c\/(27) a minimum. 

27. A person being in a boat 3 miles from the nearest point 

of the beach, wishes to reach in the shortest time a 
place 5 miles from that point along the shore; sup- 
posing he can walk 5 miles an hour, but pull only at 
the rate of 4 miles an hour, required the place where 
he must land. 

One mile from the place to be reached. 

28. The sides of a rectangle are a and b ; the greatest rect- 

angle that can be drawn so as to have its sides passing 
through the comers of the given rectangle is a square, 

each side of which is ^^^ • 

V2 

29. If a rectangular piece of pasteboard, the sides of which 

are a and &, have a square cut out at each comer, find 
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the side of the square that the remainder may forip a 
box of maximum content. 

30. A Norman window consists of a rectangle surmounted by 

a semicircle. Given the perimeter, required the height 
and breadth of the window when the quantity of light 
admitted is a maximum. 

The radius of the semicircle must equal the height 
of the rectangle. 

31. Shew that the altitude of the greatest equilateral triangle 

that can be circumscribed about a given triangle, is 
{a«+J'»-2aJcos(i7r+0)}*. 

32. A straight line is drawn through the given point P, 

meeting the axes Ox and Oy at A and B respectively 
(see fig. on page 198); find the position of the line, 

(1) When AB is a minimum. 

(2) When OA + OB is a minimum. 

(3) When OA x OB is a minimum. 

(4) When OA + OB + AB is a minimum. 

(5) When OA x OB x AB is a minimum. 

(6) When OA"" + 0J5* is a minimum. 

Let denote the angle PA 0, then we must hp-ve 

(1) tan^=@*, 

(2) tan5=gy, 

(3) tan^=-, 

(4) Un9J-±^^, 

(5) 2a tsm^e - b Un^0 + a tan ^ - 2& = 0, 

1 

(6) tand = r^Y*'. 
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33. Having given an angle of a triangle and the side 

opposite to it, prove that the area will be a maximum 
when the given angle is equidistant from the other 
angles. 

34. Having given an angle of a quadrilateral and the two 

sides opposite to it, prove that the area will be a 
maximum when the given angle is equidistant from 
the other angles. 

It follows from the preceding example that the two 
sides which contain the given angle must be equal in 
order to ensure a maximum area; for if they were not 
equal the area of the quadrilateral would be increased 
hy changing these two sides into two equal sides. 

35. Find the least ellipse which can be described about a 

given parallelogram, and shew that its area is to that 
of the parallelogram as ir : 2. 

36. The least tangent to an ellipse intercepted by the axes 

is divided at the point of contact into two parts, which 
are equal to the semiaxes respectively. 

37. Find the area and position of the greatest triangle that 

can be placed in a given parabolic segment, having the 
chord of the segment for its base. 

38. Find the least triangle which can be described about a 

given ellipse, having a side parallel to the major axis 
and having the other sides e^ual. 

The height is three times the semi-minor axis. 

39. Prove that of all circular sectors described with the 

same perimeter, the sector of greatest area is that in 
which the circular arc is double the radius. 

40. A chord P8P' is drawn through the focus 8 of an ellipse, 

and the points P, P', are joined with the other focus S: 
determine when the area FHF is a maximum. 

Let e be the eccentricity of the ellipse and 9 the 
angle between the chord PSP' and the major axis of 
the ellipse. If 2e' is greater than 1 the maximum is 

1 TT 

determined by cos*^ = 2 - -5 , and 5 = - gives a mini- 
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mum ; if 2e* is not greater than 1 the maximum is 
when ^ = 77 and there is no minimum. 

41. Find the length of the shortest normal chord in a para- 
bola, and prove that it intersects the curve nearer the 
vertex than any other normal chord. 

If 4a be the latus rectum of the parabola the re- 
quired length is 6a V3. 

42. . Two ships are sailing uniformly with velocities w, v 
along lines inclined at an angle Q ; shew that if a, h 
be their distances at one time from the point of inter- 
section of the courses, the least distance of the ships 
is equal to 

{av — 5m) sin Q 
(u'+v'*-2mvcos5)*' 

43. Of all the lines drawn from the vertex of a given ellipse 

to the circumference of the circumscribing circle, deter- 
mine that for which the portion intercepted between 
the two curves is a maximum. 

If 5 be the inclination of the line to the major axis 
of the ellipse, and e the eccentricity of the ellipse, 

2«» cos»(? = 3 - e* - a/{(1 - e') (9 - e')}. 

44. If an ellipse be described to touch a given semicircle and 

its diameter symmetrically, its area when a maximum 

27rr^ 
will be ^— To", >• being the radius of the circle. 

45. An ellipse is inscribed in an isosceles triangle, and has 

one of its axes coincident in direction with the line 
bisecting the vertical angle of the triangle ; shew that 
this axis is two-thirds of the height of the triangle 
when the area of the ellipse is a maximum. 

46. What sector must be taken out of a given circle, in order 

that the remainder may form the curved surface of a 
cone of maximum volume? 

The angle of the sector must be — ^ . . 
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47. Two focal chords are drawn in an ellipse at right angles, 

find when their sum is a maximum, and when a 
minimum. 

[In the following problems the cones and cylinders are sup- 
posed to be right cones and cylinders on circular bases.] 

48. Determine the greatest cylinder that can be inscribed in 

a given cone. 

If h be the height of the cone, and a the radius of 

4 
its base, the volume of the cylinder is —ird^h. 

49. Determine the cylinder of greatest convex surface that 

can be inscribed in the same cone. 

The surface = —^ . 

50. Determine the cylinder, so that its whole surface shall be 

a maximum. 

The radius of the cylinder = — ry r ; but by the 

nature of the problem this must be less than a ; this 
leads tQ the condition that h must be greater than 2a in 
order to ensure a maximum. If h be not greater than 
2a the whole surface of the cylinder continually increases 
as its radius increases, and there is no maximum. 

51. Determine the greatest cylinder that can be inscribed in 

a given sphere. 

If r be the radius of the sphere the height of the 

2r 
cylinder is -r^r . 

52. Determine the cylinder inscribed in a given sphere which 

has the greatest convex surface. 

Height = rV2. 

53. Determine the cylinder so that its whole surface shall be 

a maximum. 



Height = .{2(1 -A)}*. 
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54. Determine the greatest cone that can be inscribed in a 

given sphere. Height = | r. 

55. Determine the cone of the greatest convex surface. 

Height = |r. 

56. Determine the cone so that its whole surface shall be 

a maximum. 



Height = ^ ^23 -Vn) 



57. Given the volume of a cylinder, find its height and 

radius when the sum of the areas of its convex surface 
and one end is a minimum. 

The height is equal to the radius. 

58. Of all cones described about a given sphere, find that of 

minimum volume. 

The sine of the semivertical angle must be J. 

59. A series of cones have their slant sides of the same 

length ; find that which has the greatest volume. 

The tangent of the semivertical angle = ^2. 

60. Find the position of the chord which passes through a 

given point within a parabola, and cuts off firom the 
parabola the least possible area. 

61. Find a point in an ellipse from which, if perpendiculars 

be drawn upon two given conjugate diameters, the sum 
of their squares will be a maximum. 

62. Prove that <f> {f{x)] is necessarily either a maximum or 

minimum when f{x) is a maximum. And so also 
when f{x) is a minimum. 
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CHAPTER XIV. 

EXPANSION OP A FUNCTION OF TWO INDEPENDENT 
VARIABLES. 

223. Let u = <I>{x, y) be a function of two independent 
variables, and suppose ^[x + hy y + k) is to be developed in 
ascending powers of h and h. Put 

Ji = cJi\ h = ak'y 

then <f>{x + hj y + k) — (l){x+ah',y + ak'); 

the last expression may be considered a function of a, and 
denoted by / (a). By Maclaurin's theorem, 

/(«)=/(0)+/'(0).a+/'(0).^ + &c.; 

we shall now shew how the differential coeflScients of /(a) 
may be conveniently expressed. Suppose 

x+ah' =^x\ y + ale = y ; 

then /(a) stands for ^ {x, y') and since both x' and y' con- 
tain a, we have by Art. 169, 

.,r.^ d<l>(x\y') dx' . dcf>{x\y') dy' 
^ ^""^ " dx' dd'^ dy' d% 

___ i^f d^{x\y) y # (a?\ y) 

~^ dTi '^^ ~d^' • 

Also by Art. 63, 

d^ {x\ y*) __ d4> [x\ y) d^ 
dx "" flb' * dx* 
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therefore d^i^ J_±^^ ^ 

ax ax 

Similarly ^^^ = #^; 

hence / (a) = A' ^^^ + i' ^^^ , 

which, for shortness, may be written 

• Similarly, 

The law of the formation of the successive differential 
coefficients of/ (a) is thus obvious. When a = 0,/(a) becomes 
u ; hence we have 

&c 

Restore h for oih\ and h for «&' ; then 
+ &c. 
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224. If we wish the series for <l>{x+h,y-\'k) to close after 
a finite number of terms, we can put the expansion for /(a) 
under the form 

/(«)=/(o)+/'(o).«+/"(o).3^+...+/-'(o).j^ 

and from this the required form for <j>{x + h, y + k) can be 
obtained. For example, if ti = 3, 

where v stands for ^{x + 0h, y + 0k). 

225. In the formula established in Art. 223, put aj = 0, 
andy = 0; then 

^(A,^) = «. + A^+i^ 

1.2] dx^ dxdy dij") 

+ &c., 

where w«, -7-^, -^, -y-r, &c. stand for the yalues of 
® aa? ay dor 

u, ^. -^ , -r4 > &c. when in these expressions we put x= 0, 
' dx dy^ dar 

and y = 0. If we change h and i into x and y respectively in 

the above formula, we have 

. / N dUf, . duo 

+ 1.2 r efo;* +^^<iicrfy +2^ ^y| 

+ &C., 
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X and t/ being each put equal to zero in u^ and its differential 
coeflScients after the differentiations have been performed. 

In this manner the formula of Maclaurin is extended to the 
development of functions of two variables. 

226. The expression for the nth differential coefficient 
of /(a), in Art. 223, is 

which, for abbreviation, may be written 

provided we interpret this expression thus: (^' j~ +'^' j-j 

d ^ 
is to be expanded by the binomial theorem as if h! -j- were 

dx 

one term and k' -7- the other term : when the expansion is 

/ dy*"^/ dY 
effected, every such term as (A'^J [A;' -7-]/ which occurs 

is to be replaced by h"''^k"' , ^4j r « If we adopt this abbre- 
viation the result of Art. 223 may be written 

*(.+*,yH-i)..+(4+.|).+jL(j|+i|y. 

* +i5|i(*S+'|)"'"+^(*i+*i)'''' 

where w = ^ (a?, y), and v—^[x-\-6h,y-\- Ok). 

By Art. 110 the last term of the expansion may, if we 
please, be replaced by 



■ (._9)-.(i|+,|)V 



The methods here given for the expansion of a function 
of two independent variables may be readily extended to the 
development of a function of more than twf> independent 
variables. 
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MISCELLANEOUS EXAMPLES. 



1. Shew that if 2; and c are positive 

2log -— + - + : 



'c + aj X c+a? 
decreases as x increases. 

2. Shew that iix and c are positive 



f— ) 

\c + xj 



increases as x increases. 

3. IfM=(a;-3)e**+4a:e*+a; + 3shewthat^, ^,andw 
are positive for all positive values of a?. See Ex. 10, p. 88. 

4. Shew that for positive values of x the expression 

diminishes as x increases, and that its greatest value is - . 

5. Prove the following approximate expression when x is 
small, 

6. Evaluate -^^ when a? = 0, 



X 



7. Shew that when x is infinite 

8. Find the value when x is infinite of 



Resuk. — - 



8a^(l + iy-8ea:Mog(l+l); 

Result e. 
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- — tan ^x 
9. Evaluate ^«__^i^iiog;e) ^^en a; = 1. 



log (cot I) 

10. Evaluate ^ , \ when x = 0. 

cot a? + logo? 

11. Evaluate —^^^- when » = r^ . 

to -CI 1 X tan wa? — tan wia? 

12. Evaluate . , ^ st-j 

sin (n*a: — «i a?) 

(1) when a? = 0, (2) when n = m. 

13. In the equation f{x + h)--f{x)==hf{x + 6h), shew 
that ii f"{x) is not zero the limiting value of ^ as A is indefi- 
nitely diminished is -; also shew that ii f{x) is the first of 

the difierential coefficients fix), /'"(^)> ...which is not zero, 
the limiting value of d as A is indefinitely diminished is 

1 



14. In the equation f{x + h) -/(a:) = hf* [x + 6h) shew 
that if 6 be the same for all values of A, it must equal - and 
/"(a;) must be constant. 

15. Change the independent variable from is? to a? in the 
equation 

where « = e«^*. 

Result. ;y^ + tana?-^ = l. 

CbSCT (tX 
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16. Transform the expression 

Kdu\^ . (du\* . fdu\^\ ( du ^ du du] "* 

Into one in which r, 6y<^ shall te the independent variables 
having given 

x = rBm0 cos ^, y = r sin ^ sin ^, z=^r cos 6, 

17. If a?, y and f, 17 be co-ordinates of the same point 
referred to two systems of rectangular co-ordinates, shew 
that 

da^ dy^ \dxdy) " rff dri^ [d^drjj * 

18. Shew that ic" + a? sin a? + 4 cos a? is a minimum when 
a; = 0. 

19. GQ is the perpendicular from the centre (7 of an ellipse 
on the tangent at a point P\ find the maximum value of PQ. 

BesulL a — h. 

20. A straight line drawn from the extremity of the minor 
axis of an ellipse cuts the major axis in Q and the curve in P; 
from P the ordinate PN is drawn to the major axis ; find when 
the area PQN'va a maximum. 

Result. Pi^=-(^/17-l). 



T. D. c. 
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CHAPTER XV. 

MAXIMA AND MINIMA VALUES OP A FUNCTION OP TWO 
INDEPENDENT VARIABLES. 

227. Dep. a function <^ {x, y) of two independent vari- 
ables is said to have a maximum value when ^ (a; + A, y + i) 
is less than ^ (or, y) for all values of h and ifc, positive or 
negative, comprised between zero and certain finite limits 
however small. The function is said to have a minimum^ 
value if (a; + A, y + &) is greater than ^ (a?, y) for all such 
values of h and k. 

228. To investigate the conditions that a function of two 
independent variables may have a maximum or minimum 
value. 

Let «* = ^(»,y), 

then, by Art. 226, 

Now, by taking h and h suflScIently small, we can always 
make R less than ^3" + ^j"> «^d hence the sign of 

^(aj + A,y + A:) — ^(a;,y) will depend on that of ^ j" + ^3~> 

and will therefore change by changing that of h and h] it 
is impossible then that ^ (a;, y) can have a maximum or 
minimum value unless 

ydu , du 
aa? ay 
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Since the quantities h and h are independenty we must have 

^ = ^ = 0. 
dx ^ dy * 

Find values of x and y from these equations, saj a? = a, 

y = J ; let the values of ^ , , , , -^^ , when these values 

are assigned to x andy, be denoted bj -4, 5, C, respectively. 
We have then bj Art. 226, 

X being made = a, andy = J, after the differentiations have 
been performed. 

The sign of ^ (a + A, J + i) — ^ (a, 5) will, when A and i 
are taken small enough, depend on that of 

or of ~|(^| + 5y+^(7-jB*|. 

IS AO—ff be negative, it will be possible, hy ascribing 

a suitable value to t » to make the last expression vanish and 

change its sign ; and then (j> {a, b) is neither a maximum nor 
minimum value of ^ (a;, y): Hence generally we must have 
AC—B^ positive as a condition for the existence of a maxi- 
mum or minimum. In this case A and G will have the same 
sign, and Ah? + 2Bhk + Cl^ will have the same sign as A or 
(7; and if that ^\^*\^ positive^ ^{a, b) is a minimum value 
of 6 (a?, y), if negative, ^ (a, J) is a maanmum value. 

We say that generally AC — ff must be positive ; because, 
in fact, there mxiy be a maximum or minimum value when 
AG — ff^Oy as we shall now proceed to shew. 

229. To investigate the additional conditions for the eoD- 
tstence of a maximum or minimum when -4(7 — jB*= 0. 
If^(7--B«=0, then 

Ah'+2Bhk+GI(^ = ^(A^+Bj; 

Q2 
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hence ^ (a + A, 5 + &) — ^ (a, h) is always of the same sign as 
A, when h and k are taken small enough, except when j- is 

equal to-^-j) and then the sign is as yet unknown and 

further investigation is required. Let P, Q, 8, T stand for 
the values of 

d^^' d^' ^%»' df 
respectively, when x = a and y = 5 ; and let 

X being made = a and y = J after the -differentiations. 

h H 

Suppose T is equal ^ — "7 > then Ah^+ 2Bhk + CJ(^ vanishes, 

and 

<l>{a-^h,h + k)-(f>{a,h)=y^{Ph'+3Qh% + S8hk'+Tk'] 

Hence if h and k be taken small enough the sign of 

^{a + h, h + k)'-^{a,h) 

will be the same as the sign of 

Fh'+SQh'k + SShk^' + Ti?, 

and will therefore change by changing the sign of h and k ; 
it is impossible then that <f> (a, b) can be a maximum or mini- 
mum value unless 

Fh'+SQh'k + 38hk'+Tk? 
vanishes when t is equal to —-^^ 
Suppose this condition to be satisfied, then the sign of 

when T i^ equal ^o —-^y is the same as the sign of jB, ; and 
when T is not equal to — -j, and h and A: are taken small 
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enough, the sign of ^ (a + A, J + A) — ^ (a, h) is the same as 
the sign of A. But in order that <f> (a, h) may be a maxi- 
mum or minimum value the sign of ^ (a + A, J + A) — ^ (a, h) 
must be invariable when h and k are taken small enough. 

Hence we have the condition that the sign of JB, when t is 

equal to —-2 &iid h and k are taken small enough most be 

the same as the sign of A, 

If these two additional conditions are satisfied ^ (a, h) is a 
maximum value if A be negative, and a minimum value if A 
be positive. 

230. If -4 = 0, jB=0, and (7=0, we must proceed thus: 

where P, Q, S^ T, stand for the values of ^ > , « % , &o. 
when a? = a and y = J, and 

a? being made = a, and y = J, after the differentiations. 

Hence, that <f> (a, J) may be a maximum or minimum, it 
is necessary that P, Q, 8, T, should all vanish. Also, JB, 
must be of invariable sign ; but the conditions to ensure this 
are too complicated to find investigation here, 

231. The following is another method of Investigating 
the conditions that a function of two' independent variables 
may admit of a maximum or minimum. 

Let w = ^ (a?, y), where x and y are independent : required 
the maxima and minima values of u. 

If y, instead of being independent of x, were equal to 
some function of x, say i|rte), then u would be a function 
of one variable x. We should then have 
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In order that u may be a maximum or minimam, we must 
have, by Art. 211, 

therefore (|) + (|)v.'(a:) = 0. 

Hence, since y is really independent of a;, this equation must 
hold whatever be the function 'yjr {x) ; 

In order that u maj be a maanmum^ the values of x and y 
derived from the last equations must make -j-^ negative, 
whatever yjt (a?) may be ; hence, denoting by Aj -B, 0, the 
values which (-p^j , (-j—r) > ^^^ [Try' respectively assume 

for the values of x and y under consideration, we require that 
A + 2Byl/{x) + C[slr'{x)Y 

should be afways negative, whatever ^jr (x) may be. Hence 
as in Art. 228, A must be negative, and generally AG—JB^ 
must be positive. Similarly, that u may be a minimum we 
must have A positive, and generally AG—E^ positive. 

The preceding method may be rendered more symmetrical 
by supposing both x and y functions of a third variable t. 

dx du 

Putting for shortness Dx for -^ , and Dy for -^ , we have 



Hence we must have 

(d'd 



fdu\ dJDx fdu\ dPy 
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Also for values of x and y found from these equations, 

must preserve an invariable sign, whatever be the signs and 
values of JDx and JDtf. From this we deduce the same results 
as in the preceding article. 

232. There is no theoretical difficulty in finding the maxi- 
mum or minimum value of an implicit function of two inde- 
pendent variables, nor in finding the maximum or minimum 
value of a variable which is connected with any number of 
other variables by equations when the whole number of equa- 
tions is two less than the whole number of variables. For 
example, suppose we have two equations 

/i(«> yj «, ^) = 0, /,(a;, y, z, u) = (1), 

involving four variables x, y, z, w, and we wish to find the 
maximum or minimum value of w. We may eliminate one 
of the three variables a;, y, z between the two e<]^uations ; 
suppose we eliminate z; then we obtain one equation con- 
necting X, y, and u ; from this we find u in terms of x and y, 
and proceed in the ordinary way to investigate the maximum 
or minimum value of u. Or if we wish to avoid the elimina- 
tion we may adopt the following method ; consider x and y 
as the independent variables and diflferentiate the given equa^ 
tions (1) ; thus 

^+^^ + ^1^ = 0^ 
dx dz dx du dx 

dif dz dy du dy 

^ + ^^+^^ = 
dx dz dx du dx 

dy dz dy du dy 
From these equations we can eliminate -j- and -7-, and 



.(2). 



dx 



dy' 



find -^ and -^ ; then for a maximum or minimum value of u 
dx dy' 
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the values of -r- and -^ must be zero. Thus, more simply, 
we may put -t- = and j- == in equations (2), and then 

eliminate -7- and -r- ; the two resulting equations combined 

with (1) will determine the values of x, y, z and u, which may 
correspond to a maximum or minimum value of u. And by 
diflFerentiating equations (2) with respect to x and y we can 

find ^ , ^—j- , and ^ , and so settle whether u is really 

a maximum or minimum. 

Practically the solution of problems of this class is facili- 
tated by the method of indeterminate multipliers^ which is 
explained in the following chapter. 

233. The student will find it advantageous to illustrate 

this chapter by means of the Geometry of Three Dimensions. 

If js = ^ (a?, y) be the equation to a surface, to find the maxima 

and minima values of amounts to finding those points on 

the surface which are at a greater or less distance from the 

. . dz 
plane of (a?, y) than adjacent points. The conditions ;i- = 0, 

dz 
and -J- = 0, make the tangent plane at any one of the points 

in question parallel to the plane of [x, y). The interpretation 
of the case in which ff^AC=0 will be seen from what is 
stated in Art. 235. 

The method given in Art. 231 admits of clear geometrical 
illustration. If, for example, there be a point on the given 
surface which is at a maximum distance from the plane of 
(x, y), then in passing from that point to an adjacent point, 
along any curve whatever lying on the surface, we must ap- 
proach nearer to the plane of (a?, y). Now, by combining the 
equation « = ^ (a;, y) with y = -^ (a;), we obtain a curve lying 
on the given surface, and by giving every variety of form to 
-^ (a?) we may obtain as many curves as we please. Hence we 
see that if we put y = -^(a?), and leave the form of the function 
-^ (x) arbitrary, we do not really break the restriction that x 
and y are to be independent. 
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234. A function u of two variables may have a maximum 
or minimum value for ^values of x and y which render -7- 

and -7- indeterminate or infinite. Such exceptional cases must 

be examined specially, as there is no general theory appli-. 
cable to them. For example, suppose 

u^{a? + y')K 
du 2x du ^ 2y 

Here, when x and y vanish -j- and •-=- become indeter- 
minate. If we put y = ax, we have 

du __ 2 du 2a 

^^3a:4(l + a')*' ^ "" 3aj* (1 + a*)^ * 

Hence -j- and ^ are infinite when a? = 0, and y = 0. But 

u is really a minimum then, for it vanishes only when x and 
y vanish and is never negative. 

235. On a case of maxima or minima values 0/ a function 
of two independent varieties. 

If u denote a function of two independent variables x and y, 
the values of x and y that make u a maximum or minimum 
are found £rom the two equations 

du __ ^^ — A 

If these equations are satisfied by a single relation between 
X and y, we cannot determine a fnite number of values of x 
and y, that render u a maximum or minimum. This case we 
propose to examine. 

Suppose w = ^(ar, y) (1), 

where ZTj F, Jf are functions of x and y. _ . ; 



234 MAXIMA AND MINIMA VALUES 

If Jf=0 (3), 

both -T- and j- yanlsh. 
ax ay 

From equations (2) we deduce 

^ = ^^-^+^' ^ = ^'-^ ^^^^ (3) ^ satisfied, 
d^^^-'d^ '^^'ly^^'l^ ""^^ (3) IS satisfied, 

^ , ~ ^* T" ■*'^' ^ " ^' ^ when (3) is satisfied, 
-= CT. -7— + M.-r- = 27. -T- when (3) is satisfied. 



dydx * dy ' dy ' dy 

But , , = , , always; hence, when (3) is satisfied, 

/ d^u Y^ jjydMdM 
\dx dyl ' * dx' dy * 

If then A. B. C denote the values of -j-^ , , , , and j— 

when (3) is satisfied, we have 

AG^B" (4V 

Now suppose that from Jf = 0, we find y in tenns of jc, 
say y = '^{x), and substitute in ti; we thus make u a function 
of X only. On this hypothesis 



du _ /du\ /du\ d^ 
dx ■" \dx) [dyj dx 



= Z7.3f+F.3fg, by(2), 

= 0, since 2f = by hypothesis. 
Hence, this substitution of '^ {x) for y has reduced u to 
a con^ton^, since -y- vanishes without our assigning any parti- • 
cular value to x. 



t 
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Let US now return to equations (1) and (2). Change in 
(a?, y) the variables x and 7/ to x + h and y + k respectively. 
Sailing u' the new value of w, we get 

Let us now assign to x and y any values consistent with 
(3), leaving however the ratio of A: to A quite arbitrary, and 
examine whether u' becomes less or greater than u when k 

and A are sufficiently diminished. The coefficient of ~ in 

the above value of u\ is 

Now by (4) this 

and is therefore necessarily positive if A be positive, and 
necessarily negative if -4 be negative, whatever be the ratio of 
k to hy except for that particular value of the ratio which makes 
the coefficient vanish. Hence the conclusion will be this : if 
we assign to x and y values consistent with 3f = 0, then when 
h and k are sufficiently diminished, u is certainly less than u 

if ^ be negative, and certainly greater than u if -3-^ be 

positive, excepting only when k has to hone particular ratio. 
This latter case would require further examination, had we 
not already shewn that by a certain supposition u is reduced to 
a constant^ so that when k has to h the one particular ratio, 
u' is ultimately neither greater than u nor less than ti, but 
equal to it. 

The whole theory may be illustrated geometrically; for 
example, if 

«* = a*-aj'-y*+(a;cosa + ysina)* (1), 

find maxima or minima values of z ; 
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dz , . . 

2? ^ = — a? + (a? COS a + y Sin a) COS a 

= {y cos a — a? sin a) sin a, 

-1- = — (y cos a — a; sin a) cos a : 

therefore, when y cosa — a;sina = (2), 

-J- and J- both vanish. 
ax ay 

Under these circumstances z becomes = ± a. 

Now equation (1) represents a cylinder having its axis 
parallel to the plane of (a?, y). Equation (2) represents a 
plane which passes through the axis of the cylinder, and 
which cuts the surface in two parallel straight lines. Along 
the upper line we have 2? = a. All points in this line are 
at the same distance from the plane of (a?, y), and at a greater 
distance than any points not in this line. This line is in fact 
a ridge in the surface. 

Another example may be seen in the equation 

^« = 2aV(a^* + y«)-(aj« + /). 

This surface is that formed by the revolution of a circle about 
a tangent line which is the axis of z. The highest point of 
the circle will by revolution generate a circle, all the points 
af which are at the same distance from the plane of {a;, y), 
and at a greater distance than any adjacent points of the 
surface. 

EXAMPLES. 

a^ a^ 
1. Let t^ = a?' + a;y + /+—+-, 

du ^ ^ a' ^w o , ^* 

therefore 2a? + y— -^ = 0, 2y + a? — -^ = 0; 
therefore (2a; + y) a;*.= a' = (2y+aj)^; . . \ 
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therefore 2 {x^ — y^) = ay (y -- a?) ; 

therefore 2 (a; — y) (aj* + ajy + y*) = a;y (y — a?) : 
either then ^=^9 

or 2a;*+3a:y + 2y'* = 0. 

The latter leads to an impossible result ; the former gives 



Also 



x = 


■■y= 


a 

w 




= 2 + 


2a' 


dxdy~ 


■1, 




d*u 

dy* 


= 2 + 


2a' 


d\ Y 


IS m 


r»sifiv 



tnereiore ^^33"" I / 7 I is positive when x and y have 

the assigned values, and ^ is positive ; hence u is then a 
minimum, 

2. Let w = cos a; cos a + sin a; sin a cos (y—/8), 

du • • t j^\ 

-^- = — sm a? cos a + cos a? sin a cos (y — p), 

-^ = — sin a sin x sin {y — p). 

Hence t- vanishes when y = i8, and then -j- becomes 
dy '^ dx 

sin (a — a?), and vanishes when x = a. 

d*u 
Also 3-« = - cos a? cos a - sin x sin a cos (y - ^), 
oar 

= — cos a? sin a sin (y — iS), 



dxdy 



-j-^ = — sin a sin x cos (y — ^). 
oy 
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The first becomes - 1, the second 0, and the third — sin'o 
when the assigned values of x and y are substituted. Henc< 

jPucTu / d'u Y 
da? dy* \dx dy) 

is positive, and w is a maximum, 

3. Suppose tt = e"**^ (00? + 8^), 

| = 2y(J-aa?-ftj^6 . 

Here ^ = 0, and :7^ = 0, give as one pair of values x-0 
dx dy 

y^O. And these values make 

cTu - d^u ^ d^u ^,^ 

^-^ d^dr""' ^"'*' 

therefore u has then a minimum value. 
Another pair of values is given by 
a = 0, 
and 8 — oa:^ — 5y* = 0, 

that is, a?=0, andy«±l. 

With these values we have 

d'u ^f ,v -1 d'u d^u J, .J 

^ = 2(«-J)eS ^^ = 0, ^=-ibe. 

Hence, if a is less than J, we have a maximum value of w, 
and if a is greater than J, we have neither a maximum noi 
a minimum. 

There is only one more solution, namely, that found by 
combining 

y = 0, and a— ao?— iy*=sO; 
therefore y = 0, and a; = i 1. 
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Here we should find that if a is less than J, there is 
neither a maximum nor minimum, and if a is greater than 5, 
there is a maximum value of u. 

If in this example a = 5, we arrive at the anomalous case 
considered in Art. 235. 

4. Let «« = sinaj + siny + cos(a? + y), 

du • / V 

^ = cos a? — sm (a? + y), 

du • / . \ 

^ = cosy-sm(a? + y). 

If -J- and -J- vanish, we must have 
ax dy 

cos a? = cosy = sin {x + y). 

These equations admit of numerous solutions. For ex- 
ample, 

if cos a? = cosy, 

we have a; = y, as one solution. 

Hence we have cos aj = sin 2a? 

= 2 sin a; cos a;; 
therefore, either cos aj = 0, or sin a? = J. 

If we take the first, and put a; = y = — , we have neither 
a maximum nor a minimum ; if we take 

we obtain a minimum. 

If we take sin a? = J, and put 

TT 

we obtain a maximum value for u. 
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5. To find a point such that the sum of the lines joinln 
it with the angular points of a given triangle shall be 
minimum. 

Let ABC he the given triangle; let BC^a, 
AB^c. Take any point P 
and draw PM perpendicular 
to AB; let AM^x, PM^y. 
Also let AP^u, BP-=v, 
CP^w\ the angle APM^O, 
BPM^<f>,CPM^^. / "^ 

Then tt* = aj"+y*, 

^^{c^xy + y^, 

!(?"=: (J COS -4 — a?)"+ (J sin-4 — y)*. 

For a minimum value of w + 1? + w we must have 

du dv dw _ 
dx dx dx^ 




and 
Now 



^M rfi? cZm? ^ 
dy dy dy "^ ' 



.(1), 
.(2). 



du X . ^ 
-r = - = sm ^, 
dx u ' 



= — sin 0, 



h cos -4 — 0? 



dv ^ c — a? 

dx V 

dw ^ 

dx" w 

du y ^ 

^- = ^ = cos ^, 
dy u 

dv y , 

-7- = *^ = COS0, 

dy V ^ 

dw ^ & sin ^ -- y 
dv" to 



= — sin '^j 



= 008-^. 



Hence, from (1) and (2), 

sin ^ = sin ^ + sin -^j 
cos 5 = — cos ^ — cos y^. 
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Square and add ; thus 

1 = 2 + 2 cos (i|r-^), 
therefore cos (\//- — ^) = — J = cos 120®. 

Thus the angle CPB must be 120*. Similarly it may be 
shewn that APB and APG must each be 120^ Hence we 
have the following result; describe on the sides of the 
given triangle segments of circles each containing an angle 
of 120®, and their common point of intersection is the point 
required. 

It is obvious that there must be a point for which the 
proposed sum is a minimum, and therefore we need not exa- 
mine the criteria depending on the second differential coeffi- 
cients. 

If the given triangle has an angle equal to 120®, then that 
angular point is the point required ; if it has an angle greater 
than 120®, the method fails to give the solution. It may 
however be proved that when the triangle has an angle 
greater than 120®, the vertex of the obtuse angle is the point 
required. 

For suppose the point P inside the triangle and very near 
to the angle B of the triangle ; let PB = r, PBA = a, 
PBC = y; then 

u = V(c* — 2cr cos a + r'), v = r, 

w = V(«*"- 2ar COS7 +7^. 

Thus neglecting squares and higher powers of r we have 
approximately 

u + v + w = a + c + r-'r (cos a + cos 7) 

ft a + 7 a — 7 
= a + c + r — 2r cos — ^ cos —^ . 

^Qi^ 2 COS ' is less than unity if £ is greater than 

120®, and thus a + c + r — 2r coa —^ cos ' is greater 

than a'\-c. And it is obvious that if P be outside the tri- 
angle the sum of its distances from A, B^ and C is greater 

T. D. c. B 
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than a + c. Therefore in passing from B to any adjacent 
point either inside or outside the triangle the sum of the dis- 
tances is increased; and therefore at the point B the sum is 
a minimum. 

The values of -r- and -j- take the form - at the point 
ax ay ^ 

B; and this is the reason that the solution failed to indicate 

the point B. We have already remarked in Art. 234 that a 

maximum or minimum value may exist corresponding to 

such indeterminate values of the differential coefficients. 

6. Find the maximum and minimum value of 
{hx + % — g) {hx + ^y — &) 

Let u denote the expression, and let v denote 

l + aj» + y'; 

then u = v'^ {hx + ^1/— a) {hx + hy — J) ; 

du Ji [2Jix + iky — a — h) 2x {hx -^hy — d) {hx •\-hy — h) 
' dx V v* ' 

du _ h{2hx + iky — a — h) 2y {hx + ky — a) {hx + ky — h) 
dy"^ V V* 

Put J- = 0, and j~ = ; thus we deduce 
dx ^ dy ^ 

X y 

Y = ^ = r suppose. 

Substitute rA for x and rA; for y in ^ = or ^ = 0; we 

shall obtain after reduction the following quadratic equation 
in r, 

j^(A« + A^(a + i) + 2r(A' + A'-aJ)-(a + J)=0; 

•thus the values of r are possible, and one is positive and the 
other negative. 
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du 

ntiation use the relations which aria 
du 



If we differentiate the values of -j- and j- , and after dif- 

dx dy 

ferentiation use the relations which arise from -j- = and 

dx 



, ' = 0, we shall find 
dy 



d^u fe(2A;y — a--5) _ 2T^r — a-h 

da?" XV "^ rv ^ 

d^u _ h {2hx -a-b) _ 2AV — a — & 
dy^" yv "" TV ^ 

d^u ihk 



dxdy V * 

Hence the sign of -4(7— j5" is the same as the sign of 
(2Z;V-a--S) {2Vr- a-h) ^^j^ 

and is therefore the same as the sign of 

Now it may be shewn that if a + 5 be not zero and a be 
not equal to J, the sign of the last expression is positive 
for both the values which r can have. For suppose a + b 

positive; then we have to prove that , , ^ .^^ — r is positive, 

that is, we have to prove that ,^ -^ is greater than the 

positive root of the quadratic in r. Substitute the positive 

quantity .,, ^. for r in the expression which forms the 

left-hand member of the quadratic; we shall obtain a. positive 

result if a and b are unequal; this proves that ,^ ,^. is greater 

than the positive root of the quadratic {Algebra^ Art. 339), 
Similarly we may establish the result if a + J is negative. 

Hence the necessary conditions for a maximum or mini- 
mum are fulfilled. 

b2 
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Since -4(7— jB' 18 positive A and G have the same sign, 
and that sign is the same as the sign oi A-^- C^ and therefore 
the same as the sign of 

r 

If a + 5 is positive this expression is positive or negative 
according as r is positive or negative ; if a + J is negative 
it is positive or negative according as r is negative or posi- 
tive. Thus we can discriminate between the maximum and 
minimum value of u. 

Two particular cases which have been excepted above 
remain to be noticed. 

I. Suppose a = 5. Here we shall hate 

-T- = 2i;"^ (Aa? + ky — a) ]hv — x {Jix -{■Jcy-' a)}, 

J- = 2v~^ (Aa; -j- iy — a) [kv — y {hx + ky — a)}. 

If we suppose hx-^ky — a^O we arrive at the case dis-» 
cussed in Art. 235, in which there is not strictly a maxi- 
mum or minimum. If we take the other factors in -r- and 
>7- and put 

Av — a;(Aa5 + iy — a)=0 vaidkv — y {hx + ky — a^^O^ 

we shall obtain 

h k 

x = — , v== — ; 

these values will be found to make u a maximum. 

The quadratic equation for r, when a = &, has for its roots 

the former value leads to values of x and y which satisfy 
hx + ky^a = ; the latter leads to the values 

h k 

a " a 

n. Suppose a + & = 0. The original investigation be- 
comes inapplicable ; it may be shewn that the only values of 
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X and y which make -j- and -^ vanish are a; = 0, y = ; and 
these give a minimum value to u. 

7. Find the maximum value of aj'y' (6 — a? — y). 

Result. Maximum when a; = 3, y = 2. 

8. If w= (2aa? — a;*) {^hy—y^)j find its maximum or mini- 
mum value. ReaulL x = a, t/=^hy make t^ a maximum. 

9. If w = a;* + y* — 2a:'+4a!|y — 2y*, shew that whena; = 0, 
and y = 0, w is neither a maximum nor minimum; when 
^ = ± V2, and y = + V2, w is a minimum. 

10. If w = y*- 8y"+ 18y*- 8y + a?'- 3aj'- 3a;, then 3 + 4 ^2 
is a maximum value of u and — 6 — 4 V2 is a minimum value 
of w. 

11.^ If wsa' + ay + y*— aaj — Jy, then J(a& — a* — 5') is 
a minimum value of u. 

12. Divide a number n into three parts, a?, y, and «, such 

that ^ + V + ^ ®^^^^ ^® * maximum or minimum, and 
J o 4 

determine which it is. 

RemlU — = ^ = - a maximum. 

13. If w = aj'+ y'+ 3aa;y, then c? is a maximum value of u. 

14. Find the maximum or minimum of a; (a:" + y") — 3aa:y. 

15. Find the maximum or minimum value of- K-, 

l — ax^hy 

Besult. g^|^ l±V(l + ^ + ^-) . 
a o a +0 

with the upper sign there is a maximum, with the lower a 
minimum. 

16. If u = V{(c ---x) (c'-y) {x + y — c)}, shew that it is a 

2c 
maximum wheij x:=y=^'^ . 
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17. Shew that -77- 3 — ^ is a maximum when a? = - , 

c 

18. Shew that ase^*'^^* has neither a maximum nor a mini- 
mum. 

19. Find the minimum value of a? +y + «, subject to the 
condition 

X y z 

OS 91 ss 

Remit. When -7- =-— = -r- = V« + V^ + Vc- 
Va V* Vc 

20. Find the minimum value of aj^V subject to the 
same condition as in the preceding example. 

a o c "^ ^ 

21. Having given the three sides of a triangle, find a 
point within it, such that, if perpendiculars be dropped from 
it upon the sides, their continued product shall be a maxi- 
mum. Shew that lines joining this point with the comers 
of the given triangle will divide it into three equal tri- 
angles. 

22. Find the maximum value of xyz subject to the con- 
dition 



""i + 75" T" ~5 — !• 

a" V & 



Result. 



3V3 

23. Determine a point within a triangle, such that the 
sum of the squares of the distances from the three sides is 
a minimum. 

Result. If jp, J, r, be the perpendiculars on the sides 
a, &, c, respectively, then 

y _ g _ r _ 2 area of triangle 
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24. Determine a point within a triangle such that the sum 
of the squares of the distances from the three angles is a 
minimum* 

Result. The centre of gravity of the triangle. 

25. Through a point within a triangle three lines are 
drawn parallel to the sides dividing the triangle into three 
parallelograms and three triangles; shew that the sum of 
these triangles is least when the lines are drawn through the 
centre of gravity of the triangle. 

26. A triangular space is to be diminished by fencing off 
the comers, each fence being circular and having the nearest 
comer as centre; shew how to leave the greatest possible 
central space with a given length of fence. 

Result. The radii of the circular fences are equal. 

27. Given the sum of the three edges of a rectangular 
parallelepiped, find its form that its surface may be a maxi- 
mum. 

28. In a given sphere inscribe a rectangular parallelepiped 
whose volume is a maximum. Also one whose surface is a 
maximum. 

Result. A cube. 

29. Of all triangles of the same perimeter find that which 
will generate the greatest double cone by revolving about a 
side. 

Result. The fixed side must be two-thirds of each of 
the other sides of the triangle. 

. 30. A rectangular, parallelepiped is so constructed that a 
plane which passes through three of its comers, but through 
no edge, contains a point whose distances from the three 
faces adjacent to one of the other comers are given. Shew 
that the shortest diagonal which such a parallelepiped can 
have, is {(fi + i* + c')*, where a, 5, c axe the given distances. 
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CHAPTER XVL 

MAXIMA AND MINIMA YALUES OF A FUNCTION OF SEYERAI 
YABIABLES. 



236. Let u «= ^ (a;, y, 2;) be a function of three independent 
variables, of which we require the maxima and minima values. 
Bj an investigation similar to that in Art. 224, 

^(a; + A, y + i, « + Z) -<l>{x, y, z) 

^ ydu T^du jdu 
dx dy dz 



2 dm? "idy^ 2 dz^ dydz dxdz dxdy 

where 5 is a function involving powers and products of h, h, I 
of the third degree, which maj be expressed for abbreviation bj 



1 \j,d ^,d ^jd)* 



13 
V denoting ^ (a; + ^A, y + Bk^ z-^-dl). 

If we make A, h, I small enough, the sign of 

^(ir + A, y + ^, « + Z) - ^(o?, y, a) 

will depend upon that of the terms involving only the first 
powers of A, i, Z; hence, to ensure a maximum or minimum, 
we must have 

ydu,jdu^Tdu 
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And therefore, since A, h^ I are independent, 

^ = - = -=0. 
dx ^ dy ^ dz 

Let values of a?, y, « be found from these equations, and 

when these values are substituted in 3-^ , -ri, > &c., let 



78-- 



dor*""^' rfp"^' "^-■"^' 

rfycfe ^ dxdz^ ^ dxdy 

The sign of 

^(a; + A, 3^ + i, + Q - ^(a?, 3^, «) 

can, with the values of a;, y, just found, be made to depend 
on that of 

AJi^ -^-Bk^ + CP + 2A'hl + 2B'hl-\-2C'hk (1). 

Hence, that u may have a maximum or minimum value, 
the expression (1) must retain the same sign, whatever be the 
signs and values of A, /fc, I comprised between zero and fixed 
finite limits. If we put 

h=^8li k = tl, 

it follows that 

A8^ + Be + G +2A*t + 2B'8 + 2C'8t (2), 

must be of invariable sign, whatever be the signs and values 
of 8 and t. Multiply (2) by -4, and rearrange the terms ; then 

{A8 + B'+'C'ty+{AB''G")e^2{AA'^B'C')t+AC-'B'' 

(3), 

must retain an invariable sign. 

Hence, {AB -- C'')f+ 2{AA' ^ B'C')t + AG- B'^ must 
be incapable of becoming negative ; therefore 

AB" C must be positive, and (4), 

{AA'-B'Oy less than (^5- C"") {AG''B")......{5) ; 

(4) and (5) are the conditions that must be satisfied in order 
that u may be a maximum or minimum. Conversely, if they 
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are satisfied, t£ is a maximum or minimum ; for then (3) is 
necessarily positive, therefore (2) has always the same sign as 
A, and t£ is a maximum if ^ be negative, and a minimum if 
A be positive. 

Hence the necessary and sufficient conditions for the 
existence of a maximum or minimum value of a function u of 
three independent variables, are, that the values of a;, y, z 
drawn from 

^^ — n ^'^ — n ^^ — n 

should make ^ ^. . ^^ positive, 

, /i*w d^u d^u d^u W ^, 

and ( 3-5 -r--j — , , , , I less than 

\a31r ay az dxay ax dzl 

(^d*u_ f d'u \*Ud% d^i _ ( d^u yi 
t(£c"rfy \dxdy]]\d^ dz^ \dxdz)y 

It follows of course from these conditions, that 
d^u d*u / d^u V . 1. 

and thus -thj $ -rt > "7^ ™™* ^^^ tave the same sign, and u 

is a maximum if that sign be negative, and a minimum if it 
be positive. 

From the conditions (4) and (5), we should coinecture by 
the principle of symmetry, that J5(7 — -4" will also be positive 
if (4) and (5) hold. This is easily verified, for from (5) we 
find that 

A{ABG+2A'B'C'-'AA'^'-BB''^ CC'} 

is positive, and therefore, since by (4) A and B have the same 

^'^' B{ABC + 2A'B'G'-AA"^BB''^ GG'«} 
is positive, and therefore 

{BB'-'A'Cy is less than {BO-A'^iBA^ C^, 
from which it follows that BG^ A*^ is positive. 
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237. Ex. Let M = '^'^ 



{a'\-x){x'k-y){y^'z)[z'\-b)' 

du _ yz {ay — a*) _ u {ay — a?) 

^"(a + a?)"(aj + y)'(y + «)(« + *)*" a; (a +«) (a? + y) * 

imiary, c/y ""yCaj + y) (y + «)' 

<Zw _ w ( Jy — «') 

^"~«(y + «)(« + 5)* 

Hence, if ay — a;^ = 0, a:« — y' = 0, and Jy — «' = 0, w wiay be 
a maximum or minimum : these equations give 

X ^y ^z _^h ^ 
a x" y «' 

therefore each of these fractions = a/ (-•"•-•-) or a/~* 

y \a X y zj y a 

Call this r ; then 

x^ar, y=ixr = aii^^ z^yr^ar^. 

Proceeding to the second differential coefficients of w, we 
have 

d^u _ 2xu o 

da? x{a'^x){x-\-y) *' 

the terms included in the &c. being such as vanish when 
the specific values are assigned to a?, y, z, 

2u 2 



Hence -4 = — 



aV(l + r)« aV(l+r)^* 



Similarly B, C, &c. can be found, and we shall finally arrive 
at the result that t« is a maximum. 

238. Suppose it required to determine the maxima and 
minima values of a fimction ^{Xy y, «,...) of m variables, 
these variables being connected by n equations, of which the 
general form is 

F,{x,y,z,...)='0 (1). 

The m variables involved in ^ are of course not all inde- 
pendent, since by means of the given equations n of them 
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may be expressed in terms of the remaining m — n. The 
simplest theoretical method of investigating the maxima and 
minmia values of ^ would be to express bj means of the 
given equations the values of n of the variables in terms 
of the rest, and to substitute these values in ^; thus 
would become a function of m—n independent variables, 
and we might proceed to ascertain its maxima and minima 
values in the manner already given for functions of one, two, 
or three independent variables. But this method would be 
often impracticable on account of the difficulty of solving the 
given equations, and the following is therefore adopted. 

Suppose X, t/f ss.,. all functions of some new variable ^ of 
which consequently <f> becomes a function. Put for shortness 

7,'^- t-^^- S=^-- 

•^^ f-i^4>^S^+ »• 

From the n given equations (1) we deduce 



.(8). 



By solving the linear equations (3) we can express n of 
the quantities Dx, 2>y, JDz.., in terms of the remaining 
w — n. Substitute these values in (2), then only m — n of the 
quantities Dx, Dj/, 2);? ... remain, and we have a result 
which may be written 

^=X.Dx+Y.Dy-^Z.Dz... + Q.Dq (4), 

where X, F, Z, ... do not involve any of the quantities 
Dx, J9y, Dz, &c. Since, consistently with the given equa- 
tions, we may consider the iw — n quantities Dx, 2>y, Dz^ ... 
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to be quite arbitrary, it follows, iq the same manner as in 
Art. 232, that if ^ is to be a maximum or minimum, we 
must have 

x=o, r=-o, ^=0, (2 = (5), 

These m — w equations, combined with the n given equa- 
tions, will give the values of the variables for which <j> may 
be a maximum or minimum. To determine whether ^ is 

a maximum or minimum we must express -r?. From (4), 

with the use of (5), we have 



We should then examine whether the above expression 
retains an invariable sign, when the specific values of the 
variables cc, y, «?, ... are used, whatever be the arbitrary 
values assigned to Dx, 2)v, -D^, &c. If it does, then <j> is 
a maximum if that sign be negative, and a minimum if it 
be positive. 

239* The practical solution of any example according to 
the above theory is facilitated by makmg use of indeterminate 
multipliers. Multiply the first of equations (3) by X^, the 
second by \,, •.. the n^ by X», the values of \, \, ... \^ 
being at present undetermined. Add the results to (2), then 
we may write 

(d6 dK dF. dF ] „ 
+ (6). 
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If we equate the coefficients of i^ of the quantities Dx^ 
Dy,... to zero, we shall arrive at n equations for determining 
\, \,...X». Substitute these values of \, \f*\.9 in the 

remaining terms of (6), and ^ takes the form given in (4); 

we must therefore eqi;ate to zero the coefficients of the re- 
maining wj— n of the quantities Bx^ Dy^... Hence we have 
the rule : " Equate to zero the coefficients of every one of the 
quantities Dx^ I>y^... in (6); the m equations thus found, 
together with the n given equations, will enable us to elimi- 
nate the n quantities \, \... X., and to find the values of 
the quantities a?, y, 2;... ' 

240. The concluding part of the theory in Art. 238, in 

which we are directed to examine the sign of -^ , frequently 

becomes in practice excessively complicated. In fact the 
examples of this method are generally such as allow us to 
predict that a maximum or minimum must exist, and to dis- 
pense with the second part of the investigation. 

Ex. 1. Find the maximum or minimum value of 
subject to the conditions 

Putting ^ for aj* + y*+ «*, we have 

^ = 2xDx + 2yDy + 2zDz. 
Also from equations (1), 

Hence, multiplying equations (2) by \ and X, respectively, 
we may put 

^{2z + \C'\-\c)Dz. 



bDy+cDz^O,) 

VDy+c'Dz^O, J r^- 
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Therefore 2x- 

2y + \b + \b' = 0, \ (3). 

2z- 

Multiply equations (3) by a, &, c, respectively and add; then 
we have, by (1), 

2-h\{a'+b'' + <?) + \{aa'+bV+cc)^0 (4). 

Similarly, 

2+\{a'^+b'^-hc^ + \{aa+bV+cc')=-0 (5). 

Equations (4) and (5) determine X^ and \, and then by (3) 
we find X, y, z. Also multiplying (3) by x, y, z, respectively 
and adding, we have 

2^ + \+X, = 0, 

which finds <f). This is the solution of the following question 
in Geometry of Three Dimensions : " In the line of intersection 
of two given planes to find the nearest point to the origin of 
co-ordinates." From the nature of the question it is evident 
there must be a minimum value of <f>. 

Ex. 2. Determine the greatest quadrilateral which can 
be formed with the four given sides a, ^8, 7, S, taken in this 
order. 

Let ip denote the angle between a and ^, 

y the angle between 7 and S. 

The area of the figure is 

. i (a^ sin x+yS siny), 

therefore we may put 

^ (a?, y) = d/S sin oj + 7S sin y , (1). 

If we draw a diagonal of the figure from the intersection 
of ^ and 7 to the intersection of a and 8, we have from the 
two different values which can be found for the length of this 
diagonal, 

a'+ j8* - 2a/Scosaj = 7* + S" - 27S cosy. 

Thus a'+)8'-2a^cosaj-7^-S".+ 27Scosy = (2). 
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From (1) and (2), 

-^ = al3 cos xDx -^ yS cosy Dy (3), 

= a)8 sin a:2>a; — 78 sin y2?y (4), 

therefore -:^ = a)8-^cosaJH p ^[Dx (5). 

at '^ \ siny j ^ ' 

Hence, since the coefficient of Dx must vanish, 

sin (a; + y) = 0, 

Therefore cc+y must be zero, or some multiple of tt; the 
only solution applicable to the present question is 

i» + y = 7r (6). 

Hence cos y = — cos a;: substituting this value of cosy in 
equation (2), we have 

^^'''~ 2(a^+7S) • 

Since by (5) d^ aPs\Mx^y) 

■' ^ ' at smy ' 

we have, neglecting such terms as vanish, by (6), 

^<f> a)8 cos (a? + y) T^ / t^ -n x 
-^^ siny ^^ -P'"(^^ + ^)> 

which, by means of (4) and (6), becomes 



-4('-^(^«)' 



Hence, since -^ is negative^ we have found a maximum 

value of ^, namely, when the sum of two opposite angles of 
the figure is equal to two right angles. 

Thus the quadrilateral must be capable of being inscribed 
in a circle. 

It may now be shewn that when all the sides of a recti- 
lineal figure are given the area is greatest when the figure 
can be inscribed in a circle. For let PQ, QR^ B8, fi^^repre- 
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sent any four consecutive sides. Then, by what we have 
just seen, P, Q, B, 8 must lie on the circumference of a 
circle : for otherwise the area could be increased, by leaving 
the rest of the figure unchanged, and shifting PQ, QB, B8 
until the points P, Q, B, S did lie on the circumference of a 
circle. Similarly Q, B, 8, T must lie on the circumference of 
a circle. And this circle is the same as the former circle^ for 
it is the circle described round the triangle QB8. In this man- 
ner we shew that when the area is greatest the figure must 
have all its angular points on the circumference of a circle. 

Suppose an indefinitely large number of consecutive sides 
of the figure to become indefinitely small: then the cor- 
responding portion of the boundary of the greatest area be- 
comes an arc of the circle of which the remaining sides are 
chords. Hence we obtain the following general result : if an 
area is to be bounded by given straight rods and strings, the 
area is greatest when the strings are all arcs of the same 
circle, and the straight rods all chords of that circle. 

The following problem is analogous to that which we have 
been considering. Eequired to determine the greatest area 
which can be inclosed by a quadrilateral three of whose sides 
are given. 

Let a, 5, c denote the lengths of the three given sides, 
taken in order of contiguity. Let 6 denote the angle between 
the sides h and c, and j> the angle between the side a and 
that diagonal which passes through the angle between a and 
b. Then the area of the figure is 

- Jc sin ^ + - a \/(J*+ <? — 2Jc cos 6) sin ip. 

This is a function of the two independent variables Q and ^; 
but we can obtain the result which we require without going 
through the usual process for finding the maximum value of 
a function of two independent variables. For we see that 
to ensure the greatest area ^ must be a right angle. In a 
similar manner we might shew that the angle between the 
side c and that diagonal which passes through the angle 
between h and c must also be a right angle. Hence the qua- 
drilateral figure must be capable of being inscribed in a circle 
of which the side not given must be the diameter. 

T.D.C. S 
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It may now be shewn that when all the sides of a recti- 
lineal figure are given except one, the area is greatest when 
the figure can be inscribed in a circle of which the side not 
given is the diameter. 

For let QR represent the side not given, and PQ an adja- 
cent side. Then the whole figure must be capable of being 
inscribed in a circle : for otherwise the area could be increased 
without changing the length of any side. And the angle 
QPB must be a right angle : for otherwise we might leave 
PQ and PR unchanged, and by changing QR replace the 
triangle PQR by a larger triangle. And since QPR is a right 
angle, QR is a diameter of the circle surrounding the figure. 

Ex, 3. Find the maximum and minimum value of w* when 

w'=aV+jy+cV (1), 

while a5* + y'+2;'=l (2), 

and lc-{-mt/ + nz = (3). 

From (1), (2), and (3), we deduce 

= a*xDx + b^t/D^+c^zDz (4), 

0= xDx + f/Dy + zBz (5), 

0= Wx +mDy+nDz (6). 

Multiply (5) by \ and (6) by \ and add to (4) ; then 
equate to zero the coefficients of JJx, i>y, Dz ; thus 

a''x+\x+\l =0 (7), 

*'y + \y+\w=o (8), 

c^z + \z + \n = (9). 

Multiply (7) by x, (8) by y, and (9) by «, and add; then 
by (2) and (3), 



aV+iy-hcV+X,= 0. 
Hence \ = ~ w^ 
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Therefore, from (7), (8), and (9), 

, \^ 

/ — o n • 



X- 



_ \m 



and thus, from equation (3), 



P ' m^ n' 



vr — a* w^ — u — c* 

This equation is a quadratic in w', from which two values 
of w* can be determined, one of which will be a maximum 
and the other a minimum. It is obvious that a maximum 
and a minimum value of w' must exist, for a?, y, z, cannot all 
vanish simultaneously, and no one of them can be greater than 
unity ; hence w' must lie between the limits and a* + J' + c\ 

Ex. 4. Find the values of a?, y, z, when aj*y«' is a maxi- 
mum or minimum, subject to the condition 

aV+25y' + «* = c*. 



We have. 


putting u for x*yz% 




Aa^tf^Bx + ajV2>y + 2x^yzDz = 0, 


or 


\ X y 2 J 


Also 


a^xDx + ^hi/'Dy + 2!?Ds = 0. 


Therefore 


X 




i + 3X5^=0, 

If 




i+ TU" =0. 

4? 



S2 
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Multlplj the first of these equations bj Xf the second 

-^ y and the third by z, and add; then 
o 

•5 

17 
therefore X = — —, . 

oC 

Hence aV=— -, ^/=^i7» * 17 ' 

5. To find the maximum and minimum value of r^ w 

^=(a:_a)«+(y-/3)»+(z-7)', 
the variables and constants being connected by the 'equati 

t-i-i-' (•: 

Ix + my + nz^j> (2] 

h+mfi+ny—p (3^ 

aH Vm en ^ 

[The student who is acquainted with Geometry of Tl 
Dimensions will see that (1) is the eouation to an ellips 
and (2) is the equation to a plane ; a, p, 7 are the co-ordm 
of the centre of the curve ot intersection of the plane and 
ellipsoid, and r is the radius vector drawn from the ce 
of this curve to any point of the curve.] 

Since r* is to be a maximum or minimum, we have 

(x - a) i)aj + (y-i8)2)y+(« -7) 2>;5=:0 (5 

also from (I) and (2) 

xDx yDy zDz _ 

"a^"*""y~ "*■"?"-" ^^ 

lDx-{-mDy-\-nDz^O (1 



eqi 
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Multiply (6) by X, and (7) by /a, and add to (5); 
uate to zero the coefficients of Jbx^ By, and Dz ; thus, 
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then 



\x J 
or '^ 

\z 



.(8), 
.(9), 
.(10). 



Multiply (8), (9), and (10) by a? -a, y-)8, and z-y 
respectively, and add ; thus by (2) and (3) 



^4-x{^i^4-^^^+^^} = 0, 



that is, 



^^.x{i-5-f-9}=o....(ii). 



Now by (4) 
a __^ _ 7 _ al + fim + yn _ 



thus (11) becomes with the help of (2) 
Thus (8), (9), and (10) may be written 



■t-IM, 



(12). 



By substituting the values of a?, y, and « from these In (2), 
we obtain 



also 



lka*{a — fiJ) , mWjfi'-fim) ^ nh? {y -^ fin) _ 



nrf 
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By subtraction 

Now A;iA + -TT , i/A + JO— , and kfi^-^^ axe of equal value 

by (4) ; and this value cannot be zero, because then by (12) 
we should obtain the inadmissible values x = af y = l3f z = y. 
Hence dividing out we have 

This quadratic will give two values of r', one will be 
the maximuTn value of r" and the other the minimum value. 



[■ 



The prodtict of the values of r' will be 

JfcV&V(Z'+m' + n') 
aTH-6W+c*n» ' 

and TT times the square root of this product is the area of 
the curve of intersection of the ellipsoid and plane ; hence 
taking the positive value of the square root we have for 
the area 

irabc (aV + SW + cV - y') V(P + ^' -f rff \ 

(a»P+iV + c»n«)* J' 

6. Find the maximum or minimum value of u when 
u = a;y«*, and 2x-\-3y + 4cZ = a. 

Besult (~) is a maximum value. 



it)' 



7. Find the minimum value of u from the equation 

w = aj' + y*+a'+ , 

the variables being connected by the equation 

ax + by + cz+ = A?. 

A? 
The result is w = , . , , . o . . 
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8. Find the minimum value of 

aj* + ^' + a* + a; — 22; — a;y. 

Result. a; = — I, y = -J, z — \. 

9. Find the minimum value of oj* + y + 2;*, where xyz = c*. 

10. If a?, y, « are the angles of a triangle, find the values 
of a?, y, 2; which make sin"*aj sin*y sin'jsj a maximum. 

11. Find the maximum or minimum value of a^'yV sub- 
ject to the condition t» + wy + n« = a. Hence find the paral- 
lelepiped of maximum volume which has for its three edges 
the axes of a?, y, «, and has the intersection of its opposite 
edges in a given plane. 

12. If oai* + hxj/ + ct^ =/, and r* = a? + y", shew that the 
maximum and minimum values of r* are given by the 
equation 

{V-A.ac) r* + 4/(a + c) r^- 4/* = 0. 

13. Find the maximum value of 

{ax + by + cz) ^-^^-^V-y^. 

Besult. a = ^, y = ^» ^"7' 
where l = V2^g + | + |). 

14. A given volume V of metal is to be formed into a 
rectangular vessel ; the sides of the vessel are to be of a given 
thickness a, and there is to be no lid. Determine the shape 
of the vessel so that it may have a maximum capacity. 

Result. If Xy y, and 0, are the external length, breadth, 
and depth ; 



. /V^a\i X 
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15. If r* = ai' + y + a", where 

a3cf + hy* + ai'+ 2a'yz + 2b' zx + 2c'ary = 1, 
and Ix + my + m^Oy 

find the maximum and minimam values of f^. 

Result. Thej are determined bj the equation 

+ 2mnb'c' + 2nlc'a' + itma'b' - Pa" - mV - nV = 0. 



wmimmm^mmmi 
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CHAPTER XVn. 

ELIMINATION OP CONSTANTS AND FUNCTIONS. 

241, We may make use of differentiation in order to 
eliminate from an equation inyolving variables and constants 
one or more of the constants. For example, let 

(y-j)«+(a.-.a)»-c* = (1). 

Differentiate three times, giving 

(!/-l)% + ^——<) (2), 

(^-')S«lg=» w- 

From these four equations we may deduce an equation 
free from the three constants ; we have 

dy ^ a? — a 
rfy cLc da? 3c*(a?~a) 
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242. In general, if we have an equation between x and y 
and n arbitrary constants, and we differentiate m times suc- 
cessively, we have m+1 equations between which we can 
eliminate m constants, and this will give a result involving 

j^ and inferior differential coefficients of y. There will 

also be n — m constants in the resulting equation; and as we 
can choose at pleasure the m constants wq eliminate, we can 
form as many resulting equations containing n — m constants, 
as the number of combinations that can be formed out of 
n things taken m at a time ; that is, 

n(n — 1) ... (n — w + 1) 
\m 

Each of these resulting equations is called a differential 
equation of the ni^ order^ -^ being the highest differential 
coefficient of y which occurs in it. 

When the original equation is differentiated n times suc- 
cessively, we have n + 1 equations, between which all the 
constants can be eliminated, giving us a differential equation 
of the n^ order. 

243. If we recur to the example in Art, 241, we have 
for one of the three differential equations of the first order, 

If we find a from this equation in terms of a?, y, J, and 

-r- , and substitute in the given equation, we obtain another 

differential equation of the first order. If we find h in terms 
of a?, y, &c., and substitute in the given equation, we obtain 
the remaining differential equation of the first order. 

The three differential equations of the second order which 
can be found by combining equations (1), (2), and (3) of Art. 
241, are 
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^(ly 



1 

dm? 



a = x- 



■hm 



ax 



da? 



,.hii. 



w 

It will be found on trial, that if we take any one of the 
diflferential equations of the first order, and difierentiate twice, 
we shall obtain the same result if we eliminate the two 
constants involved in these three equations, as we have 
already found in e(][uation (5) of Art. 241. Also, if we 
take any one of the difierential equations of the second order, 
differentiate once, and eliminate the constant involved in 
these two equations, we shall still arrive at the equation (5) 
of Art. 241. 

244. The process by which, as in the preceding article, 
we may deduce differential equations by differentiation and 
elimination of constants, has not in itself much interest or 
value. But the method of passing from the differential 
equations to the primitive equation from which they were 
deduced, forms a most important branch of mathematics. In 
fact all investigations in physical science lead to differential 
eqitations, whidi must be solved before we can be said to 
understand the subject we are considering. We do not 
enter here on the solution of differential equations, but it 
is usual, in treatises on the Differential Calculus to devote 
some space to the consideration of the formation of such 
equations bv elimination, as this process throws light on the 
methods to be adopted for their solution. 
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245* Not only constants may be eliminated, but functions. 
Suppose, for example, 

ysgino;, 

dy 

-^ =cosa; 

ax 

therefore y" + {^ -1 = 0. 

Hence the function sinx has been eliminated. 

Again, let 

y = tan(aj + y); 

therefore ^ = (1 + tau«(a: + y)} |l + ^| 

Hence tan {x +y) has been eliminated. 

In these examples given functions have been eliminated : 
we proceed to cases in which unknown functions are elimi- 
nated. 

246. Suppose » = ^ T- j , where ^ denotes some function 

the form of which is not given, and which is therefore called 
an arbitrary function. The variables x and y are supposed 
independent. 

Put - = ^; then 

y 



!=♦•«) l-ifw, 

therefore « -r + y -r- = 0. 

dx ^ dy 
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Hence this last equation is true whatever be the form of 
the function ^ ; for example, if « = log (- ] , or « = sin - , or 

i5 = ( -) , in each case we have that equation subsisting. 



247. Suppose w= ^ (v), where u and v are known func- 
tions of X, y, and «, but the form of ^ is not given. The 
variables x and y are supposed independent. If we differen- 
tiate both members of tne equation with respect to x and y 
successively, we have 

du clu dz ^ .,. . (dv . ^ dz\ 

dx dz dx ^ ^ ^ [dx dz dx) ' 

du du dz _ ,, , V (dv dv dz\ 

dy dz dy ^ ^ ^ \dy dz dy) * 
Therefore, whatever be the form of ^, 

f du du dz\ fdv dv dz\ _ (du du dz\fdv_ dv dz\ 
\dx dz dx) \dy dz dy) ~ \dy dz dy)\dx dz dx) ' 

In other words we have eliminated the arbitrary func- 
tion ^. 

248. Suppose 

two known functions of a?, y, z, which enter into an equation. 

F{x,y,z, <l>,{a,), <^,(a,)} = (1), 

(f>^ and (f>^ being arbitrary functions. If we form the equations 

^=«' df=^ ('^' 

d'F ^ cPF ^ cPF ^ /„. 

^=«' ^^ = «' ^ = « • (')' 

we introduce the unknown functions 

^;w, *.'w, *."(«,). «^,"w, 

and these, with ^jCaJ, and 0j(a,), form mj quantities to be 
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eliminated between the six equations (1), (2), (3). This 
cannot generally be effected. Proceeding to the equations 

we shall introduce only twg new unknown functions, namely 
^/"(flj) and 4>i" (^s)' Hence we can obtain by elimination an 
equation between z and its partial differential coeflScients with 
respect to y and x of the third order inclusive, which will 
be free from the functions ^^ (a^) and 0, (a,) and their derived 
functions. Since we have ten equations and eight quantities 
to be eliminated, two resulting equations can generally be 
obtained. 

249. We say that generally, in the case supposed in the 
preceding article, we cannot eliminate the arbitrary functions 
by proceeding as far as the second derived equations. Cases 
however occur, in which, owing to the forms of a^ and a,, this 
elimination can be effected ; for example, suppose 

z^i>,{x + ay) + ^^{x'-ay). 

dz 
Here ^ = <^;(« + «3^) + ^;(ar-oy), 

dz 
d'z 
d'z 

therefore f^ = «'S. 

dy* dar 

250. Suppose we have an equation between three vari- 
ables of the form 

F{^, y, «, ^1 W, ^.W, ^•W} = o, 

involving n arbitrary functions ^j, ^,,......^» of the n knoum 

functions a^, a,, a^ respectively. 
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If we proceed in the manner of Art. 248, and deduce 
from this equation all its derived equations up to those of the 
m*^ order inclusive, we shall obtain 

1 + 2 + 3 + 4+ (w + 1) 

XT. X • (w + 1) (w + 2) 
equations, that is ^^ -^ equations. 

The number of unknown functions will be {m + 1) n, and 
therefore, that we may be able to eliminate the arbitrary 
functions, we must have generally 

(w + l)(m+2) , . , , ^. 

-^^ ^-^ greater than (m.+ 1) w, 

therefore — - — greater than n ; 

therefore w = 2n — 1 at least. 

If w = 2n— 1, the number of equations will be n (2/1 + 1), 
and the number of functions to be eliminated, 2n*; hence, 
there will be generally n resulting equations. 

251. Suppose however that the known functions a^, aj,...^*, 
are all the same function ; we shall find that it will be suffi- 
cient to proceed to the derived equations of the v^ order 
inclusive, m order to be able to eliminate the arbitrary func- 
tions. For let 

F{x,y,z, ^,(a), <^,(a), ^«(a)} = 0; 

differentiate with respect to x and y ; thus 

dF dFdz^ dF/da ^^_r. 
dx dz dx da \dx dz dx) ' 

dF dFdz_ dFfda dadz\^ 
dy dz dy da \dy dz dy) 

Eliminate -y-; thus 



da ' '""" 




dF dF^ 
dx dz dx 

AF_^di^iz" 

dy dz dy 


da da dz 
dx dz dx 
da da dz 
dy dz'dy 
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This result inyolves only the same arbitrary ftmctions as 
the original equation, namely, 

^iWi ^.W. ^.W; 

it also involves -j- and -j- ; we may denote it by 

^[""^y^^'i' 'dy' '^«('')' ^^^'^^^ *-(a)} = 0. 

Differentiate this equation with respect to x and y as 
before; thus we obtain another result which involves only 
the same arbitrary functions as the original equation. By 
continuing the process imtil we introduce the differential 
coefficients of z of the n*"* order, we find that we have on the 
whole n + 1 equations, from which the n arbitrary functions 
may be eliminated. 

252. Suppose we have two equations of the form 

F[x, y, «, o, ^,(a), ^,(a), ^.(a)} = 0, 

/{a?,y, «, o, ^,(a), ^,(a), ^.(a)l = 0, 

where a is an unhnovm function of a;, y, and «, and ^j, ^,v0« 
denote arbitrary functions ; and let it be required to eliminate 
a and the arbitrary functions of a. In this case also we shall 
find that it will be sufficient to proceed to the derived equa- 
tions of the n*** order inclusive. 

As in the preceding Article we differentiate the first equa- 
tion and thus obtain 

dF dFdz^ da. dadz^ 

dx dz dx _ dx dz dx . . 

dF dF€^'da dadz^ ^^* 

dy dz dy dy dz dy 

But as a is not a known iunction the right-hand member of 
(1) is not a known function. But from the second of the 
given equations we obtain in the same manner 

dx dz dx dx dz dx ... 

^ dadz '^4/d/3z • (2) ' 

dy dz dy dy dz dy 
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SO that we can replace the right-hand member of (1) hj the 
right-hand member of (2). Hence, as in the preceding Article, 
we obtain a result which we may write 

Differentiate this again and make nse of (1) or of (2) ; thus 
we obtain another result involving only the same arbitrary 
auantities. By continuing the process until we introduce the 
differential coefficients of z of the n^ order, we find that we 
have on the whole n + 2 equations from which we may elimi- 
nate a and the n arbitrary functions of a. 

253. As an example of the preceding, suppose only one 
arbitrary function ^ (a). The given equations become 

/{«, y, «, a> <f> (a)} = 0, 

Differentiate each with respect to x and y. We thus have 
six equations^ from which we may eliminate 

leaving one equation between 

dz J dz 

254. The conclusions obtained in Arts. 251, 252 are 
due to Dr Salmon; see his Geometry of Three Dtmen8ion$, 
Chapter xii. It had been usual to overestimate the num- 
ber of derived equations which are necessary in order to 
effect the elimination in Art 252. Suppose, for example, there 
are two arbitrary functions so that 

^K y, ^, a, ^x(a), ^,(a)} = 0, 

then it might appear that by forming the derived equations up 
to the second oraer inclusive, as in Art. 248, we should obtain 

T. D. c. T 
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twelve equations, but have twelve quantities to eliminate, 
namely 

da da d'a d^a d^a 
^' dx' Ty' d^' 1^' ^»' 

</>.(«), </>/(«)> */'w, *«w, <^;w, *s"W. 

But the fact is that by adopting the method of Art. 252, 
we have ^/ (a) and ^/ (a) occurring in such a way that they 

disappear together in our elimination of -^ and -^^ • Hence 

it happens that we are able to effect the required elimination 
without proceeding beyond the derived equations of the second 
order. 

255. In particular cases the elimination may be effected 
without proceeding to so many differentiations as the general 
theory indicates. Suppose, for example, that we have three 
arbitrary functions, we should generally have to form the de- 
rived equations of the third order by Art. 252. But if the 
three arbitrary functions are so relatea, that 

^.(«)=«^x"(«), 
the given equations ta:ke the form 

F[x,y;z,a,fi>,{a\ <f>^{a), <^/'(a)} = 0, 
'/{x, y, z, a, ^,(a), ^/(a), ^,"(a)} = 0; 

and by proceeding as far as the second derived equations, we 
obtain twelve equations and eleven quantities to be eliminated, 
namely 

da da d^a cPa e?a 
^' dx' d^\d^' ^' d^y* 

*.W, */W, ^/'(a), ^r(a),^r(a). 

Thus we can deduce one resulting equation involving a?, 
y, z, and partial differential coefficients of z up to those of the 
second order irfclUsive, 
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256. We win give one case in which more th?m three 
variables are involved. Suppose 

F{u,x,y,z,if>{a,l5)}^0 (1), 

in which ^ (a, fi) designates an arbitrary function of the two 
(]^uantities a and /8, which are themselves both known func- 
tions of u, X, y, and z. If we diflTerentiate (1) with respect 
to each of the independent variables x, y, «, we obtain three 
equations 

dF dF dF 

-^=«' ^'«' ^=« (^)- 

In these equations, besides the arbitrary function A, we 

have its two derived functions ^ and -^ . Hence, between 

the four equations (1) and (2), we shall be able to eliminate 
the three arbitrary functions, and arrive at an equation in- 
volving 

du du J du 



EXAMPLES. 

1. Eliminate the constant from 

i»y-c=(a?+y)(c-l). 

Besult (a;« + a + l)^ + y'+y+l=?0. 

2. Eliminate e* tod cos a; from 

y — e*cosa; = 0. 

3. If a* - 2ay - a* - 5 = 0, shew that 



x^^^^O. 
db' dx 



t2 
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4. If y = oa*** sin na?, shew that 

5. If y = asina? + 6 cos a:, then 

6. Eliminate the exponentials from 
a:y = a6* + &«"^. 

7. Eliminate the constants from 

8. Eliminate the constants and exponentials from 

^{3-(l)-l}l(l)-4='l(3)' 

r 

9. If (a + y) (c + loga?) =iBe', then 

10. Eliminate a and i from 

.Be^ttZ^. ^^ + 2iB^ + 2y=:0. 

11. Eliminate the constants from the equation 

1 =00:^ + 2ia:|y + cy\ 
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12. If i-l=/fl- iV shew that 
z X '^ \y xj 



^dz , ^dz , 

13. If log 5? = ^ {ay + Jo?) + -^ {ay — Ja?), then 

4£-(l)"}-»14-(|)]- 

14. If« = e«^(«+y),tlien^-| = ^. 

J = ^ (e* siny), then sin y ^ = cos y -^ . 

|+/(.)| = 0,then 

d'z /dz^ d^z dzdz . ^ss /dzy^_ 
€la?\dy) dxdydxdy dj^Xdx)" 

(«-m.)^+(jl-«»)^-.0. 

18. Eliminate the arbitrary functions from 

z=xfl>{ax + by)+y^lt{ax + hy). 

ay oo; ay o^zr 

19. Eliminate the arbitrary and exponential functions from 

u^e'^F{x + y)+e^f{x^y). 

c^b" ay rfy' 

20. Eliminate the circular and logarithmic functions from 

(1) y^sinloga;, (2) y = log sin a?. 
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21. If « = ^ + ^(^+logyj, then 

22. Eliminate the ftmctions from y^xf{z)+^{z). 

Beauk. The same as in Ex. 16. 

23. H z + mx + ny=f{{x-ay + {y-by+{z-cyi then 

24. If « = a'(aa + &y) + ^(y«+a») + ^(y«-aj^, 

th l^-l^-.^^ 1 & 3a jg^ 
a^da? y^dt/* s?dx y^dy'^ x y* ' 

25. If « = ^ {;» +/(y)l> then 
d^z dz dzd^z ^ 



dxdydx dydaf' 
26. Eliminate the arbitrary functions from 



27. If w+y + « = a?'/{aj(u — y), a;(y — «)}i then 

da 
dy 



du , , \du . , . rfu 



28. If„ = ^|jr(y._x.), /(^-y-«)J. then 



du , ^ du ^ du ^ 



EXAMPLES OF ELIMINATION. 279 

29. T£u^xyz.F[f,[x^-Vf + z'), /.(ajy + aj^f+y^)}, then 



\ X y z J 



30. Eliminate z from the equations 

^ Vr(a,y)-^(a;,y) J 
Besuh 24>{x, y) = ^ 3^^ 

31. Eliminate the arbitrary functions from 



--ygj+^.^(.). 



32. Shew how to eliminate the n arbitrary functions from 
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CHAPTEE XVIIL 



TANGENT AND NORMAL TO A PLANE CURVE. 



257. Def. Let P, Qj he two points on a curve, and sup- 
pose a straight line drawn througn them ; the limiting posi- 
tion of this line, as Q moves along the curve and approaches 
indefinitelj near to P, is called the tangent to the curve at the 
point P. 




To find the equation to the tangent at a given point of 
a curve. 

Let Xy y, be the co-ordinates of the given point P, 

X + £ix, y + Ay, the co-ordinates of another point Q on the 
curve. 

Then x\ v\ being current co-ordinates, we have for the 
equation to the line PQ, 



S -y 



ix'-x), 



x+Ax—x 

that is, y -y = ^ (*' - «)• 

Now let Q approach indefinitelj near to P; the limit of 
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^ is ^ , and the equation to the tangent at P is 

258. Dep. The normal to a curve at any point is a 
straight line drawn through that point perpendicular to the 
tangent at that point. 

To find the equation to the normal at any ^int of a curve. 

Since the equation to the tangent at the point {x^ y) is 



y'-y'-%^'"'-^)^ 



the equation to the normal at the same point is 

dx 
supposing the axes rectangular. 

259. Let the tangent and normal at the point P meet the 
axis of X at the points T and G respectively ; draw the ordi- 
nate PMi then 

MT is called the suhtangentj 

MO is called the subnormal. 

Now Trr'^ ^^ tangent of PTx^ 

-^. 
"dx' 

therefore JfT= ^ = y j- • 

dx 

Also ^ = tangent of GPM^ tangent of PTx, 

''dx' 
therefore MQ = y ^ . 
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In these expressions for the subnormal and subtangent, 
it is to be observed that the subtangent is measured from M 
towards the Uft^ and the subnormal is measured from M 

towards the righU If in any curve y^\A9k negative quantity, 

it indicates that Q lies to the left of Jf, and, as in that case 

doc 
y ^ is also negative, T lies to the right of M^ 

260. In the equation to the tangent put y' » 0, then 

, dx 

this therefore is the value of OT* 
Similarly, if we put x* = 0, we find 

which ^ves the ordinate of the point where the tangent 
meets the axis of y. 

261. The length of the perpendicular from the origin on 
the tangent is, by the usual lormulad of analytical geometry, 

dy 



7FM" 



262. If the equation to a curve be given in the form 
^(oj, y) = 0, we have, by Art. 177, 



dy 

\dy) 



Thus the equation to the tangent becomes 
and that to the normal 



(,..,,(|).(^..,(|).0. 
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The length of the perpendicular on the tangent from the 
origin is, neglecting the sign, 

Shm 

263. It is sometimes convenient to determine a curve by 
the two equations 

so that X and y are both functions of a variable ty by elimi- 
nating which between the given equations, a result of the 
usual form y =/(«) may be obtained. With this supposition, 
we have 

dy ^dt 
dx^ax* 
H 
Hence the equation to the tangent becomes 

and that to the normal 

(/-y)|-(«'-«)|. 

In the figure we have supposed the axes rectangular; 
if they are oblique no change is made either in the inves- 
tigation of the equation to the tangent or in the result. But 
the equation to the normal is 

1 + cos © T^ 

cos 0) + :^ 

where a> is the angle of inclination of the axes. 

264. Ex. (1). The general equation to a curve of the 
second order is 

J^+ 2jRi?y + C&'+ 2i?y + 2-Eb + F^ 0. 
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Hence, by Art. 262, the equation to the tangent at the 
point {Xf y) is 

(!f'-!f){Atf + Bx + D) + {x'^x){Cx + By + E)^0, 

which reduces bj means of the given equation to 

y'{Ay + Bx + D)+x'{Gx + By + E) + Dy + Ex + F=^0. 

Ex. (2). Suppose the equation to the curve to be 

therefore -i? = ?e'« = ^; 

ax c €* 

and the equation to the tangent becomes 

The subtangeint MT=4^^Cj and is therefore constant in 

dx 
this curve which is called the logarithmic curve. 

Ex. (E). The equation to the logarithmic spiral is 
tan-*J = ilogV(a^ + 30- 



X 



Hence 



therefore ' ^ = ^^ ; 

ax x — ky 

and the equation to the tangent is 

, Jcx + y I , X 



EXAMPLES OF TANGENTS. 285 

Ex. (4). Suppose that the equation ^ {x^ y) = 0, or i^ = 0, 
can be put in the form 

Vn+v^^ + v^+ + t?i + i?^ = 0, 

where v„, t^^j, are homogeneous functions of the degree 

w, n - 1 , respectively ; hence 

dx dx dx ' 



du_dv^ dv^^ 

dy dy dy ' 

and the equation to the tangent is 

But by the property of homogeneous functions (see Ex. 3 
at the end of Chap. VIII.) 

<^t?- . dv. 



Hence the equation to the tangent becomes 

^d^^"- )^<s-+%'^ ) 

= n»,+ (n - 1) tr,^j+ (»- 2) v^-\- 

or, since »,+ r^i + «^... + w,+«o = 0, 

^ U ^^"^ r'" l^+^+ ) 

+ tv, + 2»»^+ ... + (a- 1) t»i + «»,= 0. 
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Ex. (5). Determine a point in a given enrye so tbat the 
area of the triangle formed bj the tangent at that point 
and the co-ordinate axes maj be a maximum or a minimum. 

By Art. 260, the area varies as the product of 

dx 
then we require the maximum or minimum value of u. 
It will be found that 

du (y-''l)(''S+y)S 

Now, as we shall see in Chapter XXL, where ;j^ = 0, 

the curve has in general a singular point called a point of 

inflexion. Where y — a? —^ = 0, the tangent passes through 

the origin and the area in question vanishes. It will be often 
obvious when any particular curve is considered, that nei- 
ther of these exceptional cases can hold. We have then 

ar-v^ + y=0 as the condition which determines the point 

required. 

When ic-i^ +y= 0, we have, by Art. 260, 

X* = 2a?, and y = 2y. 

Hence in general when the area is a maximum or a mini- 
mum the portion of the tangent between the axes is bisected 
at the point of contact. It will in general be obvious from 
the figure in the case of any particular curve whether the 
.area is a maximum or minimum. 
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265. If the equation to a curve be given in the form 
-P(a:,y)-c = 0, 
the equation to the tangent at the point (a;,'y), will be 

(y'-y)f+(-'-C=« «' 

and the equation to the normal 

(3''-2')f-(-'-)f=0 (2). 

If we consider a;', y\ as constant, equation (1) combined 
with jP(a?, y) = c, will give the co-ordmates of the points 
where the tangents drawn from the point (a;', y') meet the 
different curves represented by F{x^y)^c\ and equation (2) 
combined with F\x^y)^c will give the co-ordinates of the 
points where the normals drawn from the point (x', y') meet 
the different curves represented by F{pc^ y) =^* 

Since the equations (1) and (2) are independent of c, they 
will represent the geometrical loci of the points where the 
curves which we obtain by ascribing different values to c in 
the equation F\xy y) =c, are met by their tangents or their 
normals respectively, which pass through the point {x\ y'). 
Thus, if we want to draw tangents from the point {x\ y) to 
any t)ne of the curves F{xyy)=Cy we must construct the 
curve 

and determine where it intersects the^ particular curve 
F{x,y)=^c which we are considering; jom the point or 
points of intersection with the point (a?', y') and we have 
the required tangent or tangents. Similarly, we may dr^w 
normdk from {x\ y*) to any one of the curves F[Xy y) = c. 



EXAMPLES. 

1. In the curve y (a: — 1) (a? — 2) = a; — 3, shew that the tan- 
gent is parallel to the axis of x at the point fot which 
aj = 3 + \/2. 
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2. In the curve y = (aj - a)' {x-c), shew that the tangent 

is parallel to the axis of x at the point for which 
2c + a 

X g-. 

3. In the curve a^y*= <^{x+y), the tangent at the origin is 

inclined at an angle of 135® to the axis of x. 

4. In the curve a?{x+y)=^cf{x-y), the equation to the 

tangent at the origin is y = a;. 

5. In the curve a?' + y* = a' find the length of the perpen- 

dicular from the origin on the tangent at {Xy y); also 
find the length of that part of the tangent which is 
intercepted between the two axes. 

Be8uh8. (1) y{axy) ; (2) a. 

6. If iUj, Vj, be the parts of the axes of x and y intercepted 

bj the tangent at the point {xy y) to the curve 

(l)V0)'-.*»fi;.^-... 

7. Shew that all the curves represented by the equation 

different values being assigned to n, touch elu^h other 
at the point (a, I). 

8. In the curve y*=3a*"*a?, express the equation to the 

tangent in its simplest form ; and determine the value 
of n when the area included between the tangent and 
the co-ordinate axes is constant. 

9» If the normal to the curve a?* +^* = a', make an angle ^ 
with the axis of Xy shew that its equation is 

y cos^ — a; sin ^=s a cos 2^ 
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10. At what angle does the curve y*=2aaj cut the curve 

Besults, The curves meet at the origlii ; here the 
first curve has the axis of y for its tangent, and the 
second curve has both the axes for tangents. The 
curves also meet at the point x^a\f2, t/ = a\/4:; and 
here they meet at an angle whose cotangent is V^* 

11. Tangents are drawn to the ellipse -^ + "^=1, and the 

circle a? + y* — a*=0, at the points where a common 
ordinate cuts them ; shew that if ^ be the greatest 
inclination of these tangents 

tan 6 = ^ ,, ,> . 

12. If tangents be drawn from a point (A, k) to the curve 

+ (|j = l, an ellipse whose 

semiaxes are a (?) , and b (t) will pass through the 
points of contact. 

13. Shew that all the points of the curve y'— la(x + a sin - j 

at which the tangent is parallel to the axis of x lie on 
a certain parabola. 

14. The normal to a parabola at any point P is produced 

to meet the directrix at Q, and the tangent at P meets 
the directrix at JR ; find (1) when QJR is a minimum, 
(2) when the triangle PQE is a minimum. 

BesuUs. (1) a? = 3» (2) ^=51 where y" = 4aaj is 
the equation to the parabola. 



T. D. a u 
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CHAPTER XIX. 

ASYMPTOTES. 



266. Suppose one or more of the branches of a curve to 
extend to an infinite distance from the origin, and that at suc- 
cessive points of such a branch we draw tangents. Then two 
different cases may exist with respect to the directions of these 
tangents ; they either, as we j)ass from point to point along 
the curve, approach some definite limit or they do not. And 
with respect to the position of these tangents, two cases are 
possible; the intercepts cut from the axes either tend to a 
finite limit or they do not. If the direction has a limit, and 
one or both of the intercepts a limit, there exists a straight 
line towards which the successive tangents continually ap- 
proach. Such a line is called an asvmptote to the curve; 
nence we have the definition which follows. 

267. Dep. An asymptote to a curve is the limiting posi- 
tion of the tangent when the point of contact moves to an 
infinite distance from the origin. 

To find whether a proposed curve has an asymptote, we 

must first ascertain if -f- has a limiting value as we proceed 

to an infinite distance from the origin. If it has not there is 

generally no asymptote. If -jr has a limiting value, we must 

then ascertain if the intercept on the axis of x, which by 

dx 
Art. 260 is a— y^, has a limiting value. Suppose it has, 

and let it be denoted by c while /i denotes the limit of -^ , 

dx 
then y = /i (a? - c) is the equation to an asymptote. 
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268, If -T- increases without limit, and at the same time 

x — y-T- has a finite limits we have an asymptote parallel to 

the axis of y. 

Also we may have an asymptote when the limit of 

x—y-j- is infinite, namely in the case where the limit of 

-J- is zero, and the limit of y — a? -^^ , which is the intercept 

on the axis of y, is finite. The asymptote is then parallel to 
the axis of x. 

269. Ex. The equation to the parabola is y=2Vai; 
therefore ;/ =a/-; hence, when x increases indefinitely 

the limit of -,- is zero ; but y — a? -^ = 2 Vcw? — Va» = Vax, 
which has no finite limit. Hence there is no asymptote. 
The equation to the hyperbola is 



therefore 
and 



dy hx 



dx a^^iy^—a^ ' 



dy XX 



Hence the limit of ^ when x is infinite is - , and the limit 

dx . ^^ b . ^ . 

of sc— y;?- is 0. • Therefore y = - a is the equation to an 

asymptote. 

Suppose y = . ^h\* '^^ *^ ^ ^^^ equation to a curve, then 

dv 2a* 



dx x — b cix — by 

U2 
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As X approaches &, y and ^ increase without limit. The 
limit o{ x — y-j- is bj and, bj Art 268, there is an asymp- 
tote parallel to the axis of y, having for its equation x^b. 

270. An asymptote may also be defined as a straight line, 
the distance of which from a point in a curve diminishes without 
limit as the point in the curve moves to an infinite distance from 
the origin. 

Suppose y=^fix + fi 

the equation to a straight line, and 

y^fjLX + fi + v 

the equation to a curve, then if v diminish without limit as x 
and y increase without limit, the straight line will be an 
asymptote to the ciuve. For if x, y, be the co-ordinates of 
a point in the curve, the perpendicular distance of that point 
from the straight line is 

y — fix — 13 V 

and this diminishes without limit when x and y increase 
without limit 

271. That the two definitions of an asymptote lead in 
general to the same results may be seen by considering differ- 
ent examples, or by the following proof. Let y = /Lta? + /8 + r 
be the equation to a curve, where juk and /8 are constants, and 
V diminishes without limit as x and y increase without Umit. 
From the given equation 

X '^ X 
Hence fi is the limit of ^ when x and y increase without 

X 

limit But, by Art. 148, 

the limit of ^ = the limit of -r or ^ . 
X I dx 
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Also /9 is the limit of y — /ix; but /i=tlie limit of ^; 

therefore in general P = the limit of y — ^ a:. Hence the 

equation to the tangent to the curve at the point (a;, y), 
which is 

y-y=^(a'-«). 

becomes, when x and y are indefinitely increased, 

that is, the equation to the asymptote found according to the 
first definition is the same as the equation found according to 
the second definition. 

272. We say in the last article that %n general the limit 

of y — /uj = the limit of y — ^ a;. Suppose, for example, that 

the equation to a curve is 

y=«u4a? + 5 + -; 
•1/ 

therefore ^ = -4 H h 3 . 

X X or 

Hence /a — the limit of ^ = ^4, and 



X 

y^fix^B+^. 



a 
x' 



therefore y^-f-x^B^ — . 

^ dx X 

Here y—'-r-x and y — fios have the same limit, namelj B. 

T> i. >! . D . « + sin a? 
But suppose y=:Ax + B'\ . 

Here, as before, fi-=A. 
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Also y-- fix^B^ . 

X 

And ^y=^ + 22if_i±Jl£, 

ax X or 



., - fly jy 2 (a + 8in x) 

therefore y — -rx = B-'COBx + —^ -. 

" flte X 

Here we cannot assert that y — fix and y — -5^ a: have the 

same limit : the limit of the former is B, but the latter cannot 
be said to have a limit, on account of the term cos a;, which 
does not tend to any limit as x increases indefinitely. In 
this case the curve 

. , „ a + sin a? 

y = Ax + B-\ 

^ X 

lias an asymptote according to the definition of Art. 270, 
namely, y = Ax + B, but not according to the definition of 
Art. 267. 

The demonstration iii Art. 270 might, of course, start 
with the equation x^ fiy + fi + v; so that, should the asymp- 
tote be parallel to the axis of y, by taking the second form 
we avoid having /ul infinite. 

273, We have hitherto confined ourselves to rectilinear 
asymptotes; we now extend the definition to curvilinear 
asymptotes. 

Def. When the difference of the ordinates of two curves 
corresponding to a common abscissa diminishes without limit, 
or the difference of the abscissae corresponding to a common 
ordinate diminishes without limit, as we pass from point to 
point along either curve, each curve is saia to be an asymp- 
tote to the other. 



H^nce, if the equation to a curve can be put in the form 

X ^ a^^ a^ 



y = ^^• + ^,a^-^+...+^«.,aJ + A + ~^ + § + §+-.., 



then y = A^x"" + A^x""'^ + . . . + A^^x + A 
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18 the equation to a cnrye which is an asymptote to the 
former. So also is 

and so on. 

Ex. Find asymptotes to the curve 
ic' — i»y* + ay* = 0. 

As X approaches the value a, both y and ~ increase 

without limit, and x = a is the equation to a rectilinear 
asymptote. 

Putting y in the form + a; f 1 — - J , and expanding by 
the Binomial Theorem, we have 

Hence y= ± fa; + -j are the equations to two rectilinear 

asymptotes. We may obtain as many curvilinear asymptotes 
as we please by making use of the series in (1). For example, 



y«±(^^+| + ^) 



3a'\ 
Sx) 



are the equations to two asymptotic curves of the second 
order. The student will remember that by Art. 114 we 
may use the binomial theorem in the above example as a 

true arithmetical expansion when - is leas than unity, which 

will certainly be the case when x is inqreasecL indefinitely. 
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274. The following method will fiiniiBh the rectilinear 
asymptotes with great readiness in manj cases. Appose 
the equation to a carve, F{x, y) = 0, to be such that F{x, y) 
is tiie sum of different homogeneous functions of x and y, so 
that the equation maj be put in the form 

«'^(|)+»^V'(|)+«*x(|) + ."-o (1), 

where n,^, a, are arranged in descending order of magnitude. 
For example, ereiy rational integral algebraical equation 
between x and y can be put in this form. I'rom (1) we have 

*0'h*^>^xl$)*..-o (t). 

Now in finding an asymptote we must first by Art. 271 

ascertain the limit of - when x and y are infinite. If we 
X " 

call that limit /*, and suppose it to be finitCi we have firom (2) 

Let /i^ be a value of ii obtained from this equation ; we 
have next to find the limit of y — fi^x. Put y-^fi^x^^fi, 
then from (2) 

*('*'+§)+^^('*'+i)+-=<> (^)- 

But, by Art. 92, 

since ^ (/uj « 0. 

Thus (3) becomes 

^f(M»+f) + -4^V'(/*. + g + ...=0 (4). 
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In equation (4) let x be supposed to increase indefinitely, 
then we shall have different results depending on the value 

If JO he greater than n — 1 the value of jS is infinite, and 
there is no asymptote for the root ft^ of the equation 

If p he eqtial to n — 1 and 0' (ji^ be not zero, the limit of 
/8 is — ^rf-K I aud the equation to an asymptote is 

If p be fe*^ than w — 1 and 0' {fi^ be not zero, the limit of 
/3 is and the equation to an asymptote is 

In the last case the equations 

give for determining the asymptotes 

^g) = 0. or.-^(|) = 0; 

hence when the equation to a curve can be exhibited in such 
a form that the sum of a number of homogeneous functions is 
zero, and the degree n of the highest of these functions ex- 
ceeds by more than unity the degree of any of the others, 
all the asymptotes in general pass through the origin and 
may be found by equating to zero the homogeneous mnction 
of the n^ degree. We say in general because there is the 
limitation that ^' (/Aj) is not to be zero ; that is, by the theory 
of equations 0(/L) = must not have equal roots. 

275. We will now consider the case in which 4>{H'^ ^ 
zero. First suppose p equal to n — 1. 

If -^(ftj) is not zero fi becomes infinite, and there is no 
asymptote for the root /* of the equation ^ (ft) = 0. But if 
V^ (a^i) "^ ^ ^^ value of /3 becomes indeterminate. 
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Suppose in this case j^ » n — 2, so that equation (2) of 
Art. 274 gires 

♦ (/..+f)+l*(-s^§) + iix(^ + D+...-«- 

Since ^ (a*i) - and ^'(^J = 0, we have, by Art. 92, 

♦ (M..S).£f(.,.f); 

Substitute these values in the equation above, multiply by 
a?y and then proceed to the limit, and we have for determining 
the limiting valuer of /3, the quadratic 

If the values of /9 be possible, we thus obtain two parallel 
asymptotes. 

If this quadratic assume an indeterminate form, we may 
proceed in the same manner to form a cubic equation in p. 

In the case where 0'(ftj is zero and '^Qa^ is not zero, 
there is no rectilinear asymptote for the root |Aj of the equation 
[jj) = 0, as we have already stated at the beginning of this 
article. In this case we may in general obtain a parabolic 
asymptote, as we will now shew. 

Hence equation (3) of Art. 274 becomes 

as X increases indefinitely this equation approaches to the 
form 

X \ x^ (/*,)] 
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• Hence we have a parabolic asymptote determfned by the 
equation 

thatia. (,-,..).= Z^). 

Next suppose p has than n— 1. Then since 0'(/itj) = O 
equation (4) of Art. 274 will not determine fi; and instead of 
this equation we have ultimately in the manner just shewn 

2 a!' ar-'<f>"ijiy 
If n —p = 2, we obtain 

SO that if -^ (/itj) and 0" (/itj) are of different signs we have two 
possible values of fi, and therefore two parallel asymptotes' 
which are equidistant from the origin. 

If n — jp is not equal to 2, we have a curvilinear asymp- 
tote determined by the equation 

276. We have assumed in Article 274, that the limit 

of - is finite; if it be not, the limit of - will be aero, and 

we must examine if there exists an asymptote parallel to the 
axis of y. This can generally be easily ascertained in any 
particular example. Or we may put the given equation ia 
the form 

•y"*.©+y'^.g) + .- = o, 

and proceed as above. 

277. If a curve be mven by a rational integral algebra- 
ical equation, we may determine the asymptotes which are 
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parallel to the axis of y thas. Arrange the equation according 
to powers of ^; suppose it to be 

//H +ry.(«) +ir/.(*) + ... = 0. 

then the asymptotes parallel to the axis of y will be giren bj 
the real roots of the equation 

/(x)-0. 

For the equation to the curve maj be written 

and it is obvious that this is satisfied by supposing y = oo and 
/(a:) = 0; and that when y is oo no other value of x except 
tnose derived from /(a;) =0 will satisfy it. Hence the asymp- 
totes parallel to the axis of y are found hy equating to zero vu 
coefficient of the highest power ofy in the equation to the curve. 

Similarly the asymptotes parallel to the axis of x may be 
found by equating to zero the coefficient of the highest power 
of a; in the equation to the curve* 

When a curve is given by a rational integral algebraical 
equation, it will be convenient to determine by the preceding 
method the asymptotes parallel to the axes, and then proceed 
for the other asymptotes according to the following rule; we 
suppose the equation of the n*** degree. Substitute for y in 
the given equation fix + 13 and arrange the terms of the equa- 
tion according to powers o(x* Equate to zero the coefficient 
of af^; this will give an equation for determining fi; suppose 
juL^ one of the real values of fi. Then examine the coefficient of 
af"*, and give to fi if it occurs in this coefficient the value /a^. 
If we can determine )3 so as to make this coefficient vanish, 
then y = ftj a? + /8 will be the equation to an asymptote; if the 
coefficient cannot be made to vanish there is no corresponding 
asymptote. If the coefficient vanishes whatever be the value 
of 13, then put the coefficient of af^ equal to zero, substituting 
fi^ for /* in it ; we shall thus have generally a quadratic equa- 
tion to determine the values of )3, and if these values are real, 
we obtain two parallel asymptotes. If the coefficient of af^ 
vanishes, whatever be the value of /3, we must equate to zero 
the coefficient of af* and so on. 
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This rale can be easily shewn to agree with Arts. 274 
and 275. Equation (1) of Art. 274, maj be supposed the 
equation to the curve in which n is an integer, jp = n— 1, 

j = n — 2, Then if we put fix + fi for y, and arrange 

the terms according to powers of a;, we shall obtain the ex- 
pression 

afit>(ji) +x-Hf (m) +/3f (/*))+ «-{xW+/3tV)+f f 0*)} + . . . 

Thus by equating to zero the coefficient of a?* we arrive at 
the equation for determining fi given in Art. 274. Then by 
equating to zero the coefficient of af"* we shall obtain the 
same value of fi as that found in Art. 274 ; or if the coeffi- 
cient of a^"^ vanishes, whatever /3 may be, then by equating 
to zero the coefficient of af^^ we arrive at the quadratic given 
in Art. 275. 

Ex. (1). / + a;'-3aa?y = 0. 

Put /jLX + fi {or y, then 

(jJi^ + fiy+x*-3ax {fix + /3)==^0; 
therefore (/it* + 1) a?* + 3a;" (/a'/9 -'afi)+Mx + N=0. 

Hence, /i* + 1 = 0, 

are the equations from which /a and fi are to be found ; they 
give /i = — 1, /8 = — a; hence, 

is the equation to an asymptote. 

Ex. (2). a? (a? + y) = a" (a? - y). 

Put fix-\-fiior y, then 

a?{x'\'fiX'\-fi) — cf{x — fjLX'-fi)] 
therefore a'(l + /A) + /9a;*-a;a*(l-/A)+a";8-0. 

Hence, 1 + /i = and /9 = ; . 

therefore y » — a; is the equation to an asymptote. 
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Ex. (3). a?y(y-'a?)(y-a? + 3a)-f4a*»-a*=0. 

Here the term containing the highest power of y is x^ ; 
thus a; s gives one asymptote, namelj the axis of y. Simi- 
larly, the term contaming the highest power of a; is y:if\ 
therefore y = gives one asymptote, namely the axis of x. 
Then pat fix + fitor y, and we obtain the expression 

«0ia?+)8) {(/* - 1) a? +)8} {(m - 1) a? + 3a + )8} + 4a*a:- a*. 

Arranging this according to powers of x^ we have 

aV0*-l)'+aj'(/*-l){3/ia + (3/i-l)^} 

+ X* {/?(3a* - 2) + dafi (2/i - 1)} + ... 

Put /a(/* — 1)' = 0; we have then /i=0, or /a = 1; the 
former value of fi will lead to the asymptote coinciding with 
the axis of x which we have already found. The value /<(= 1 
makes the coefficient of of in the above expression vanish ; 
we therefore equate to zero the coefficient of a", putting /* = 1 
in it. We thus obtain /S" + Safi = ; thus, ^ = 0, or )8 = - 3a. 
Hence we have for the equations to asymptotes y^Xj and 
y = a? — 3a. 

It will be observed that the conclusions of this chapter all 
hold whether the axes be rectangular or oblique. 



EXAMPLES. 
Find the asymptotes of the following curves. 

1. y*(a:-2a) = a*-a*. Ana. ar = 2a; y=±(a; + a). 

2. y' = a?»(2a-ar). Ans. y = ^x + ^ . 

o 

3. y(a* + a^)=a"(a-a:). -4»w. y = 0. 

4. y^{ay-\'lx)=^cft^ + Vx^. Ans. y^ — -x + 2a. 

6. y*=(a;— a)*(aj — c). -4w«. y = a? — J(2a + c). 

6. xt^ + yx*-a\ An$. x=iO; y=0] y^^-x. 

7. ay=«"(«'-y')- Ans.y=±a. 
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8. 4a;"=(a+3x)(ai" + y*)- 

9. (a; + a)y'=(y + J)aj*. 

Ans, ic + a = 0, y + J = 0, y = a? + J — a. 

10. (y - 2a?) '(3^* - a?") - a (y - a?)* + 4a'(a; +y) = o'. 



Ans. y = x, y+i»= — , y-2a; = - 



3 



11. y" {x -yY + aa?{x - y) - 3aY - a* = 0. 

Ans. y = x + ^{l + Vl3). 

12. X {af^a")" 2y {y'-a*) = Sxy* + a\ 

Ans. 2y = a;, y + x — a — 0, y + x-\- a = 0. 

13. aj'(a;-y)'-a"(a;* + y') = 0. 

-4w«. ,a:= + a, y = x ±a \/2. 

14. [y-'xy{a?^a^)^a\ 

15. /- 3/0? + 4a?' + af-\-axy - 6aa;'+ ib^x-Vy + c' = 0. 

16. If a curve of the third decree be referred to two asymp- 

totes as axes, shew that its equation will be of the form 

xy {ax + Jy + c) + aX'\-Vy + c' = 0, 
and that the equation to the third asymptote will be 
aa? + Jy + c = 0. 
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CHAPTER XX. 

TANGENTS AND ASYMPTOTES OF CURVES REFERRED TO 
POLAR CO-ORDINATES. 

278. If we have the equation to a curve expressed in 
terms of x and y, we maj transform it to one between Pplar 
co-ordinates by assuming x^r cos and y = r sin 0. Thus 
r becomes a function of 0, and the equation to a curve in polar 
co-ordinates takes the form r =/(d), or F (r, 0) = 0, In this 
case the curve is called a polar curve or spiral; r is called the 
radius vector and the vectorial angle. 

The angle (^) which the tangent to a curve makes with the 
axis of X is given by the equation 

tan^ = g,(Art.257). 

Hence, by Art. 201, 

• /%dr ^ 

sm ^ ;;^ + »• cos 



tan^r -^ 



cos tf^ — r sin tf 
au 



279. Ea^esston for the angle included between the radius 
vector at any point of a curve, and the tangent to the curve at 
that point 




Let P be a point in a curve, the polar co-ordinates of which 
are r and d, 8 being the pole. 
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Let Q be another point, the co-ordinates of which are 
r + Ar, and 0+A0. 

Draw PL perpendicular to 8Q, then 
PX = rsinA0, 
jL ^ = r + Ar — r cos A 5 ; 
r sin AO 



therefore tan LQP = 



r + Ar — r cos Ad' 



Let Q move along the curve to P; the limiting position 
of QP is by definition the tangent to the curve at P; let this 
be PT. The limit of the angle LQP will be the angle 8PT; 
call this angle 0, then 

. , 1' 'A. r rsinA^ 
tan q> = limit of 



r + Ar — r cos A^ 
when A0 and Ar are indefinitely diminished. 

r sin A^ 

jj. r sin M Ad 

r + Ar — rcosAd" ^ . -A^ ' 



2r sm'— - . 
2 Ar 

A5 "*"a5 

The limit of . ^ is 1, 
A0 

The limit of -r-n is denoted by -77: • 
A0 ^ dQ 

2sm'— ®"^'9' A/J 

The limit of .x , that is, of i va sin—- , is zero. 



Therefore tan ^ — r ^ 

T. D. c. 
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EQUATION TO TAKOENT. 



280. The reault of the last artide may ako be obtained 
thoB, 

tanP21r = ^ , (Art 278), 

coB^^ — rsind 

P8x^0; therefoze 



tan 8FT^ 



BiaB-y^ + rcoBd 



-tan^ 



tand (sin tf :s + r cos ^ ) 

1+ '^ .^ 1 

COS ^ ^ — r Sin ^ 



•T-j- bj reduction. 



281. To find the polar equation to the tangent to a curve. 




Let SP^rj P8x^0f be the polar co-ordinates of the point 
of contact 

Let BQ « r\ Q8x « fl*, be the polar co-ordinates of a point 
Q in the tangent line. From the triangle BPQ^ we have, 
putting igPC«^, 

r ^ sinflfQP ^ sin(g-y-f-^) 
P'^BUiSPQ^ sin^ 
= sin (tf - ^) cot ^ + cos (^ - ^ . 

But tan^ssr^; 
therefore J«p^sin(^-y) + cos (^-^ (1). 
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This result may be written, 

r-^rsm(e-0') = f' (2). 

If we put - = tt, and -7 = u\ then 
1 dr ^du 

Hence, dividing both sides of (1) by r, we obtain 
u' = tteo8(5-0-^sin(tf-^'), 

or u' = tt cos (^ - ^ +^ sin {ff - 0). 

282. To find the polar equation to the normal at any point 
of a curve. 

Let iSfP=r, PSx^e, 

8N^r\ NSx^ff, 

-AT being any point in the normal ; then 

sin(^'-^ + |-0) 
sing-^) 
therefore -7 = sin (^ — ^ tan ^ + cos (tf' — ^ 

= sin(^'-«)^ + cos(«'-^. 

This may be written 

id //I iv\ ^^ 

r^rco8(^-<?')=r^, 

and may be transformed into 

x2 



8P_ Bin 8NP 
8N~ sin SPN' 
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283. The polar equations in Art. 281 and 282, may also 
be derived irom the rectangular equations to the tangent 
and normal of Arts. 257 and 258, oy transforming these to 

polar co-ordinates, using the value of -^ given in Art. 278. . 

284. From 8 draw /SF perpendicular to the tangent PT; 
then 




8Y=i r sm SPjP= 



V(l + tan»fiPr)' 
Hence, if SY=^p, we have 



^'+(sy^^^=^ 



285. From 8 draw iS^r perpendicular to the radius vector, 
then 8T\& called the j7o2ar subtangerU; its value is 

rtmSPT, thatisr^l^. 

286. Since an asjrmptote is a tangent which remains at 
a finite distance from the origin when the point of contact 
moves off to an infinite distance, if a polar curve has an 
asymptote, 8P or r must be infinite while /SI* remains finite. 
Hence to determine the asymptotes to a polar curve, we must 
first find those values of tf, if any, which make r infinite. 
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Suppose a such a value of ; if for this value of 6 the polar 
subtangent ^ ;?• is infinite^ there is no corresponding asymp- 

tote. If r' -=- be finite there is an asymptote which may be 

constructed thus : conceive a line drawn from 8 at an angle a 
to the initial line ; draw from 8 a line at right angles to the 

first, to the right of it, if r* -j- be positive, and to the left of 

it, if 7^^ be negative, and equal in length to r'-r-; through 

the end of this second line draw a line parallel to the first, 
and it will be the required asymptote. 

The terms right and left in the above rule are to be under- 
stood with respect to the line first drawn, the eye being sup- 
posed to look along that line from 8. The reason of the rule 
must be collected from the figure of Art. 284 and the general 
principle of the interpretation of signs ; that figure makes r 

increase with 9, and therefore r* -r- is positive. If we draw 
; dr ^ j^ 

a figure in which r diminishes when increases, so that ^ 

and the polar subtangent are negative, we shall find that 8T 
falls to the M of 8P. 

287. Ex. r=-?^. 

sin 9 

Here r is infinite when d is any multiple of tt. 

. , dr ^ a (sin 0-- Ocosff) 

tlierefore r' -j- = 



dr sin tf — ^ cos ' 

Hence, when sin 5 = 0, the value of the polar subtangent 

a0 

IS ^. 

cos 5 

When 5 = 7r, the polar subtangent = aTr. 

When 5 = 27r, the polar subtangent = — 2a7r, 

and generally when 5=n7r, the polar subtangent = (~ 1)*"* waTr. 
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To draw the first asrnnptote, for which = w, the eje must 
be supposed to look from 8 along the direction opposite to 
Sxj and then to measure firom 8 perpendicular to 8x and 
towards the ri^ht, a line in length air; a line drawn parallel 
to the initial Ime and at a distance €nr firom it is the required 
asymptote. 

lo draw the second asymptote, for which d = 27r, the eye 
must he supposed to look along 8x, and then measure to the 
left (since the subtaneent is negative) a length 2a9r. Hence 
tne asymptote is parallel to the initial line at a distance 2a7r 
firom it, and above the initial line. 

Proceeding in this way we find an infinite number of 
asymptotes parallel and equidistant, and all above 8x, 

if we ascribe to d negatiye values, we shall in like manner 
obtain a series of asymptotes all parallel to Sx^ and equi- 
distant, lying below Bx. 



EXAMPLES. 



1. In the curve r == a sin 0, shew that ^ = 0. 

2. Determine the points in the curve r = a (1 + cos ^ at 

which the tangent is parallel to the initial line. 

3. Shew that in the curve rd = a the polar subtangent is of 

constant length, 

4. In the curve r {ae^ + he"^ = oJ, the length of the polar 

subtangent is - ^,_^^_^ . 

5. Iti any conic section, the focus being the pole, the locus 

of the extremities of the polar subtangents is a straight 
line perpendicular to the axis major. 

6« Find the angle between the radius vector and tangent 
at any point of an ellipse, (1) the focus being the pole, 
(2) the centre being the pole. Determine in each case 
when the angle is a maximum. 
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7. If r==a(l — cos^, then ^ = -, p==2asm'- , and the 



polar subtangent = 2a sin* - tan - • 

8. If r* cos 20 = a*, shew that sin A =-= • 

9. If r» = a* cos 20, shew that ^ = ^ + 25. 

10. If r = a sec' - , shew that the locns of F is a parabola. 

See figure in Art. 284. 

11. If r =5 a (1 + cos ^, shew that the locus of F is deter- 

mined by r = 2a [cos - j . 

12. If r* = a* cos 2tf, shew that the locus of F is determined 

by r' = aMcos— J. 

13. Shew that the curve r cos 5 = a cos 20 has an asymptote 

having for its equation r cos 5 = — a. 

14. Shew that the curve ^r — a) sin 5 = J has an asymptote 

having for its equation r sin 5 = J. 

15. Determine the asymptotes of the curve r cos 20 = a. 

16. Determine the asymptotes of the curve 

r sin 40 = a sin 30. 
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CHAPTER XXL 

CONCAVITY AND CONVEXITY. 



288. The terms 'concave' and ' convex' are not usually 
defined in works on the Differential Calculus, but are used 
in their ordinary sense. The following definition however 
has been eiven : " A curve is said to be concave at one of its 
points with respect to a given line, when in jpassing from that 
point its two branches are initially included within the acute 
angle formed by the given line and the tangent to the curve 
at that point. When, on the contrary, the two branches are 
initially outside this angle, the curve is said to be convex at 
this pomt with respect to the line." 

289. To find a test of the convexity or concavity of a 
curve. 

Let P be a point in a curve whose co-ordinates are x, y. 





Draw the tangent at P; then if at the point P the curve be 
conveXf to the axis of x, the ordinates of the curve cor- 
responding to the abscissae x±h must be greater than the 
corresponding ordinates of the tangent at P, h having any 
value contained between some finite limit and zero : if the 
curve be concave^ the ordinates of the curve must be less than 
the ordinates of the tangent. This may be deduced from the 
definition of Art.' 288 ; or if we omit that definition it must 
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still be taken as a consequence of the meaning of the terms 
concave and convex. 

Let y denote the ordinate of the curve corresponding 
to the aoscissa x + h, and y, the corresponding ordinate to 
the tangent at P. I{y = <f>{x) be the equation to the curve, 
we have 

y, = <l>{x)+h<{>'ix) + ^<f>"{x + 0A). 

And since the equation to the tangent at P is 

r-y = f(a>)(X-a:), 
we have 

therefore ^i - y* = "g ^ •' (^ + ^^) • 

This, if we take h small enough, will have the same sign 
as ^"(aj); and therefore if ^"{x) be positive the curve is 
convex to the axis of a?, and concave if <f>"{x) be negative. 

We have supposed in the figures that the curve is <zbove the 
axis of x. If it be below the axis of x, then — y^ and — y, are 
the numerical values of the ordinates, and the curve is convex 
if —y^+y^ be positive, that is, if <l> {x) be negative, and con- 
cave if <l> {x) be positive. 

Both cases may be included in one enunciation, thus, "A 

curve is convex or concave to the axis of x according as y ^ 

is positive or negative." 

290. Def. a point of inflexion is a point at which a 
curve cuts its tangent at that point. 

To find the conditions for the existence of a point of 
inflexion. Let y=^4>{x) be the equation to a curve; let 
a;, y, be the co-ordinates of a point in a curve, and a; + A, yj, 
the co-ordinates of an adjacent point. Let the tangent of 
the curve at the point (a?, y) be drawn, and let y^ be the 
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! 
ordinate of this tangent correspondine to the abscissa x+h. 
Then are I 



2 



11 
therefore y^ - y^ « — ^" ^x + Oh). 



Hence, if ^"(^) ^ ^o^ ^^^9 ^® sign ^^ ^A^^t ^^' ^^ 
A be small enough, be the same as that of ^' (x), whether 
h be positiye or neeatiye, and the curve cannot cut its 
tangent. Therefore u there be a point of inflexion, we must 
have ^"{x) = 0. Suppose this condition satisfied, then 

and this expression changes its sign when h does, provided 
^'"(«) be not zero. If 0" (a?) be zero, it may be shewn that 
<i>""{x) must also vanish; and generally if for a certain value 
of X several of the successive differential coefficients of y 
vanish, beginning with the second, there is a point of in- 
flexion if the first differential coefficient that does noi vanish 
is of an odd order. 

Since generally at a point of inflexion ^ vanishes while 
^ is finitey ^ changes its sign. For ^ is the diffe- 
rential coefficient of ^ ; therefore by Art. 89 if ^ be 
positive ^ increases with a?, and if ^ ^ negative ^ 
decreases as x increases. Hence -^ must pass from negative 
to positive if ^ t© positive, and from positive to negative if 
^ be negative. 
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291. In the above figure P, Q, JJ, are points of inflexion 
for the curves passing through them. At P there is a change 
from concavity to convexity with respect to the axis of x. 
At Q there is a point of inflexion, but the curve on both 
sides of Q is convex to the axis of x. This agrees with 

Art. 289 ; since, if y and ^ both change sign, no change 

occurs in the sign of their product. At B we have a point 

of inflexion at which -^ is infinite and therefore also v-^ 
ax dor 

is infinite by Art. 113, a case which the investigation in 

Art. 290 does not include. We should therefore in any 

example ascertain if -r^ can become infinite, and if so we 

must examine that case specially. We may trace the curve 
in the neighbourhood of that point, or we may examine the 

sign of -^ for values of x differing slightly £rom that which 

^ves rise to the infinite value, and thus determine if the curve 
IS concave or convex near the point in question. 

K we consider y as the independent variable, we may shew 
in the manner of the preceding articles, that a curve is convex 

or concave to the axis of y, according as o;^ is positive or 

d^x 

negative, and that at a point of inflexion ^-^ must vanish and 

change its sign. This is often usefol in cases in which ^ 
becomes infinite. 

292. The connexion between -r^ and the concavity or 
convexity of a curve, may also be shewn thus. 
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Let PL, QM, BN, be three equidistant ordinates. Draw 
the chord PR meeting QM at JET. Let 
y ss^(x) be the equation to the curve; 
a;,y, the co-ordinates of P; LM^MN^ h. 
If the curve be concave to the axis of x, 
QM is greater than HM; and therefore 
2 Qlf greater than 2HMf that is, greater 
than PL+BN. Hence 

if>{x + 2h)''2<l>{x + h) + ^{x) is negative, 

and therefore also 

Let h diminish indefinitely, and it follows by Art. 127, 
that (l>'{x) is negative. Similarly, if the curve be convex 
(f>"{x) is positive. 

293. We will briefly indicate another method by which 
the results of this chapter are sometimes obtained. It is either 
deduced from some definition of concavity and convexity, or 
given as the definition of those words, that a curve is convex 

to the axis of x, (y being supposed positive,) if ~ be increasing, 
that is, if -^ be positive, and concave if ^ be decreasing, that 

is, if -7^ be negative. 

Also a point of inflexion may be defined as a point where 
the curve changes from being concave to being convex, or 

vice versa. Hence -t4 must change sign at la point of inflexion. 

A point of inflexion may also be defined as a point at 
which the inclination of the tangent to the axis has a maxi- 
mum or minimum value. Since when this angle has a maxi- 
mum or minimum value, so also has its tangent, we must 

have -^ a maximum or minimum at a point of inflexion. 
Hence -v^ must change sign. 



. POINTS OP INFLEXION. EXAMPLES. 317 

294, A curve referred to polar co-ordinates is said to be 
concave or convex to the pole at any point, according as the 
curve in the neighbourhood of that point does, or does not, lie 
on the same side of the tangent as the pole. 

Itjp be the perpendicular from the pole on the tangent at 
a point whose co-ordinates are r, 0, it will be seen from a 
figure, that if the curve be concave to the pole, jp increases if 

r increases, and decreases if r decreases : hence -t must be 

ar • 

positive. Similarly if the curve be convex to the pole -^ must 

be negative. Thus at a point of inflexion ^ must change 

sign. 

295. Since l=u«+(^y. Art. 284, 
therefore l| = (^, + g)|; 



therefore 



&=-..(.+^4«). 



du 



dr du dr r" du 



-^■(-S)- 



Hence, at a point of inflexion we must have generally 
M + ^ changing its sign. 

EXAMPLES, 

1. If y =5 -J i , there is a point of inflexion at the origin, 

and another when x^±a V3» 

2. If y == — ) r > there is a point of inflexion when 

^ a(x — a) ^ 
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3. If y (a*— J*) ^x{x'' af—QA\ there is a point of inflexion 

whena9« — . Is there a point of inflexion when 

4. If =a/(~~)i ^^'^ is a point of inflexion when 



3a 

4 



r-a\» 



5. If ^ « T + { j , there is a point of inflexion when 



X^€L. 



6. If o:^ « logyi ^^^ ^ <^ poi^^ of inflexion when x « 8. 

7. If aa^— ^y — a*ys0, there is a point of inflexion when 



^"i^a- 



8. If ^ = \/ W ^ ) ' ^^^'^ ^® * P^"^* ^^ inflexion when 

a 

X 

9. If ay = a* log-, there is a point of inflexion when 

X = ae*. 

10. Find the point of inflexion on the curve, 

{y - 2 {^(a*a;)}» = 4aaj. Result, x = f ?)'a. 

11. If y(a? + a') = a*(a — a?), there are three points of in- 

flexion which lie on a straight line. 

12. If r = s — 7 J ^^^ '^ a point of inflexion when r = ~ . 

tr — 1 2 

13. If r = J.^, there is a point of inflexion when 

r = J.{^n(n + l)}l 

14. If iB=sa(l — cos^), and y = a(n0 + sin ^), there is a 

point of inflexion when cos ^ =: — • 
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CHAPTER XXII. 

SINGULAB POINTS. 



296. TJndeb the common title of " Singular Points" are 
included all those points on a curve which offer any sin- 
gularity^ depending on the curve itself and independent of 
the position of the co-ordinate axes. We proceea to define 
the aifferent singular points and to investigate the conditions 
of their existence. 

Points qf Inflexion, 

297- These points have been considered in Arts. 288 — 295 ; 

the condition for their existence is that ^ should change 

sign. 

Multiple Points. 

298. Def. a multiple point is a point through which 
two or more branches of a curve pass. 

Let ^ (aj, y) == be an equation in a rationed form ; by 
Art. 177 

g-li=«- • «• 

Now since two or more branches of a curve pass 
through a multiple point, it will be possible to draw more 

than one tangent to the curve at that point; hence ^ must 

admit of more than one value. But since the equation 

^ (a?, y) e is supposed rational, ^ and ^ will each have 

but one value for the given values of x and y. Hence from 



'^^dxdydx'^ dy'ydx)^^ ^^)- 
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equation (1) ~ cannot have more than one value unless botli 

dx ay 

These then are the conditions for the existence of a mul- 
tiple point. If values of x and y can be found which satisiy 
these equations and the equation to the curve, then for such 
values of x and y we have, by Art. 181, 

From this quadratic we can find two values of -^ , and thus 

determine two tangents which can be drawn through the 
multiple point. In this case the multiple point is called 
a double point. 
If the above equation assumes an indeterminate form hy 

the vanishing of ^ , , ^ , and ^ , for the values of 
X and y under consideration, we have, 07 Art. 184, 

ft + 3^|^ + 3j^(|y+f^(|Y=0 (3). 

dx^ dardy dx dxdtf \dxj dtf \dx/ ^ ' 

This cubic equation gives three values of ^ ; if they are 

all real, three tangents to the curve pass through the point 
under consideration; the point is then called a triple point. 
If the equation (3) assumes an indeterminate lorm by the 

vanishing of the coefficients of the different powers of -7^ , we 

dx 
must proceed to the fourth derived equation from ^(a;, y) = 0, 

and we thus obtain a biquadratic equation for determining -^ . 

CLX 

299. If the two values of -^ ftimished by equation (2) of 

Art. 298 are equal, the two branches which pass through the 

foint in question have a common tangent at that point, 
n this case, however, the method by which we have arrived 
at equation (2) is not satisfactory, because in obtaining it we; 
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have assumed -^ to have more than one value. But as in 
ax 

this case two different branches of the curve pass through 

the same point, there will generally be two different values 

of ^ ; by Art. 181, 

da^ dx dy dx dy* \dx) dy Jb? ' 
and since (a;, y) is rational, each of the differential coefficients 
of has only one value ; hence if -3? be different from zero 

^ can l^ave on?y one value. But, by supposition ^ has 

more than one value ; therefore ^ = is the condition that 

must hold at the point where two branches touch. Since 

^ = 0, it follows from (1) of Art. 298 that ^ also = 0. 

d^V 
If -T^ should have two eqiuil values, then the reasoning 

of this article may be applied to ^ and the third derived 

equation of ^ (^9 ^) = 0; and the same result as before may 
be deduced. 

Points where two or more values of ^ are equal are 
called " Points of Osculation." 
300. Ex. Let y* - aj* (1 - aj^ = 0. 
Here ^ = 2y, g = - 2x(l-a?) + 2a^. 

Hence a? = 0, y = 0, are the co-ordinates of a point which 
may be a double point Equation (2) of Art. 298 becomes 

therefore ^ == ± !> a^d there is a double point. 

We may in this case put the given equation in the form 

y=±a?V(l-a^)» 
T. D. C. T 
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and from this we see that for values of x comprised between 
and ly both positive and negative, y is possible, and that 
there are ttoo values of jf for every value of x. When a; = 
the two values of y become equal; but since 

we see that when « = there are two values of ^ . Hence, 

instead of clearing an equation of radicals so as to bring 
it into a rational form, and then appjving the method of 
Art. 298, we maj often detect a multiple point more easily 
bj observing what values of x make one of the radicals in the 
value of y vanish.. 

Cusps, 

301. Def. a cusp is a point of a curve at which two 
branches meet a common tangent and stop at that point. 
If the two branches lie on cpposite sides of the common 
tangent, the cusp is said to be of the frst species; if on the 
same side, the cusp is said to be of the second species. 

Since a cusp is really a multiple point, if a cusp exist in 
the curve ^(a?, y) = at any point, we musit have 

^ = 0, and^ = 0, 

at that point. To distinguish a cusp from an ordinary mul- 
tiple point, we must trace the curve in the vicinity of the 
point m question. 

Ez. Let (cy-5a;)*--^^*=0 (1). 

Here when x = a and y = — we have the equation to the 
curve satisfied and also 

Putting the given equation in the form 



■^iv^i^l ' (»>. 




./• 
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we see that y is impossible so long as a; is less than a, and 
that when x is greater than a there are two values of y for 
every value of x. When x^a the radical in y vanishes, 
and the two values of y become equal; at the same time 

~- has only one value, namely - . Hence there is a cusp. 

In the figure, A represents the cusp ; the line OA has for 

its equation y = — ; and since of 

the two values of y given by equa- 
tion (2), one is greater and the 

uX 

other less than — , it is obvious 
c 

that the two branches lie on op- ^g- 

po8ite sides of OA^ and the cusp 

at A is of the first species. Generally the cusp is of the first 

species if the two values of ^ indefinitely near to the point 

are of contrary signs, and of the second species if they are of 
the same sign. 

Cusps of the first species have been called " ceratoid cusps," 
and of the second " ramphoid cusps." 

Conjugate Potnt$. 

302. Dbf. a conjugate point is an isolated point the 
co-ordinates of which satisfy the equation to the curve. For 
example, let 

Here the values a; = 0, y = 0, satisfy the equation to the curve, 
but no branch of the curve passes through the point thus 
determined, y being impossible for all values of x comprised 
between and a. Hence the origin of co-ordinates is a con- 
jugate point in this curve. 
In the above example, since 

we find that the value of -~ is impossible when a? = 0; but ^ 

y2 
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may be possible at a oonjagate point ; for example, suppose 

Here, when x^O^ we ^*^v® ^== ^> ^^^ t^® origin is a con- 

ju^te point, since x^O^ y = 0, satisfy the equation, and y 
IS impossible for all other values of x between — a and a. In 

like manner ^ or any number of the differential coefficients 

of V may be possible at a conjugate point, but they cannot be 
aapossible, for if they were we should have nothing to dis- 
tinguish the point in question from an ordinary point of the 
cunre. 

To find ike condition for the existence of a conjuaate point. 
Since at a conjugate point the values of the differential 
coefficients of ^ cannot be all possible, let the n^ differential 
coefficient of y be the first that is impossible. Suppose the 
equation to the curve to be put in a rational form, and 
denoted by ^(a?, y) — 0. Take the n^ derived equation; we 
have 

where the terms not written down contain difibrential coeffi- 
cient3 of ^ with respect to x and y, and also differential 
coefficients of y with respect to x of orders inferior to the n^. 

If then -^ be not zero the value of -j-^ furnished by the 

above equation will be possible ; hence -i? = is a necessary 
condition for the existence of a conjugate point ; but 

dx dy dx ' 

therefore also t? == 0, 

dx 

303. It appears from the preceding articles that if 
^{x, y) =s be the equation to a curve, we must have at 
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an ordinary multiple point, at a cusp, and at a conjugate 
point, 

Hence, whenever we have found' values of x and y which 
satisfy these three equations, we must, by examining the 
particular curve, and tracing it in the vicinity of the point 
in question, determine what species of singular point exists. 

We now pass to some other singular points which occur 
but rarely, and, as the student will find by experience, never 
present themselves in curves the equations to which are of an 
algebraical form. See Art. 6. 

Points dParrit. 

304. A point cCarrit is a point at which a single branch 
of a curve suddenly stops. 

Ex. Let y = a? log x. 
Here when aj==0 we have y = 0; but if a; be negative, y 
becomes impossible. Hence the origin is b, point d* arret. 

Again, suppose y = e"* . 

Here if x be made indefinitely small and positive^ we have y 
approaching the limit zero; but if x be negative and indefi- 
mtely small, y is indefinitely great. 




Hence the curve has the form represented in the figure, the 
ori^n being a point ^arrH; the dotted line is an asymptote 
having for its equation y = 1. 
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805. A paifU saittant is a point at which two branches of 
a carve meet and stop without having a common tangent 

Ex. Let y = — ^„ 

! + «•" 

therefore ^ L.+_^ 

1 + e- «(l+0 
Here, if £6 be positive and approach zero as its limit, we have 

ultimately y«0 and ^ = 0; but 

if a? be negative^ we have ultimately 

y = and ^ = !• Hence at the 



origin two branches m&t, one 
having the axis of a? as its tangent, 
and the other inclined to the axis 
of X at an angle of 45\ 

Branchei PointUlSei. 

306. If a curve has an infinite number of conjugate points, 
that series of points is called a branche pointilUe. 

For example, suppose y*=^xATfx\ tor all positive values 
of X there are two possible values of y, but when x is nega- 
tive y is impossible, unless a; be a multiple of ir. Hence we 
have an infinite number of conjugate points lying on the axis 
of X and forming a branche paintillSe. 

EXAMPLES. 

1. If ay = aV— re* there is a multiple point at the origin. 

2. In the following curves there is a point of inflexion at 

the origin, 
y^sino;; y = a?cosaj; y = tana?; y = a5*tana;. 

3. If y = ^(a?) + (a?— a) *' F{x), when x^^a, there is a cusp 

of the first kind if -^r — be greater than 1 and less 
than 2, and a cusp of the second kind if -^ — be 
greater than 2, 
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4. The following curves have cusps at the origin, 

5. The curve ^' = (a; — a)' (a? — c) has a cusp of the first kind 

at the point a? = a. 

6. The curve {pcy + 1)'+ [x — l)'(a; - 2) = has a cusp of 

the first kind at the point a; = 1. 

?• The curve y --h = {x — a)^ + {x — a)' has a cusp of the 
second kind at the point x^a. 

8, The curve «* — 2aa?'y--aa?y* + aV«D has a cusp of the 

second kind at the origin. 

9. The curve a?* — aaj*y — aa?y' + a*y = has a conjugate 

point at the origin. 

10. The curve a?* — 2ay' — Sa^y" — 2aV + a* = has a double 

point when aj= + a, and -j- then = ± VJ; also a double 

point when y^^a^ and -^ then = ± VI* 

11. If ay^ — (^ ■" ^)* (® "" ^)> when x^a there is a conjugate 

point if a be less than J, a double point if a be greater 
than bj and a cusp if a = i. 

12. Shew that the curve ay^ — af+ha^^O has a conjugate 

point at the origin and a point of inflexion when 
Ab 

13. Find the points of inflexion in the following curves, 
y*(l + a?) = (l-aj + a^)*; r^d^cf) r5sin5 = a. 

14. Find the singular points in the following curves, 

(y + a? + l)'«(l-aj)'; y-aa2^*+aj* = 0; 
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DIFFERENTIAL COEFFICIENTS OF AN ABC, ABEA, ETC. 




307. The length of the arc of a cunre APQ^ reckoned 
from any fixed point A to the 
point P, is evidently a func- 
tion of the abscissa x of the 
point P. This function is 
oflten very difficult to deter- 
mine, but its differential co- 
efficient with respect to x can 
always be assigned. 

Let P, Qy be two points on a curve ; 

X, y, the co-ordinates of P; 

X + Aa?, y + Ay, the co-ordinates of Q, 

Draw the ordinates PJf, QN^ and the tangent at P meet- 
ing QN in B and Ox in T. 

Let AP=^8, AQ^s-^^s. 

We assume as an axioms that the length Ls is greater than 
the chord PQ, and less than PB + EQ. 

The chord PQ = V{(Aa;)» + (Ay)'}, 

PB = MNsec PTM^ MN^{\ + tun^PTM) 

QB^y + Ly-RN 

= y + Ay - (Pif+ Aa: tan PTJO 

- Ay-Aa;g; 



: Aa;. 
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therefore As lies between V((Aa?)* + (Ay)*} and 
therefore ^ lies between a/I^ + ( a^) [ *^^ 

^/{•Kl)■}-^-|• 

Now the limit of . /fl + f^Vl, when Aa; is indefinitelj 
diminished, is v I V^*^'' J 

y{-(l)}-|-|.V{-(l)]- 

The limit of -r- is> l>y definition, ^- ; hence 
ilx ax 

iVI'^d)} «• 

-7-1 , then 

'-©'-©■ »• 

If a; and y are each functions of a third variable % since 

dx ^ 

dx di :,dy dt 

w.h...fto.W,g)-=(|)V(|)- (,). ^ 
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308. Of the axioms on which the preceding^ demonstra* 
tion is founded, the first will probably be readily granted ; 
the second is more difficult, and will not be necessarily true 
if the arc be not concave towards the chord PQ throughout 
its extent. It must be understood therefore, in stating it, 
that the arc PQ must be taken so small that it is always 
concave towards its chord. 

There is another mode of arriving at the results of Art. 
307, which is preferred by some writers: they assert that no 
precise idea can be formed of the length of an arc^ except by 
regarding it as the limit of the perimeter ofapolyaon inKribed 
in that arc, when the length of each aide of the polygon is inde^ 
finitely diminished. If we adopt this definition of the len^^ 
of an arc, we must shew that the limit mentioned does exist, 
and is the same in whatever manner we suppose the polygon 
inscribed, provided that each side is ultimately indefimtely 
diminishedi 

Draw two chords dividing the whole arc we are consider- 
ing into two portions; then in each of these subdivisions 
place two chords dividing the whole arc into four portions ; 
in each of the last subdivisions place two chords, and so on. 
The perimeters of the polygons thus formed constitute a series 
continually increasing ; and as it is easy to see they cannot 
increase without limit, we prove the first point, namely, that 
there is a limU to ii^Q perimeter of the inscribed polygon when 
the length of each side %s indefinitely diminished. 

Suppose now two polygons with indefinitely small sides 
inscribed in the curve, one of them being one of the series just 
considered, and the other described after any other law. Draw 
tangents to the curve at the angular points of &o^ polygjons, 
thus forming one polygon circumscribing the arc. Then it is 
easy to see that any chord of either polygon bears to the cor- 
responding portion of the circumscribing figure, a ratio which 
can be made as near to imity as we please by sufficiently 
diminishing the length of each chord. Hence the perimeter of 
each inscrioed figure bears to that of the circumscribed figure 
a ratio which is ultimately one of equality, and consequently 
the ratio of the perimeter of one inscribed figure to that of the 
other inscribed figure is idtimately one of equality. This 
proves the second point involved in the definition of tne length 
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of an arc, namely, that the limit obtained is the sam^ accord^ 
ing to whatever law the polygons be inscribed. 

From this definition of the length of an arc it follows that 
the ultimate ratio of the length of an indefinitely small arc to 
its chord is one of equality, that is, 

309. Since secant PTx = VI 1 + [^Vl , 

1 dx 

we have cosP2Ic=: — _— — — . = -j-, 

and sin PTx = cos PTx tan PTx 

^dxdy ^ dy 
^ da dx"^ da * 

310. If X and y be expressed in terms of B from th« 
equations 

a: = r cos 5, y = r sin d, 

da ^da dx 
dO'^dxde 



we have 



'-(D'}§ 






But ^ = coa0 ^ — rain$, 

g=8in^^r+^co8^; 



832 DIFFERENTIAL COEFFICIENT OF AN ARC. 

We have proved in Art. 279, that 

d0 
tan^ = r^, 

where ^ is the angle between the radios vector at the point 
whose polar cc * 
point Hence 



whose polar co-ordinates are r, 0, and the tangent at that 
He 



. , dr dr dO 



yi>-"(S} f 



Similarly oos^ = -t< • 

These results may also be dednced immediately from the 

PL 

figure in Art. 279 ; for sin is the limiting value of -^g > 

that IS, of -r-*r^?\ or of — r --oT^* The limit of 

rsinAd ^ rrftf j ^i v -^ j? ^ • •!__!. 

— ^ IS -T-; and. the limit of -p^ is umty; hence 

rdB 

sin ~ -^ • Similarly the value of cos j> may be found. 

311. The value of -^ , in Art 310, may also be obtained 
thus: ^^ 

Let P, Qy be points in a curve, and suppose 
i8fP = r, PSx^e, 

Draw PL perpendicular to 8Qj 
then 

PZ»rsinA0, 
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i^ = r + Ar — r COS A^ 

. .A^ 

= Ar + 2rsin'-— . 
2 

Also the chord FQ^^{PL' + LQ'). 

From this, if we proceed according to the method of the 
preceding articles, we shall arrive at 



S=^/{•'-(l)}• 




312. If A denote the, area contained between a curve and 
the axis of x, we have proved, Art. 43, 

dA 

313. To find the differential coefficient of the area of a 
curve referred to polar co-ordinates. 

Let A denote the area contained between the radius SP, 
the radius 8G drawn to some 
fixed point C in the curve, and 
the curve CP. Let A-4 denote 
the area PSQ. With centre 8 
and radius 8P describe an arc 
meeting 8Q in i, and with 
centre ]Sand radius iS'Q describe 
an arc meeting iSP produced in 
M. Then A-4 lies between P8L and Q8Mf that is, between 

2 2 

therefore -^ lies between — and - — . 

Hence, proceeding to the limit, we have 
dA_f^ 

314. Differential coefficient of the volume of a solid of re- 
volution. 

Suppose the curve APQ in the figure of Art. 307 to 
revolve round the axis of x^ and thus to generate a solid. 
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Let V denote the volame of a portion of this solid contained 
between two planes perpendicular to the axis Oa?, one drawn 
through a fixed point A and the other through P. Let A V 
denote the volume of the solid contained oetween planes 
through P and Q perpendicular to the axis. The volume 
of a cylinder having MNfat its axis and for its base the 
circular area formed bj the revolution of Pif round the axis 
Oar, is TTw'Aaj. The volume of a cylinder having MN for its 
axis and for its base the circular area formed by the revolu- 
tion of QN round Ox, is tt (y + Ay)'Aa;. Hence A V lies 

AV 
between my* Ax and tt (y + Ay)*Aa?. Therefore -^ lies be- 
tween Try* and w (y + Ay)\ Hence, proceeding to the limit, 
we have 

dV . 

^''^^ 

315. Differential coefficient of the mrface of a solid of re^ 
volution. 

Let P, Q, be two points in a curve which by revolving 
round the axis Ox generates 
a solid of revolution. Let A ^ 
be a fixed point in the curve, 
and suppose -4P= «, PQ = As. 
Let 8 denote the area of the 
surface formed by the revolu- 
tion of AP, and AS the area 
of the surface formed by the 
revolution of PQ. Draw Pfl and ^7 each equal to A^ and 
each parallel to Ox. If PB revolve round Ox it generates 
a cylinder, the surface of which is 27ryA«. J£ QT revolve 
round Ox it generates a cylinder, the surface of which is 
Stt (y + Ay) A^. We assume as an axiom that the surface 
generated by the arc PQ lies between the former and the 
latter. Hence A8 lies between 2iryA8 and 27r(y + Ay)A9, 
and proceeding to the limit, we have 

dS , 




therefore 
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EXAMPLES. 

1. In the ellipse -j- = ./ y 7_^ ] 5 ^^^ i{x = a sin <f), 

^ =*a V(l - e'sin*^). 

2. In the parabola y*= 4aa;, -j- = a/(~ — ~) • 

3. In the circle -5- = - . 

dx y 

4. Find the differential coefficient of the arc of the cnrve 

e»(e*-l) = e» + l. 

Mesuh. -T-- 



ds 
5. In the curve r^a^, la^^ ^^{^ "*" 0^? ^Y] 



dx e^-V 



6. In the curver* = a'cos2tf, 3^ = — • 

w r 

7. In the curve r^oB. -r- = -^^-^^ — ^ — ^ • 

dr a 

8. If «"*« cosa?, -r = cosx. 

' da 
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CX>NTACT. CUBYATUBE. EYOLOTES AND INVOLUTES. 

316. Ittrr y^^(x) be the equation to one corre, and 
y^^{x) the equation to another; then if ^(a) = ^(a) the 
curves interaect at the point whose abscissa is a. If more- 
oyer 0'(^) =" "¥ (^) ^^ cunres have a common tangent at the 
common point ; in this case thej are said to have a contact 
of the first order. If moreover 0"(^) = '¥' {p) the cunres are 
said to have a contact of the second order. If ^(a) ='^(a), 

^' (a) ^-fXa), *"(«)='**"(«),*"'(«) =-**'"(«), «»d so on up to 
^\cl) =s '^*(a), the curves are said to have a contact of the 
n*"* order at the common point. When we speak of two curves 
having contact of the vr^ order we imply that thej have not 
contact of a higher order ; that is, with the preceding notation 
we imply that ^***(a) is not equal to •^•**(a). 

317. If two curves have at any point a contact of the 
nl^ order, then in the vicinitjr of the common point no curve 
can pass between them unless it has with both of them a 
contact of an order not lower than the vi^. For let y = ^ {x) 
and y^'jt{x) be the equations to two curves which nave 
contact ot the n^ order at the point x = a\ and let y^ denote 
the ordinate in the former curve corresponding to the abscissa 
a + Ay and v, the ordinate in the latter curve corresponding to 
the same abscissa ; then, by Art. 92, 

y,-^(a) + A^'(a) + ^f'(a)...+^^-(a)+j^^-«(a+^A). 
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Hence, since the curves have contact of the n*^ order, 

yx-y,=j^{^""(«+^A)-f-(a+^A)}. 

Now suppose y = Y(a?) to be the equation to a third curve 
which has tjontact of the m^ order with the first curve at the 
point x=a\ then if ^g ~ X (^ + ^)> ^^ ^*ve 

xm+l 

If m be less than n we can give such a value to h as will 
render y^—y^ less than y^'-y^ for that value of h and all 
numerically inferior values both positive and negative. Hence 
in the vicinity of the common point the second curve is nearer 
to the first than the third is. 

In the above expressions 6 denotes merely a proper fraction, 
and it is not necessarily the same proper fraction in the 
different cases. 

318. The expression for y^—y^ in Art. 317, when h is 
sufficiently diminished, has the same sign as 

and therefore changes sign with h if w be even; therefore 
if two curves have contact of an even order they cross each 
other at the common point. If two curves have contact of 
an odd order they do not cross each other at the common 
point. 

319. In order that a curve may have contact of the 
n^ order with a given curve, it appears from Art. 316 that 
n + 1 equations must be satisfied. Hence, if the equation 
to a species of curves contain w -f 1 constants, we may, by 
giving the proper values to those constants, find the par- 
ticular curve of the species that has contact of the n^ order 
with a given curve at a ^iven point. For example, the 
equation to a straight line is of the form y = mx -f c ; since 
there are two constants, m and c, we may, bv properly de- 
termining them, find the straight line which has contact of 
the first order with a given cm've at a given point. If the 

T.D.C. z 
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given curve be y^4>{x)f and the given point that whost* 
co-ordinates axe x^a, y=if> (a), then we must have 

and w = ^' (a). 

Hence m and c are determined. 

If y rs (f) (jxi) be the equation to a curve, then 

is the equation to a curve which has a contact of the n*** order 
with the given curve at the point x^bo. This maj be easily 
verified. 

320. Circle of curvature. The general equation to a circle 
involves three constants ; hence at anv point of a curve a circle 
may be found w'hich has contact of the second order with the 
curve at that point. We proceed to determine the radius and 
centre of such a circle. 

Def. The circle of curvature at any point of a curve 
is a circle which has at that point a contact of the second 
order with the curve. 

Let {X^ay + {Y^iy = p' (1) 

be the equation to a circle, so that a, b, are the co-ordinates 
of its centre and p its radius. From (1) by differentiating 
we have 

X-a+(r-5)g=o" 

If this circle is the circle of curvature at the point (ar, y) 
of a given curve, we must have 

X^x 

dY^dy 
dX dx 

dX^'da? 



(2). 



.(3). 



BADIUS OF CUKTATURE. 



339 



Hence, from (2), 



1 + 






(4). 



Tterefore y ■ 



1 + 



djy 
da? 



x — a = 



dx 



{-(D} 



die" 



.(5). 



By (1) and (5) we have 



P = 



{i + (^Vl* 



dx) J 



dry 



Hence the values of a, J, p, are found, and thus the position 
and radius of the circle of curvature at any point of a curve 
are determined. 

In the value of p it will be proper in any particular 
example to give to the radical in the numerator the same 

sign as ~ has, so as to make p positive. Hence if y be 

positive and the curve concave to the axis of x we should put 






w 

da? 

From the first of equations (4) we see that the point (a, h) 
is on the normal to the given curve at the point (a?, y). 

The centre of the circle of curvature at any point is called 

Z2 
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for shortness the " centre of earvature." Also the radius of 
the circle of conratore is called the " radios of cunratore/' 

J£ a line be drawn from anj point of a curve in any direc- 
tion the portion of this line which is intercepted bj the 
circle of curvature at the assumed point is called the chard 
qf curvature at the assumed point in the assumed direction. 
By the nature of a circle the length of the chord of curvature 
will be obtained bj multiplying the diameter of the circle of 
curvature by the cosine of the angle between the chord of 
curvature and the common normal to the ctirve and circle 
at the assumed point. 

321. If p be the perpendicular from the origin on the 
tangent at the point (x, y) of a curve, we have 

dy 



therefore -j- 
ax 



dp 



"hi? 

Also, if i>=a? + t^, 

dr , dy 

From the values of — and -j- , and the value of p in Art. 
dx ax 

320, we see that, 

df_\ dr 
dx"^ p dx* 

^^ 
Wd P=^^' 
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322. U X and y be each a fanction of a third variable t, 
we have 

Jy cPy dx SPx dy 

dy _dt d^y Jdf dt'^dfdi 

dx"'^' etc" /dxV" • 

dt \dt ) 

Using these values, we deduce 

^ d^y dx d^x dy 
Wdt'^W dt 

For example, if < = « the arc of the curve measured fifom 
some fixed point, then 

^^ (£yd^_(Pxdy (^^' 

d^ ds da* da 

since by-Art. 307 (g^H- (g) =1 (2). 

TT 1 d^ydx d^xdy ,^, 

H^** r^d^-ir^i (^)- 

By differentiating (2) we obtain 

^ ds d^ ^da M ^*^' 

Square (3) and (4), and add ; thus 

From (3), by means of (4), we may also deduce 
^ d^x 

p ^ dy* 
da da 

323. If we put aj = r cos 5, and y == r sin tf , we have from 
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Art. 201 the values of -^^ and -j^ . Substitute these in the 
ax dor 

expression for p in Art. 320, and we find 

If r=-, then-;TT = — j -j^^ and 
u • dO w dv 

'd0'^u\de) u'de^' 

Substitute these in the above value of p ; then 

This result may also be found thus. By Art. 321* 
rfr __ \ du 
^""^^""~t? dp' 

1 . fduV 
By Art. 284 -.=«*+ y. 

therefore "p Sg = V« + 56i'jrf5' 

1 



Hence P=—, '^^ 






CONTACT OP POLAR CURVES. 343 

The chord of curvature passing through the origin will be 
obtained by multiplying 2p by the cosine of the angle between 
the radius vector and the normal to the curve at the point 
considered. (Art. 320). Hence the chord of curvature 
through the origin 



-•+<§)' 



"'(" + 2?) 





t = tan-"^, 




d^r 
ds~ 


<?y d'tj 
dx" dx dj? 

ds 
P^d^lr- 


If 



324. If yjr be the angle which the tangent at any point of 
a curve makes with the axis of x, we have 



therefore 



therefore 

325. If two polar curves have a common point the polar 
co-ordinates of that point must satisfy the equations to both 
curves. If they have a contact of the first order at that point 

the value of -^ is the same for both curves at that point, and 

hence, by Art. 201, the value of -i^ is the same for both 

curves. If the curves have contact of the second order the 

value df j4 also is the same for both curves at the common 

point, and hence, by Art. 201, the value of -y^ is the same 

for both curves at that point. Proceeding in this way, we 
see that if two curves have contact of the w*** order at any 
point, if they are referred to polar co-ordinates, the values of 
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S' rf^' '"*dS^ ^'^^ ^ *^® wmt for both curves at the 
common point 

326. Since ^. = ^ + ^.(1)'. 

it follows from the last article, that if two corres have contact 
of the first order the value of p will be the same for both 
curves at the common point Also, since 

dp dO . ^ . dr , rfV 

rff ^'^ '^''''^^^' """^^ ^' de^ ^''^dS'^ 

dB 

it follows that if two curves have contact of the second oraer 

the value of -^ must also be the same for both curves at 
dr 

the common point. 

327. We may apply the preceding article to establish the 
equation proved m Art 321 as follows. 

If ^ be the radius vector of a point in a circle, 

P the perpendicular on the tangent, 

c the radius of the circle, 

h the distance of the centre from the origin, 

we have, from the properties of a circle, 

2cP=2? + c*-&». 

Differentiating, ^"^^dP* 

If this circle be the circle of curvature at a point in a 
curve having r for its radius vector and p for the perpen- 
dicular on the tangent, we have by the last article, 

5 = r, 

dR_dr 
dP~dp' 
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therefore ^~^5^» 

that is, the radius of curvature = r -^ • 

dp 

328. At a point where the radius of curvature is a maxi- 
mum or minimum the circle of curvature has contact of the 
third order with the curve. 

-(I)T 

-3^ — ' 



Since p = 

dmi 
we have, when ^^ = 0, 



dx 



»@)'l-S{'^(S)]=»- 



If in Art. 320 we differentiate the second of equations (2), 
we have 



Hence 



^dYS^Y 
d^Y ^dXdX.* 

dx? — rrr 

31 



by equations (3) of that article. In order that the circle of 
curvature may have contact of the third order with the curve 
at the proposed point, we must have 

d^Y _d}y 
dX^^ds?' 

.W». g{l.(|)] = 3(g)'|. 
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This is the relation we have already shewn to h<dd at 
points where the radios of curvature is a maximum or 
minimum. 

329. In the figure of Art 284 let 8P^r and SY^p ; 
if p denote the perpendicular from S on the tangent at Y 
to the locus of r, then will 

^ r 
Let a?, y, be the co-ordinates of P, 
x\ y\ the co-ordinates of F; 

"7Fm '"• 

The equation to the tangent at P is 

,-y=i(f-*). 

•q and f being the variable co-ordinates. 
Since the point Y is on the tangent, 

y'-y-%^^'-^) (2)- 

The equation to 8Y \s »7 = ^,f (3)- 

But 8Yha perpendicular to PF, therefore 

«' dy ; ^*^- 

C!ombining (2) and (4), 

therefore y^ -f «a?' = y •* + aj'* (5). 

Differentiate (5), thus 

,dy dy\ . dx' « ,t?y' . . ,dx* 
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This by (4) reduces to 

(2.'-.)£+(2y-^)g' = 0. 

therefore -ri = — ^t-t • 

ax ^y —y 

Substitute in (1), and we obtain 

^ ^k^'-^y')' r' 

330. Def. The evolute of a plane curve is the locus of the 
centre of curvature; a curve when considered with respect to 
its evolute is called an involute. 

K x\ y, be the co-ordinates of the centre of curvature at 
the point (a?, y) of a curve, we have by Art. 320, 



-'«'+(y-y)S=o (1), 



dx 



'*(l)'^(^-'')3-» • «• 



By means of the equation to the curve y, -^ , and -j^ can be 

expressed in terms of x; hence from the above equations we 
can, by eliminating x, obtain a relation between a?' and y 
which is the equation to the evolute. From the above equa- 
tions, X and y* may be considered functions of x; differen- 
tiating the first, we have 

^^W^^^ ^'da? dx dxdx ^• 
By means of (2) this gives 

^' + ^'^ = (3) 

dx dxdx '" 

therefore 1 +^ ^= (4). 
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Henoe (1) maj be written 

which shews that the ^int {x^ y) is situated on the tangent to 
the evoluie at the point {af^ y). Also (1) shews that the 



K^int {a!^ y') is on the normal to the curve at the point (x, y). 
ence the nonnal at anj point of an involnte is a tangent at 
the corresponding point of the evolute. 

331. If p be the length of the radius of cmratore at the 
point {Xf y) of a curre, and x\ y\ the co-ordinates of the centre 
of cnnratore, we have 

p*-(x-«r+(y-yr. 

As x' and y' are functions of x, so also is p; hence differen- 
tiating we have 

Bj means of equation (1) of the preceding article this gives 



From equations (1) and (3) of the preceding article we obtain 
dx 

X 



dx _ dx . \ \dx) "^ \dx) \ .Ids' 
'^"7^ * I (»'-«)'+ (y'-y)'j"*p<&' 



«' being tbe length of tbe arc of the evolnte. See Art. 307. 
Hence, bj (1), 

i{(x'-«^)-+(y'-yn|'-±p|. 

therefore g=±g (2). 

Since ^V ^ = 0, we have, bj Art. 102, 
y 7 p s Bome constant, saj Z, 
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Let ABC be the given curve, and ABO the evolute, 




BB being the radius of curvature of the given curve at 5, 
and OG at (7. Then if A be the fixed point in the evolute 
from which the arc is measured, we have 

AB^BB^l, 

ABC+C'C=l, 

therefore B' C=^BB^ CC. 

Hence, if a flexible string of length I be fastened at A and 
placed in contact with the evolute ABC, then, as the string 
IS unwound from the evolute, the free end of it will describe 
the involute CBA, From this property the names evolute 
and involute are obtained. 

In the figure as 8 increases p diminishes and we have 
«'-fp = a constant; if «' be measured in the direction from C 
towards A\ then s' and p increase together and we have 
»' — p=i^ constant. 

It will be observed that a curve has only one evolute; but 
a curve has an infinite number of involutes, for in the equa- 
tion a"^ p=i some constant, the constant may have any value 
we please. 

332. The following polar formula3 for determining the 
evolute of a curve are sometimes useful. 
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Let be the centre of cnrvatiiTe corresponding to the 
point P of a curve referred to polar co-ordinates. Let SYhe 
the perpendicular on the tangent at P, 




/ 

Let SP^r, PO^p, SY^p, 

80 = r', p' = perpendicular ftom S on PO. 
From the triangle 8 OP we have 

r" = p* + r» - 2rp cos SrPO 
= p* +r*-2rp sin 5Pr 

= p'+r»-2pp (1). 

Also p'^^^r'-p* (2). 

"-••I (»)• 

From the given equation to the curve we can find|? in terms 
of r, and then between (1) and (2) we can eliminate r, and 
thus we have an equation between p' and r to determine the 
locus of 0. Since PO is a tangent to the locus of 0, p' is 
the perpendicular from the origin on the tangent to the 
evolute at 0. 

In the figure the curve is drawn concave to the pole. 

If the curve be convex to the pole -r- is negative (Art. 294), 

dr . . 
and we should take pss^r-j-; in this case we shall find in- 
stead of (1) the equation 

r" = />* + r' + 2fy. 
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Thus in both cases we have 

333. Involute of a circle. 




Let S be the centre of a circle, APQ a portion of the 
involute, 0F= OA the portion of the string unwound. Let 
80= a, OSA = (}), and let x, y, be the co-ordinates of P, 
the origin being at 8, and 8A the direction of the axis of x. 
Then OP=aj>, 

x = acos^ + a^ sin ^, 
y = a sin <f> — a<f> cos 0. 
Let AP=8, then 

Hence, as we shall see in the Integral Calculus, 



EXAMPLES. 
1. In the curve 

the ordinate at any point is a mean proportional between 
the radius of curvature there and at the lowest point. 
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2. In the curve 

the radius of curvature at the origin » ^. 

3. In the curve 

the radius of curvature at the origin = 22.506. At 
what point is the radius of curvature infinite? 

4. If ^{x, y) = Ohe the equation to a curve, then 

i(gy-(f)r 

\dy) djf dxdydxdy \dx) d^ 

5. Find the parabola whose axis is parallel to that of y 

, which has the closest possible contact with the curve 

of 
y = -5 at the point where x=^a. 



^^^- (^-iy=i(y-!) 



6. If r = a(l-co8^, p = — sin-. 

fT Ti^ /ft /I ,\ a (5 -4 cos 5)* 

7. Ifr = a(2co8d-l), P° a-gcosg ' 

8. If the curves / (a;, y) = and ^ (a:, y) = touch, shew that 

at the point of contact 

dxdy dydx 

9. Apply the last result to find if the straight line 

touches the curve 

10. When the angle between the radius vector and the per- 
pendicular on the tangent has a maximum or minimum 
value, shew that^p = r". 
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11. If at every point of a curve . 

2a:j-=p- + v, then p = , . , > . . 

Shew also that — h - = - , 

« p a 

where n is the portion of the normal intercepted hy the 
axis of X. 

1 2. Find the value of p when r = a cos 0. 

13. If i» = V(c' + «'), find p. 

14. The equations which determine the co-ordinates a, J, of 

the centre of curvature of a curve may be put in the 
form 

dp^ly^' ^^daf'^da?' 
where 7^ = x* + y^. 

15. In the parabola y* = Amx^ 

Shew that the circle of curvature at anv point of a 
parabola, except the vertex, cuts the axis m two points 
on opposite sides of the vertex. 

16. If Aa^ + By'+C^O, 

AjA^B) BjB^A) 

a- 5(7 ^' ^- AO ^- 

•17. If ;^=-, then p= . 

cue 8 d 

18. The radius of curvature of the curve 
,_ ox (a; — 3a) 
^ aj~4a ' 

at one of the points where y = is — , and at the 
other ^ . 

T. D. C, A A 
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19. If « = a8in«^, findp. See Art. 324. 

20. Find the equation to the circle of cnnrature of the curve 



y 



1 the equation to tne circle 
= 4a V — a:*, at the origin. 



21. If y + a«"* = 0, thenp: 

22. Shew that the circle 

and the curve Va? + Vy = Va 

have contact of the third order at the point xs^y^^-. 

Q 

23. If r«asec*-, find p.. Result. p=:2a8ec»-. 

24. Find the two parabolas which, having their axes parallel 

to the co-orainate axes respectively, have a contact of 
the second order with the circle «' + y* = 5a*, at the 
point x^a^ y = 2a. 

^-^■(.-^)'-^Ct-)-(«-s)'--?(x-^)- 

V 1 - -- 

25. In the curve - = - (e« + c * )* shew that the co-ordinates 

C m 

of the centre of curvature are 

and find the equation to the evolute. 

26. Find the equation to the evolute of the ellipse, and the 

whole length of the evolute. 

Results, (ax)* + (5^)* = {cf - J')» ; 4 {^ - ^ . 
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27. If r=f{p) be the polax equation to a curve, shew that 

the equation to the locus of the foot of the perpendicular 

drawn from the pole on the tangent isp' = jt-k . Find 

the locus when p* = , and shew that it is a circle. 

-^ 2a — r 

28. Find the evolute of the curve ^•= r*— a\ 

29. If A be the area between a curve, its radius of curvature, 

and its evolute, then 



dA 



hm 



dx o^'^ * 

30. If p be the radius of curvature of a curve, then the radius 

of curvature of the evolute at the corresponding point 
dp 

"pi- 

31. If Xy y\ be the co-ordinates of the centre of curvature of 

the curve y" = a'oj ; shew that 

a*+15y ., aV-9/ 

"*""" 6ya» * ^ 2a*~- 

32. Shew that in a parabola the radius of curvature at any 

point is equal to twice the portion of the normal which 
IS intercepted between the point and the directrix. 

33. Prove the following expressions for the radius of curva- 

ture at any point of an ellipse : 

(1) i#. (.) -^^- 



oh ' ' ' a(l-e"sin«^)*' 

where r and r' are the focal distances of the point and 
^ is the angle which the normal at the point makes 
with the major axis. 

34. The locus of the centres of all ellipses having the 
directions of their axes given, and having a contact of 
the second order with a given curve at a given point, 
is a rectangular hyperbola passing through that point. 

AA 2 
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35. Find the asymptotes of the evolate of the curve 

36. Shew that corresponding to the portion of the curve 

a^y'^af near the origin, the evolute is approximately 
a curve whose equation is of the form xy^ c\ 

37. Shew that corresponding to the portion of the curve 

a^y 8 a*a" -I- a?' near the origin, the evolute is approxi- 
mately a curve whose equation is 

{y-ay+ffx^o. 

38. Shew that the chord of curvature parallel to the axis 
of X of the curve sec *~ ss 6" is constant ; and that 



sec 



a 



&) 



approximately represents the evolute of this curve for 
the part near the origin. 

39. If along a curve and its circle of curvature at any point 

equal arcs {Ss) be measured from the point of contact 
and on the same side of it, shew that the distance be- 
tween their extremities will be ultimately - -fi ^—~ . 

40. Prove that in general a conic section may be found which 

has a contact of the fourth order with a ffiven curve at 
a proposed point, and shew how to find it when the 
length of the curve is given in terms of the angle which 
the normal makes with a fixed line. 

K the curve be an equiangular spiral, and a be the 
angle between the radius vector and the tangent at any 
point, shew that the conic section is an ellipse, the 
major axis of which makes with the normal to the 
curve an angle o given by the equation 

tan2a> + 3tana = 0. 
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CHAPTER XXV. 
envelops. 

334. Suppose 

i^(^,y,a)=0 (1) 

to be the equation to a cxirve, a being some constant quantity. 
By changing a into a + A, we obtain another curve of the 
same species as (1), the equation to which is 

i^(aj,y,a + A)=0 (2). 

The point of intersection of (1) and (2) will be found by 
combining the equations. Now (2) may be written 

^(a?,y, a) + AF(a?,2^, a + 5A) = (3), 

the accent denoting that F{x, y, a) is to be differentiated 
with respect to a, and in the result a changed into a + Oh. 
Hence, combining (3) and (1), we have the point of inter- 
section determined by 

F{x, y, a) = 0, and F{x, yya + 0h) = (4). 

If we diminish h indefinitely, the equations (4) become 

F{x,y, a) =0, and F\x,y, a) = (5). 

The point determined by equations (5) is the limit of the 
intersection of {}) and (2). 

If between equations (5) we eliminate a, we obtain the 
equation to a curve which is called the locvs of the ultimate 
intersections of the curves farmed hy varying a contintwusly in 
the equation F{Xy y, a) = 0. 

The quantity a is called the parameter of the curve. 

« 

335. The locus of the ultimate intersections of a series of 
curves toudies each of the series of intersecting curves. 
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Let F(x, y, a) = be the equation which gives the series 
of carves by varying continuously the quantity a. Then the 
locus of the ultimate intersections is found by eliminating a 
between 

-F(a:,y,a) = (1), 

and F{x,y,a)^0 ....(2). 

Suppose from (2) we obtain a in terms of x and y, say 
a = ^ (a?, y) ; then if we substitute in (1) we have 

-^Ky,*(^,y)}=o (3), 

which is therefore the equation to the locus of the ultimate 
intersections. Now if for any assigned value of a the equa- 
tions (1) and (2) give possible values to x and y, then the 
curve represented by (1) when a has this assigned value, will 
meet the curve represented by (3). 

The value of -r- for the curve (1) is found by the equation 

dF{x, y, g) dF{x, y, a) dy^^ ,^. 

dx dy dx ^ '' 

The value of ^ for the curve (3) is found by 

dF{x,y,il>) ^ dF{x,y,<f>) dy 
dx dy dx 



dF{x,y,<l>) (d<f> d<l>dy]_ .. 

d^ Xdx^dydxy"^ ^^ 



+ 

dF dF 

But -T7 only differs from -j- in having ^ (a?, y) in the 

place of a; heuce by (2) we have at the point where (1) 

and (3) meet^ -^ = 0. Thus (5) becomes at that point 

dF{x, y, <^) ^ dF(x, y, <^) <?y ^ ^ /^v 

dx dy dx 

Since at the point of intersection of (1) and (3) we have 
a = <^(aj, y), equation (6) gives for -^ at that point the same 
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value as equation (4). Hence (1) and (3) Umch at their 
common point. 

From this property the locus of the ultimate intersections 
of a series of curves is called the envelop of the series of 
curves. 

336. Ex. Find the locus of the ultimate intersections of 
a series of parabolas found hj varying a in the equation 

1 + a' • 



y = aaj-- 



2p 



1 , « 

Here F{x,y,a)==y-ax + -^ a? = (i ....(1), 

r{x,y,a)^ —-a? =0 (2). 

P 

From (2) a = 2 , 

^ ' X 

Substitute in (1) and we have 

or a? + 2py — p* = 0, 

which is the equation to a parabola, 

337. Required the locus of the ultimate intersections of a 
series of normals drawn at different points of a given curve. 

Let a?, y, be co-ordinates of a point in the given curve, then 

x'-x+{y'-!,)^^0 (1) 

is the equation to the normal at that point ; x\ y\ being the 
variable co-ordinates. From the equation to the given curve 

y and --^ can be expressed as functions of x ; thus x is the 

parameter in (1), by varying which the series of normals 
IS obtained. Hence th^ required locus is to be found by 
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eliminating x between (I) and the equation obtained from (1) 
by differentiating it wita respect to x, which is 

-i+(y-»)g:-(|)-« w. 

It appears from (1) and (2), compared with Art. 320, that 
x\ y\ will be the co-ordinates of the centre of carvature at 
the point (a;, y) of the given curve. Hence the locus of the 
ultimate intersections of ike normals to a curve is the evolute 
of that curve. 

338. It maj happen that the envelop does not touch all 
the curves of the series, as will appear from an example. 

Suppose the centre of a circle of variable radius to move 
along the axis of x^ so that the 
abscissa OP of its centre and its 
radius Pif are the abscissa and 
ordinate of an ellipse AMB which 
has for its equation 




m 



n 



required the envelop of the system of circles. 
If OP = a, the equation to the circle will be 



(x-a)* + y«-J.(m*-a') = 0. 



.(1). 



Hence differentiating with respect to a, we have 



vfa ^ 
m 



therefore 



a = 



m^-^-n^" 
Substitute in (1) and we obtain 

m* + nf n* 
which is the equation to the envelop. 



(2). 
(3), 



ENVELOPS. . 361 

For all values of a comprised between -77— i — «, and w, 

the circles do not ultimately intersect, and are not touched by 
the envelop : for the value of y found from (2) and (3) is 

which is impossible when a is greater than 



Therefore in the enunciation of Art. 335 we do not assert 
that the envelop touches each of the series of curves, but that 
it touches each of the series of intersecting curves. The de- 
monstration in that article assumes that the equations (1) and 
(2) lead to possible values of x and y; or in other words, that 
one curve of the series ultimately intersects the adjacent curve. 

339. The method of Art. 334 may be extended to the case 
in which there are n parameters connected by n — 1 equations. 
For example, suppose 

F{x, y, a, b, c) =0 (1) 

to be the equation to a curve, the parameters a, J, c, being 
connected by the equations 

^,(a,J,c) = 0) 

^A<^.h,c)^0] ^2^' 

and that we require the locus of the ultimate intersections of 
the curves obtamed by giving to the parameters in (1) all 
possible values consistent with (2)* If from equations (2) we 
nnd the values of b and c in terms of a and substitute them in 
(1), we may then proceed as in Art. 334. If however the 
solution of equations (2) be difficult we may proceed thus. 
Begarding b and c in (1) as implicit functions of a, we have, 
if we differentiate with respect to a, and put the result equal 
to zero as in Art. 334, 

dF dFdb dFdo^^ 

da db da dc da 

To find J- and ^. , we have by differentiating (2), 
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da db da dc da 
da db da dc da 



(4). 



If the yalnes of ^ and -j- from (4) be substituted in (3), 

and then a, h^ c, be eliminated between (1), (2), and (3), the 
resulting equation between x and y will be the required locus. 

This process may be rendered more symmetrical by suppos- 
ing a, hj c all functions of a third yariable, say t ; tnen using 

Da^ Dh, Dc for ^ , ^j , -r respectiyely, we have instead of 

(3) and (4) the equations 

da db dc 



da db do 



da 



db 



Ba + '^m + ^Dc. 



#1 
de 



.(5). 



And the solntion of the problem will be facilitated bj the use 
of indetenninate mnltipiiera. Thus moltiplj the second of 
equations (5) by X, the third by /», and add to the first; 
this gives 

Now since \ and /t are at present undetermined, we may 
take them snch that 



da da da 



.(7), 
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from which it follows by (6) that 

f+^t+''f-« •• «• 

Hence we have to eliminate a, h, c, \ and fi from equations 
(1), (2), (7) and (8) ; the resnlt is the equation to the envelop 
required. 

Example. A line moves so that the length intercepted 
between the co-ordinate axes is constant ; required the envelop 
of the moving line. 

Let the equation to the line he 

M- w. 

so that a* + i* = a constant = &', say (10). 

From (9) J J9a-h| J9i = 0, 

from (10) aDa + hDh = ; 

thus ^-, + \a\ Da+ {^ + 'Kb\M=^ 0, 

therefore T4-Xa = 0, and^ + \J = (11); 

a 

multiply the first of these equations hy a and the second by 
h and add ; thus 



that is, 1 + yJ^ = 0, therefore X = — ^s . 



- + f + X(a^+J*) = 0, 
a o 

Then from (11) 

of = 4*0?, and J'= Fy. 
Therefore by (9) 

or x^-\-y^ = h\ 

This equation determines the envelop. 
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EXAMPLES. 

1. Find the envelop of the series of lines 

where »/a + s^h ^ s^k a constant.' 

BesuU. a:* + y* = A:*. 

2. Ellipses are described with coincident centre and axes, 

and having the sum of the semiaxes = c. The loons of 
nltimate intersections is 

3. Find the envelop of all ellipses having a constant area, 

the axes being coincident. 

BeaulL 4a?j^ = c* where ir<? is the given area. 

4. A straight line cuts off from the co-ordinate axes distances 

AB, A (7, such that 

fiAB+AO^e, 
prove that the envelop of the lines is 
(y -h na? — c)* = inxy. 

5. Find the evolate of a parabola t^^Aax^ taking the 

equation to the normal in the form 

y = m (a: - 2a) — am\ See Art. 337. 

BesuU. 27ay = 4 (a? - 2a)". 

6. Find the evolute of the curve aj* -h y* = a'. See 

Example 9, to Chapter xviii. 

Besult. {x + y)' + (a? - y)* = 2a*. 

7. Shew that the envelop to the series of parabolas 

under the condition ah = c*, is an hyperbola having its 
asymptotes coinciding with the axes. 
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8. Find the locus of the ultimate intersections of perpen- 

diculars drawn to normals to the parabola ^ = 4aa?, 
at the points where they cut the axis. 

Result, y = 4a (2a — x) . 

9. Straight lines drawn at right angles to the tangents of a 

})arabola at the points where they meet a given straight 
ine perpendicular to the axis, are in general tangents 
to a confocal parabola. 

10. Find the envelop of the curves 

the variable parameters a, 5, being connected by the 

equation (I) +(!)'= 1. 

a?* t^ 
ResuU. Ti + ^ = ^- 

11. Circles are^ described on successive double ordinates of a 

parabola as diameters; shew that their envelop is an 
equal parabola. What part of this system of circles 
does not admit of an envelop ? 

12. A circle moves with its centre on a parabola whose 

equation is y — 4aa; = 0, and always passes through 
the vertex of the parabola ; shew that it always touches 
the curve y* (a? + 2a) + aj' = 0. 

13. A series of parabolas of latus rectum I is described 'with 

their vertices in a given parabola of latus rectum l\ 
Shew that the locus of the ultimate intersections is a 
parabola with latus rectum Z + Z', the concavities being 
m the same direction and the axes parallel. 

14. Find the envelop of all ellipses having the same, centre 

and in which the line joining the ends of the axes is 
of constant length. 

Result. x±y^±c. 
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15. From way point of the ellipse 

■1, 



^« "^ A« ■ 



perpendiculars are drawn to the axes, and the feet of 
these perpendiculars joined; shew that the straight 
line thus formed always touches the curve 

16. From eveiy point of the ellipse 

pairs of tangents are drawn to the ellipse 

the locus of the ultimate intersections of the chords 
of contact is 

a* ^ 6* ""^^ 

17. Circles are drawn passing through the origin and 

haying their centres on the curve 

ay-y (2aa?-aj*)=0; 

shew that the locus of the ultimate intersections of 
these circles is 

18. The circle whose equation is 

aj* +^ + 2aaj -h 2jy + 2c = 0, 

is cut by another circle which passes through the 
origin and whose centre is on the curve 

prove that the chord joining the points of intersection 
touches the curve 

oV + iSy = (a« + Jy + c)\ 
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19. Find the locus of the ultimate intersections of a system 

of lines defined by the equation 

y cos ^ — a? sin 5 = c — c sin ^ log tan (j + ^j f 
where is the variable parameter. 

20. The equation to a spiral is r*cosn5 = a*; if perpen- 

diculars are drawn through the extremities of the radji 
vectores the envelop of the perpendiculars is the 
curve 

r" cos md = a\ where m = . 

n + 1 

21. A series of ellipses has the same centre and directrix ; 

shew that the envelop is a pair of parabolas, but that 
the envelop will not meet those ellipses whose excen- 

tricity is less than -^ . 

22. Find the locus of the ultimate intersections of an ellipse 

which touches a given line at a given point at the 
extremity of the axis minor, the excentncity varying 
as the axis major. What are the limits of the excen- 
tricity in order that two consecutive ellipses may 
intersect? 

23. A line is drawn from the focus to any point of a conic 

section, and a circle is described upon it as a diameter; 
shew that the locus of the ultimate intersections of all 
such circles is a circle, except, in a certain case, where 
it is a right line. 

24. Shew that the locus of the ultimate intersections of all 

the chords of an ellipse which join the points of con- 
tact of pairs of tangents at right angles to one another 
is a confocal ellipse. 

25. Find the locus of the ultimate intersections of the lines 

X cos Sd-^-y sin 30== a cos 2^)*, 
where is the variable parameter. 

Hesuh. (a? + y/ = a' (a?* - /)• 
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26. Find the envelop of the circles described on the radii of 

an ellipse, drawn from the centre, as diameters. 

Result. {a?+j^y « aV + by. 



27. On any radius vector of the curve r^c sec* - as diameter 

is described a circle; shew that the envelop of all such 

circles is the curve r^c sec*"* . 

n — 1 

28. Find the locus of the ultimate intersections of a family 

of parabolas of which the pole of a ^ven equiangular 
spiralis the focus, and its tangents directrices. 

Result. A similar equiangular spiral. 

29. Perpendiculars are drawn from the pole of an equi- 

angular spiral on the tangents to the curve ; find the 
envelop of the circles described on these perpendiculars 
as diameters. 

Result. A idmilar equiangular spiral. 

30. From every point of a parabola as centre a circle is 

described with a radius exceeding the focal distance 
of the point by a constant quantity ; find the envelop 
of the circles. 

Result. (a? + c + a) {y+ (a? — a)" — c*} =0; where 
c is the constant quantity. 

31. Find the envelop of the straight lines 

ax sec ^ — Jy C08ec5 = a* — J'. 

Result. (00?)*+ (Jy)»«(a* -&•)«. 

32. From a fixed point A in the circumference of a circle 

any chord j£P is drawn and bisected in J3", and on 
FMas diameter a circle is described; find the locus of 
the ultimate intersections of the system of circles 
described according to this law. 

Result, a* (aj" + 3^ « (2x* + 2y* - Box)* ; 
where x* -j- y* = 2ax is the equation to the given circle. 



( 369 ) 
CHAPTER XXVI. 

TBACING OP CURVES. 

340. In this chapter we shall give some examples of 
tracing curves from their equations. 

Ex. (1). Let y = ^^^ ,. (1). 

First find the value of -^ ; taking the logarithms of both 

sides of the equation^ and differentiating, we have 
1 <2v 1 . X X 

y dx X a^ — Aa^ ai^^a^' 

Next find the asymptotes : since 






therefore y = ± « Tl - -^j (l - ^j 



Hence . . 


y« X 


and 


y^^x 


are asymptotes. 




T. D. c. 





BB 
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Alflo when x^ i a we aee that y is infinite. 

Hence x= a 

and flp = — a 

are asTmptotes. 

We may now assign different yalnea to x, and note the 

corresponding values of y and ^ obtained from (1) and (2). 

Since the cnnre is symmetrical with respect to the axis of x, 
we ma J confine onr attention to the positive values of y. 

When a?«0, y»0, ^="±2. 

From xsO to x—a^ y is possible. 

When »=sa, yco, ^*^* 

From x^a to xs2a, y is possible. 

When »s2a, y = 0, ^"■*- 

When X is greater than 2a, y is possible. 

It is not necessary to give negative values to x in this 
example, because the curve is symmetrical with respect to 
the axis of y. 

If we draw the asymptotes and make use of the above 

list of particular values of y and ^, we shall have sufficient 

materials for ascertaining the general form of the curve. If 

necessary, in any example, we may find -j^, in order to 

determine the p(Hnt8 of inflexion ; also by examining when -? 

vanishes, we can determine the maxima and minima values 
ofy. 

If we take the upper sign in equation (3), we have for 
the asymptote 

y=« W; 

3a* 

and for the curve y^x-^ ~ &c (5). 
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When X is very large the terms included in the &c. of 

3a' 
equation (5) will be very small compared with -— - . Hence 

comparing (4) and (5) we see that corresponding to the same 
abscissa the ordinate of the curve is less than that of the 
asymptote, and therefore the curve lies below the asymptote 
as represented in the figure. 
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341. Ex. (2). Suppose 



3^= 



oj (oj — a) (o? — 2a) 



therefore 



?^=i+. 



aj + 3a 



(1); 



(2). 



y dx X 05 — a a? — 2a aj + 3a' 

dy^l /( x{x^a){x-2a) ) [11, ^ L_l 

dx 2y1 x + 3a )\x x-a x-2a a; + 3aj 

Also from (1) we have 



\-l 



BB2 
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If the tbree series be multiplied together we hftve 

8a . llcf 



■*-(-^w 



•••) 

..(.-3..^...). 



(3). 



Hence 

and 

are asymptotes. 

Also from (1) 

is an asymptote. 

From (1) and (2) we have the following results, confining 
ourselves to the positive values of y. 







When a?=0, y = 0, 

From « = to x^a^ y is possible. 
When x^a^ y = 0, 



dx 



dx 
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From x^^ato x^2a, y is impossible. 

"When x = 2ay y — 0, ^=ao. 

When X is greater than 2a, y is possible. 

When X is negative and between and — 3a, y is impossible. 

When a? = --3a, y=<»j ^"^* 

When X lies between — 3a and — oo , y is possible. 

From (3) we see that the equation to the curve when x 
is very great is approximately 

« . 11«' 

and whether x be positive or negative a? — 3a -h -r — is 

^x 

numerically greater than oj — 3a. Hence the curve lies ahove 

the asymptote. 

342. In the above examples the value of y is given 
explicitly in terms of x. In a similar manner we may pro- 
ceed if oj is given explicitly in terms of y. But if the equa- 
tion connecting x and v does not admit of easy solution we 
must abandon this metnod. In such cases we may find the 
asymptotes by Art. 277 : we may determine the nature of 
the curve near the origin by a method exemplified in the 
next two articles; from these results we may obtain some 
idea of the form of the curve. By transforming the equation 
to polar co-ordinates we shall sometimes be enabled to trace 
it more accurately. 

343. To determine the form of the curve 

aj*-aya?'-|-&y' = (1) 

near the origin. 

Suppose that near the origin the term Sy* can be neglected 
in comparison with the other two terms in (1); in that case 
we should have 

X* — aya? = 0, 

therefore ^ a?^ay. 
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This makes y yaiy as of^ and therefore y* vary as sf. 
Hence the neglected term by* varies as a?^ while tne terms 
retained, o^ and aya?^ raiy as a^« But by taking x small 
enough of can be made as small as we please compared with 
o;^, and therefore near the origin one branch of the corre may 
be found approximately by neglecting h/. The branch we 
thus obtain, being determined by the e(]pation of^ay^ is 
a portion of a parabola having its axis oomddent with that 
of y. 

Again, assume that near the oriein the term ayo? may be 
neglected in comparison with the oSiers* We thus find 

therefore y varies as a^. 

Hence the neglected term ayo? would vary as of^ ; that is 
as X* , while the terms retained would vary as a^. But since 

10 

Q^ can be made as grecA as we please compared with x^ 
by taking x small enough, we do not obtain an approximate 
branch near the origin by neglecting ayof. 

Lastly, assume that o^ may be neglected near the origin ; 
then 

JZ-oo^y-O, 
therefore Jy*— aoi?^Q. 

Hence y varies as a;; the terms retained vary as tif and the 
rejected term as af\ and thus 

will give us an approximation to the 
curve near the origm. 



The figure shews the nature of the 
curve near the origin ; AB is the para- 
bolic branch, and CD, C/iX, are the two 
branches found by neglecting x\ 



¥: 
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The conclusions in this case maj be verified by solving the 
given equation with respect to o?. We thus find 

Expand V(«*— 4:5y) in powers of ^ by the binomial theorem, 
and take the upper sign, then 

of^ay approximately ; 
with the lower sign 

o:^ sa - ^ approximately. 

In this manner, or by transforming the equation into a 

elar form, we may complete the tracing of the curve. It will 
found that the branches extending from the origin to G 
and B respectively, unite, thus forming a loop* The branch 
from the origin to U extends to infinity, and has no recti- 
linear asymptote. The curve is obviously symmetrical with 
respect to the axis of y. 

344. Determine the nature of the curve 

near the origin. 

If we neglect a?* we have 

y* + oy»aj«0, 

therefore ^ = — «a?. 

Hence x varies as y*; the rejected term varies as y®, while 
the terms retained vary as y^, and therefore we have in the 
parabola ^ = — 00? an approximation to the given curve near 
the origin. 

Secondly, reject the term a%^x ; thus 

y-aj*=o, 

therefore y = ± a?. 

Hence y varies as x ; the rejected term varies as a^, and 
the terms retained as q^\ hence this does not give us an ap- 
proximate branch. 
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Lasilj, reject y^; thus 

ay*aj — a?* = 0, 

therefore »*=— • 

Hence ^ yaries as a^; the rejected term yaries as x", 
and the terms retained as x^^ and 
consequently we obtain an ap« 
proximate branch. 

The branch to the left of the 




axis of y is that given by y"= — oa:, — 
and the cnsp to the nght of the 

axis of y is that given by y* = — . 

In this example, y* may be fonnd 

in terms of x and the whole curve traced. 

345. We may observe that in the examples of the pre- 
ceding articles, the supposition which was found inadmissible 
near the origin, will be admissible for points at a veiy great 
distance from the origin. Thus if 

y*-|-ay'a?-iC* = 0, 

when X and y are indefinitely ffreat, a^x may be neglected in 
comparison with y* and jc*; and y* = a?*, or y = ± a?, will be an 
approximation at points remote from the origin. If we find 
the asymptotes by Art. 277, we shall have 

to which y = ± a? 

may be considered an approximation when x and y are inde- 
finitely great. 

346. Required the nature of the curve 

y* 4- aiy" -f. oas'y — Jo" = 
near the origin. 

Assume ax^y — ia^ = 
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as an approximation near the origin. Hence 

ay = 6a?, 

therefore y varies as x^ 

the terms retained vary as a?^ and those rejected vary as a;*, 
and we have therefore an approximation to the curve at the 
origin. If we examine all the six cases that present them- 
selves by retaining two of the terms of the given equation and 
rejecting the other two, we shall find that the only other 
allowabie supposition is, that xi^ and ha? can be rejected, and 

y + aa?*y = 0, 

or y' = — aaj^ 

gives us an approximate branch. It will be easy to draw the 
branches we have found ; the equation ^ = — cia? gives us a 
cusp, the two branches being on the two sides of the negative 
part of the axis of y. 

347. If in any examples we wish only to find the direo- 
Pians of the tangents at the origin, we may arrive at them 
immediately, as shewn in Art. 195. 



Suppose 


y* -^ ocy^ -^ aa?y — ha? = 0, 


therefore 


(y + ^){^*+<^l-i-0. 


Hence, when 


X and y vanish, we have 


• 


Limit of 2? = ^. 
. X a 



Besides this, the limit of - may have an infinite value, and 
this can be determined by examining if - has zero for a limit. 

The given equation may be put in the form 
, + .+ (?)'j,-5?}=<. 
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Hence one of the limiting values of - is zero. 
In like manner, if 



we have 



KS*+"(S*-*-^- 



Henoe ^ has zero for one of its limiting yalnes. Also fiom 
the given equation we may deduce 

Hence - has zero for one of its limiting values. Thus 2 

y . . . ^ 

may be zero or infinity when x and y are indefinitelj dimi* 
nished, and therefore tne axes otx and y are tangents to the 
branches through the origin. 

348. We shall now give some examples of polar curves. 

Suppose rasasec^, 

o 

. e 

therefore ^ = f— ^. 

COS'g 

tan^ = r^ «3cot~. (Art. 279). 
Polar subtangent a» t^ ^ *= Sa cosec- « 

When X = ^ , r is infinite, and the polar subtangent = 3a ; 

Stt 
hence we have an asymptote. As increases from to — , 

dv . . 

^ is positive, and r is positive and increases with 0. Aa0 
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increases from —- to Stt, r is negative, and ^ is positive so 
that T numerically diminishes. 

To draw the asymptote we proceed thus: since, when 




5 = — , r is infinite, and the polar subtangent is 3a, the eye 

must be supposed at looking along OF^ and a distance 
OG^^a must be measured to the right of OF and at right 
angles to it ; a line drawn through G parallel to OF is the 
required asymptote. 

As 6 changes from to — the branch ABCD is traced 

out, cutting OA at right angles at A since tan ^ =« oo when 

3*9r 
^ = 0. When becomes greater than -—- , r is negative, and 

2 

according to the usual conventions with respect to si^, must 

be measured in a direction opposite to that which it would 

have if it were positive. For example, if the angle AOQ 
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measoied in the ordinaiy way round from OA he — + -7 
the conesponding value of r is 



a 



1 /3ir , ir\ .IT 



or- or-aV2(V3 + l); 



hence we take OP»aV2(V3 + l) measuring it along QO 
produced. In this way, as changes fix>m --- to Stt, we 

obtain the portion ECFA of the curve. 

If we suppose 6 ne^tive^ or positive and greater than 
Stt, we shall only obtain repetitions of the branches already 
found. 

349. A veiy common mistake in drawing polar curves is 
made with respect to the asymptotes. For example, if r is 
infinite when^=^0, it is assumed that the initial line is an 
asymptote. This involves a double error, for in the first 
place it does not follow that because r is infinite there is an 
asymptote ; and secondly, if there be an as;pnptote it may be 
parotid to the initial line instead of coincicung with it. 

For example, the polar equation to the parabola from the 
vertex is 

_ 4a cos 5 

sm"5 

Here when 5 = 0, r is 00 , but the curve has no asymptote. 
In the curve 

a 

8m- 

when ^=0, ris infinite; there is an asymptote, but it does 
not coincide with the initial line; it will be found to be 
parallel to it and at a distance 3a from it. ' 

350. Trace the curve 

a Bind 
^ = — 7i — . 
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Here 



dr a{6 cob — sin 0) 



tan^s= 



gsing 
dcosd — Bind* 



As r is never infinite there is no asymptote; r is positive 
from d = to = ir, negative from d = 7r to d = 27r, and 
so on. 

When d = 0, tan <f> assumes the form ~ ; on examination it 

will be found infinite. 

The curve begins at -4, crossing the initial line at right 




angles, since there tan <f> is infinite : as changes from to tt 
the portion ABO is traced out ; as changes from tt to 27r 
the portion ODEFO is traced out, and so on. The curve 
forms an infinite number of loops, each smaller than the pre- 
ceding and all passing through 0. 

If we ascribe negative values to d we obtain the dotted 
part lying helow the line 0A\ 



351. Trace the curve 



r = 



1 + ^' 
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In this case the curve begins at the pole and makes 




an infinite number of revolutions round it ; r can never be- 
come so great as a, to which value however it continuallj 
approaches. Hence rsa is the equation to an asymptotic 
Circle J to which the curve continuallj approaches as increases 
without limit. 

If we ^ve to negative values, we have a branch similar 
to that obtained from positive values of 0. It is represented 
in the figure hj the dotted portion. 

352. We shall now give the equations and the figures of 
a few curves which frequently occur in problems. 

The liogarithmtc Curve. 
The equation to this curve is 

or, which is an equivalent form. 

The curve extends to infinity 
both in the positive and negative 
directions of the axis of x. As x 
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is increased numerically in the negative direction, y tends 
to the limit zero, so that the axis of x is an asymptote. 

353. The Catenary. 

The equation to this curve is 

y = |(^'+e"""). 

It is the curve in which a flexible string 
would hang if suspended from two points, 
as is shewn in works on Statics. 




364. The Logarithmic Spiral. 
The equation to this curve is 

9 

r^li, 
or r = haf. 

Taking the first form we have 

tan9s3:r^=sc 

Since ^ is thus constant the curve is also called the 
equiangular spiral. 




The dotted part arises from negative values of B. 
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355. The Spiral qf Archimedes. 
r^aO. 




356. The Cydcnd. 




The cycloid is traced out by a point in the circumference 
of a circle as the circle roUs along a straight line. 

Let Ax be the line along which the circle rolls ; 

Jf the fixed point in the circle £lfC7 which traces oat 
the cycloici ; 

A the point in the line Ax with which M was 
originally in contact; 

the centre of the circle: 

The arc MB^a^^ and by the nature of the curve it is 
equal to ABi 

therefore x^a^^-PB^a^^a sin ^, 

yssa — acos ^. 

If we eliminate ^ we have 

a;« a cos"* ^^^^ - V(2oy -r y^. 
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357. From the last equation we have 

^= /( y \ 

dy VV2a-yr 
Hence the equation to the tangent at JIf is 

and to the normal 

If in the last equation we put y' = 0, we have 

a;'— a; = V{y (2a— ^)}=a sin ^ = PB. 

Hence MB is the direction of the normal at if, and therefore 
MG is the direction of the tangent at if. 

If in the equations of Art. 356 we put = tt, we have y = 2a 
and oj = aTT as the co-ordinates of the vertex E. Hence 

PZ? = air — a(f> + a sin <f> 

= a{d + amd), if^ = 7r-«^. 

Also the distance of if from a line through E parallel to Ax is 
2a — a (1 — cos </>) or a (1 — cos ff). 

358. If we take the vertex as the origin, and the tangent 
at that point as the axis of y, we have by the last article 



x = AN=a{l-'COB0)] ^ ^' 




m 



Describe a semicircle on AD as diameter: let P-^meet 
this circle in M, and join if with the centre 0; then 

^iV'= a (1- cos ^Oif); 

therefore AOM = d. 

T.D.C, CO 
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Since the arc AM= aO, it follows that 
MF^sucAM. 
From (1) we have 



y = a C08"* 1- V(2aaJ - a:*). 



•(2), 



therefore 



^_ 



If 8 denote the arc -4P, we have 

IVh(l)}V(l)' 

therefore a = V(8aaj) , 

as will appear from the Integral Calculus. 

The normal to the curve at P is parallel to MD, as we 
may see from Art. 357 or from an inaependent investigation. 
By the property of the circle it follows that 

g 
JlfZ> = 2acos-. 

If we investigate the value of the radius of curvature at P 
we shall find it to be twice MD, that is, 
g 
4a cos 2 , or 2 V(4«* — 2aa;), 

359. The evolute of the cycloid is an equal cycloid. 



D X 
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\^ 
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"X 
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For it appears by Art. 358 that the radius of curvature at 
a point Jf of a cycloid is twice MN. Hence if we produce 
Mif to 0, making NO^MN, is the centre of curvature 
corresponding to the point M, Draw EIB and make IB = 2a; 
draw BC parallel to EJD ; the circle described on NG as 
a diameter will pass through 0. 
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The arc NO = arc Jlfj^Tand therefore = uil^, 
arc OC^NI^CB. 
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therefore 

Hence is a point in a cycloid generated by rolling a circle 
of radius a along BG. Hence the evolute of the cycloid 
AEA' is composed of the two semi-cycloids AB and A'B. 

360. The epicycloid is the curve traced out by a point in 
the perimeter of a circle which rolls on the outsiae of a fixed 
circle. 




Let and G be the centres of the fixed and revolving 
circles respectively, B the point of contact, P the tracing 
point, -4 its initial position. Take OA as the axis of x; 
draw GN, PM, perpendicular to the axis of x. Let 

OB=a, BG=b, AOB^e, BGP=(f>. 

Then x^ON+NM 

= (a + J) cos ^ + J sin {(f> - i,7r+ 0) 

= (a + J) cos ^ — J cos (<^ + ^). 

But the arc -4B=the arc BP, by the mode of generation, 
that is, ad = J<^, therefore 

a; = (a + J) cos ^ - J cos -j-- 0. 

Similarly y = (a + J) sin ^ — J sin —r— 0. 

The hypocycloid is the curve traced out by a point in the 
perimeter of a circle which rolls on the inside of a fixed circle. 

CC2 
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It may be found by a method similar to the above that for 
the hypocycloid 

aj = (a — J) cos ^ H- J cos — 7— 6^ 

y = (a — i) sin ^ — J sin —7— d> 

361. The radius of the rolling circle may be greater or 
less than the radius of the fixed circle both in the epicy- 
cloid and in the hypocycloid ; it is however easy to infer 
from the figure that a hypocycloid in which the radius of the 
revolving circle is greater than that of the fixed circle may 
be counted as an epicycloid. This can also be shewn from 
the equations. For in the equations to the hypocycloid put 

— ^ = (f>; then those equations may be written 

a; = (a + 6 — a) cos 9 — (6 — a) cos — ,~ — 9, 

/ 7 \» f /7 x.fl + — a , 
y = (a + — a) sm 9 — (0 — a) sm — ^ 9; 

these are the equations to an epicycloid in which the radius 
of the fixed circle is a, and tne radius of the rolling circle 
is J — a. 

Similarly we «iay shew that a hypocycloid in which the 
radius of the rolling circle is greater than half the radius of 
the fixed circle may be counted as a hypocycloid in which the 
radius of the rolling circle is less than half the radius of the 
fixed circle. Thus we can obtain all epicycloids and hypo- 
cycloids if in addition to epicycloids we take hypocycloids in 
which the radius of the rolling circle is less tnan half the 
radius of the fixed circle. 

362. If a and b are in the proportion of two whole num- 
bers we may eliminate between the two equations which 
determine an epicycloid or a hypocycloid, and thus obtain the 
equation to the curve in an algebraical form. For example, 
suppose in the hypocycloid that a = 4i ; then 
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a? = 36 COS ^ + J cos S0 = 4& cos' 0, 

3^ = 3J sin ^ - 5 sin 3^ = 46 sin' 0; 

therefore a?^ + y* = a'. 

If in the hypoeycloid we suppose a = 2b, we obtain 

x = 2b cos and y = ; 

thus y is always zero and x may have any value between — a 
and +a ; therefore the curve reduces to a diameter of the fixed 
circle. 

363. If in Art. 360 the describing point, instead of being 
on the perimeter of the rolling circle, is on a fixed radius 
of that circle, but either within or without the perimeter, the 
curve generated is called the epitrochoid when the rolling 
circle moves on the outside of the fixed circle, and the hypo- 
trochoid when the rolling circle moves on the inside of the 
fixed circle. In the former case we have 

x = (^a + b) cos — mb cos —j— 0, 

y = {a + b)&m0 — mb sin —7— 0, 

and in the latter 

aj = (a — J) cos ^ + rnb cos — — 0, 

y={a — b)am0 — nih sin — v — 0, 

mb being the distance of the describing point from the centre 
of the rolling circle. 

364'. If a circle roll along a straight line the curve traced 
out by a point in the perimeter of the rolling circle is, as we 
have already stated, called the cycloid. If the describing 
point be inside the perimeter the curve is called the prolate 
cycloid, if outside the curtate cycloid ; the term trochoid ia also 
used to denote both the prolate cycloid and the curtate cycloid. 
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The equations 

x^a (1— mcos^, 
y = a (^ + m sin ^, 

will represent a prolate cycloid, a common cycloid, or a 
curtate cycloid, according as m is less than unity, equal to 
unity, or greater than unity. See Art. 358. 

EXAMPLES. 

Trace the following cunres : 
1. y"=aaj*-x'. 2. y* = a"-if". 

3. y"(«-a)«(a? + a)aj". 4. o^y = a'(aj'--y). 

5. y' {x - 4a) = ax{x- 3a) . 6. (aj" + y")" = 4aVy'. 

7. y" (2a - a;) = a*. (The cissoid.) 

8. aV'.= («'- 3^ (* + »)'• (The conchoid.) Transfer the 

origin to the point (0, — b) and then change to polar 
co-ordinates and we have for the equation 
r = J cosec d ±(u 

9. (a;» + y*)* = a* (a;» - f). (The lemniscata.) 

10. r = aesin^. 11. r = a(^ + 8in^). 

12. r sin ^ = a cos' 5. 13. r = logsin^. 

14. r^ cos ^ = a" sin" 30. 15. r* cos 5 = a" sin" 0. 

16. r (^ - sin ^ =:a (^ + sin 0). 

17. r = a (1 — cos ^). (The cardioide.) 

18. r0==€L (The hyperbolic spiral.) 

19. Find the equations to the tangent and normal at the 

point P m the epicycloid. See Fig. to Art 360. 
^hew that the normal at P passes through B» 

20. Trace the curve determined by the equations 

aj = a(l — cos^), y^a^; 
this curre is called the companion to the cycloid. 
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21. Obtain in an algebraical fonn the equation to the epi- 

cycloid for which a = 2b. 

Result. 4 {a? -Vf- a»)» = 27ay . 

22. Shew that when a = J the epicycloid becomes the car- 

dioide. ^ 

g 

23. Trace the curve whose equation is r = a cos-; and 

shew that if A be the point where the curve meets the 
prime radius produced backwards and P8QR sjiy 
chord drawn through the pole 8 meeting the curve 
in P, Q, and -B, the angles PA Q and QAR are each 
60', and the angle A8Q equal to thrice the angle 
AP8. 

24. Shew that the equations • 

r=a— a tan 5 and 2a = r — rtan^ 

represent the same curve in different positions, and 

that the radii vectores to the points of intersection 

'bisect the angles between the tangents at those points. 



25. Trace the curve ^ = sin - log f m sin - j , (1) when 



m IS 



greater than unity, f2) when m is equal to unity, 

(3) when m is less than unity and greater than the 
reciprocal of the base of the Napierian logarithms, 

(4) when m is less than the reciprocal of the base of 
the Napierian logarithms. 



( 392 ) 



CHAPTER XXVII. 

ON DIFFERENTIAIJS. 

365, In the preceding pages we have given the proposi- 
tions usually found in treatises on the Differential Cfalculus, 
and have used the method of limits in all the demonstrations. 
We now offer a few remarks on another method of treating 
the subject. 

In the expansion of f{x -h h) by Taylor's Theorem, the 
coefficient of A was shewn to be that function of x which we 
had called the differential coefficient o{f{x) with respect to x. 
Lagrange proposed to define the differential coefficient of /(a?) 
with respect to x as the coefficient of h in the expansion of 
fix-hh), and thus to avoid all reference to the theory of 
limits. Lagrange's views were propounded towards the close 
of the last century and were generally adopted by elementary 
writers. 

One objection to this method is its use of infinite series 
without ascertaining that those series are convergent, and the 
proof that f{x + h) can always be expanded in a series of 
ascending powers of h, which is made the foundation of the 
Differential Calculus, labours under serious defects. Another 
objection is that it is impossible to avoid introducing the 
notion of a limit in the applications of the subject to geometry 
and mechanics; the definition of the tangent line to a curve 
may be given as an example. 

366. Nearly all the recent treatises on the Differential 
Calculus liave followed the method of limits, and the only 
point of importance in which a difference exists among them 
IS with respect to the use of differentials. In the present 

work ^ has been defined as one symbol, thus — if y = (x) 
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the limit of ^—^ i — when h is indefinitely diminished 

is denoted hy -^ . Some writers add the following words — the 

qiuintities dx and dy are called the differentials of x and y 
respectively ; their absolute values are indeterminate^ and they 
may he either finite or indefinitely small provided their relative 

magnitudes he stick that -^ is equal to the limit above mentioned. 

With this meaning attached to dy and dx such equations 
may occur as 

dy = ^'{x)dx, 

where (f) (a?) is the differential coefficient of <f> {x) or y. 

Equations expressed by means of differentials are in 
general capable of immediate translation into the language 
of differential coefficients. For example, if x and y be co- 
ordinates of a point on a curve and be functions of a third 
variable t, and if s denote the corresponding arc of the curve 
beginning at some fixed point, we have, by Art. 307, 

/^Y /rfyY_/^Y 

U; '^[dtj ^\dt)-' 

and by differentiation 

dx d^x dy d^y _ ds d^s 
TtW^diW'^did?' 

A writer who uses differentials will.express these results thus, 

dx^' + df^ds^ 

dxd*x + dyd^y = dsd's. 

The student may look upon the latter as merely abbreviated 
methods of writing the previous equations, and may take 
dx, dy, cPx, ... as standing for 

dx dy d*x 

W i' :5^. - respectively. 

367. Let tt be a function of any number of variables, 
for example three, so that u=-<f>{x, y, z). If we suppose 
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Xf y, Zf all functions of a variable t^ and for shortness put 

$=i)u, t-^^i i^.-^!f^ ?7 = ^^. 
dt ^ dt ' dt ^^ di * 

we have 

In works on the Differential Calculus, which nse differentials^ 
we find an equation similar to the above occurring at an 
early period, namely, 

^'(1)^^(1)*+©* »■ 

The introduction and use of this equation form the principal 
difference between such works and one which, like the pre- 
sent, uses only differential coefficierUa. To establish (2) the 
following method is adopted. 

Let M = <^ (a?, y, «), 

and M + Am = ^ (ar 4- Ax, y + Ay, z + A«), 

therefore 

Am = ^ (a: + Aa:, y + Ay, « + A«) - ^ (a:, y, z) 

_ <^(a;-f Aa;, y+Ay, g + Ag) -<^(a;, y4-Ay, g+Ag) ^^ 
Aa; 

<^ (a?, y-h Ay, g-f Ag) - <^ (a?, y, g + Ag) . 
Ay "^^r 

^ <^(a;, y, g + Ag)-<^(a?, y, g) ^ ,^. 

If A.r, Ay, and Ag, diminish without limit, the quantity 

<^ (a;4- Aa;, y + Ay, g 4- Ag) - (a?, y + Ay, g + Ag) 
Aa; 

approaches the limit (^) • If then wej)ut for this quantity 
+ a, we know that a diminishes without limit when 



\dx 



Atf 
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t^Xj Ay, and Az, do so. In this maimer we may deduce from 
(3) the equation 

where a, /3, 7, all diminish without limit when Ax, Ay, Az, do 
so. If then du, dx, dy, and dz, denote quantities whose abso- 
lute magnitudes are undetermined, but whose relative magni- 
tudes are those to which Aw, Aa?, Ay, and A», respectiveljr 
approach as their limits when they are all indefinitely dimi- 
nished, we have 

Having thus proved (2), we give an example of its 
application. Since in establishing (2) we had no occasion to 
consider whether a?, y, and «, were independent or not, the 
result is universally true, whatever relation be given or sup- 
posed between the variables. If, for example, ^ (a?, y, z) is 
always = 0, we have 

©^-(f)*-©"-- («• 

Now if <^ (aj, y, «) = is the only equation connecting oj, y, 
and «, we may if we please vary x and z without changing y. 
Hence in the preceding investigation Ay = throughout, and 
therefore in (5) rfy = ; thus we have 



Hence 



©^+©*-» w- 

/#\ 

dz^_ \dx) 
dx'^^ (d^Y 
[dzj 



dz , . , 

where -j- is the differential coeiBScient of z^ supposing x to 

vary and y to be constant. See Art. 188. 

368. It would occupy too much space if we were to pro- 
ceed further with the subject of differentials. Differential 
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coefficients have been used exclusively in the present work, 
from the conviction that the subject is thus presented in the 
clearest form, and that if some of the operations are thus 
rendered a little longer than they would otherwise be, there 
is at the same time far less liability to error. The equation 
(2) is certainljr of great use in applications of the Differential 
Calculus, particularly in the higner parts of the Geometry of 
Three Dimensions: after the remarks already made, the 
student will probably find little difficulty in those applications. 
Perhaps he may be further assisted by referring to the 
theorem for the expansion of a function of three variables. 
If u = (}){x, y, 2), we have 

(^{x + h, y + k, z-¥l) — <f>{xyy, z) or Au 

^kp + kp + l^ + B, 
dx ay az 

» 
where R involves squares and products of A, Ar, Z. Hence the 
smaller h, A;, 2, are taken, the smaller is the error contained in 
the assertion 

. T du 1 du ^ du 
Au=^h-r +k^ +l-r ' 
ax ay az 



MISCELLANEOUS EXAMPLES. 
1. Given w = sin"V^ — V(^ — a?*)? 

V = COS"^ («*«*) — {x^€^ — Q^C^)^^ 



find 



du 
dv * 



2. Find the maxima and minima values of (sin a;)"*''*. 

3. Find the area of the greatest isosceles triangle that can 

be inscribed in a given ellipse, the triangle having its 
vertex coincident with one extremity of the major axis. 

4. APP'B is a semicircle whose diameter is AB, and PF' is 

parallel to AB. Draw AP and jBP, and let them meet 
in Q ; find the position of P and P* so that the triangle 
PQP' may be a maximum. ^ 
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5. A figure made up of a rectangle and an isosceles triangle 

is inscribed in a semicircle; determine its dimensions 
so that its area may be a maximum. 

6. Find the cone of least surface, excluding the base, that 

can surround a given sphere. 
Result, The sine of the semivertical angle = V2— 1. 

7. Find the cone of least surface, including the base, that 

can surround a given sphere. 
Result* The sine of the semivertical angle = J. 

8. Find the maximum value of cos5 cos<^ cosi/r, where 

^ + ^ + "^ = TT. 

9. Transform jIJj + ;7~a = ^j oy assummg . 

x' = \x 4- rn^y^ 
y' = l^x + m^y. 

10. An equation between three variables contains n arbi- 

trary functions of one of them, and ^v? — w — 1 arbitrary 
constants ; shew that generally the equation must be 
differentiated at least 4n — 2 times in order that the 
functions and constants may be eliminated. 

11. If F be any function of a;, y, z, and F' the value of F 

when vw is substituted for a?, wu for y, and uv for z ; 
then 

,d'V ,d^V ,d'V d'V d'V d'V 

^ d^^^ d^ +^ ^+^^^^ + ^^^^^ + ^^5^ 

1 f ,d'r . ,d'r . ,d'v\ 

12. If y = €** + e"", and z + xe~^ = 0, prove that the general 

term in the value of y when expanded in a series is 

^{(2«+ir-(2»-in. 

13. If y = a!-f a-f (y)+/9^(3^) + , then 
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14. Ify«=« + a5^(y), and y'=«' + aj'^(y')»« ^^ «' ^©^^g 

independent yariables, shew that the general tenn in 
the expansion of /(y, y) in powers and products of x 
and x' is 

Find the coefficient of 9i?x in . the expansion of 
cos (ay +ay), when y == a+a? sin y, and y' = a -f- «' sin y. 

15. In any curve the part of the tangent between the point 

of contact and the perpendicular from the origin on the 

tangent is equal to -r- . 

16. Shew that the equation to the normal at any point of a 

curve may be put under the form 

x'^x y' — y 
cPx cry* 
ds' d? 

Shew that this equation is the analytical expression 
of the fact, that if a tangent be drawn to a curve at 
any point P, and in the tangent PT be taken equal to 
the arc PQ and on the same side of P, then the line 
QT'ia ultimately perpendicular to the tangent. 

17. In the ellipse the focal distance' cuts the curve at an 

angle, the tangent of which is a mean proportional be- 
tween the tangents of the angles at wnicn the corre- 
sponding diameter and a parallel through the point to 
the transverse axis cut the curve. 

18. If a curve be referred to axes inclined at an angle a to 

each other, prove that the radius of curvature is 



h^-^DT 
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19. The equation to a parabola referred to any two tangents 

being [-] + (|) = 1, shew that the radius of cur- 

vature is -j—- — {ax ^2 cos a ^{abxy) + Jy}*, where a 

is the inclination of the tangents ; and thence find the 
co-ordinates of the vertex assuming that the curvature 
is a maximum at that point. 

20. If a curve pass throueh the origin and touch the axis 

of y, the diameter of the circle of curvature is equal 

to the limit of •^; if it touch the axis of a; the diameter 
is equal to the limit of — . 

y 

21. If a curve pass through the origin at an inclination a to 

the axis of a;, shew that the diameter of curvature at 

the origin is the limit of — ; . Hence, shew 

° X sm a — y cos a 

that the radius of curvature at the origin of the curve 
y'-f 2ay-2aa; = is 2^2a. 

22. If <f> be the angle betweien the tangent and the radius 

vector of a polar curve, prove that the radius of cur- 

, . r cosec d> 
vature is \,r , 

23. The equations to an epicycloid being 

a? = a (2 cos 5 — cos 20), 
y = a (2 sin 5 - sin 20), 
find p, and shew that the evolute is an epicycloid in 

which the radius of each circle is - . 

o 

24. In the curve y = oj* — 42^ — 18d5*, find the nature of the 

curve at the points a; = 3, — 1, and f (1 ± V^)- 

25. Shew that the curve y = e~** has points of inflexion when 
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26. In anj curve the equation ^ + 1=0 holds at a point 

of inflexion, and ^ being the angles which the prime 
radius and tangent make respectiyelj with the radius 
vector. 

JL, ft 

27. Is -.^ necessarily of the form j: at a multiple point? 

28. If (or, /3) be a point of the curve ^ (a;, y) = 0, through 

which pass n tangents, the locus of all the tangents 
at that point is expressed by 

{(x-«)|+(y-/3)|}"^(«,/3)=o. 

29. Find the singular points in the curves 

and /-2a;y + 2£c"-a;' = 0. 

30. Find the nature of the curve 

y+l = 2a;-aj'±(2-a?)* 
at the point x = 2. 

31. Determine the point of inflexion in the curve 

y = aj'-9a?* + 24a?-16. 

32. From the pole of the curve r^Aof perpendiculars are 

drawn upon the tangent ; through the points of inter- 
section of the perpendiculars with the tangents, lines 
are drawn parallel to the radii vectores ; shew that the 
eouation to the locus of the ultimate intersections of 
all such lines is 

r = -4 cos a a*+*, 

where cot a = log a. 

33. If radii vectores of an equiangular spiral be diameters of 

a series of circles, the locus of the ultimate intersections 
of the circles will be a similar spiral. 

34. If a semicircle roll along a straight line, the curve to 

which its diameter is always a tangent is a cycloid. 
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35. If a cycloid roll along a straight line, the equation to 
the curve which its base touches is 



S,'HiM-(£)T 



36. A series of circles is described having their centres on an 

equilateral hyperbola and passing through its centre, 
shew that the locus of their ultimate intersections will 
be a lemniscate. 

37. Examine the nature of the following curves at the origin : 

y*-- + a?* + 3ary = 0, 

y* — 4kxy {ay — hoi) — a* = 0, 
y' + iC* = 2aVy. 

38. Trace the curve a?y+(ic'-a*) (a^ — 5')=0, and shew 

that the breadth of each closed portion is twice as great 
in the direction of y as in that of a?. Prove also that 
when J approaches a as its limit, each of these portions 
is ultimately similar to an ellipse, 

39. Trace the curve {p?-dFf^-(^-iy = a\ Shew that 

when J = a it reduces to two ellipses. 

40* If a conic section whose focus is at the pole of a given 
curve have with the curve a contact of the second 
order at the point («, 6) the equation to the conic sec- 
tion will be 

I(U \ 
d6 \ , d^u 

41. A given curve rolls on a straight line, explain the 
mtethod of finding the locus of the centre of curva- 
ture at the point of contact of the curve and straight 
line. 

If the rolling curve be an equiangular spiral the re- 
quired locus will be a straight line; if a cycloid a 
circle ; and if a catenary a parabola, 

T. D, c. D 1> 



BH^^!^^ 
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42. Right-angled triangles are inscribed in a circle ; if one 

of the sides containing the right angle pass through 
a fixed point, find the curve to which the other is 
always a tangent. 

BeauU. c» (a:"-f-y^ = (a« + i* - c" - oa: - h/)\ 
where a and h are the co-ordinates of the centre of the 
given circle and c its radius, the fixed point being 4he 
origin. 

43. Determine the equation to the envelop of all the equi- 

lateral hyperbolas which have a common centre and 
cut at right angles the same straight line. 

BesulL a?'4-3 (aajy)*-y" + a'=0, 

where x=^a represents the given straight line. 

44. Find the envelop of the axis of a parabola having a 

focal chord given in position and magnitude. 

Result. a5'+y' = c*; the origin being the middle 
point of the given chord, and one of the axes coinciding 
with that chord. 

45. A system of ellipses is described such that each ellipse 

touches two rectangular axes, to which its axes are 
parallel, and that the rectangle under the axes of 
the ellipse is constant ; prove , that each ellipse is 
touched by two rectangular hyperbolas, the rectangle 
under the transverse axes of which is equal to the 
rectangle under the axes of any one of the ellipses. 

46. -4, J5, are the centres of two equal circles, and -4P, BQ^ 

are two radii which are always perpendicular to each 
other ; find the curve which is always touched by the 
right line PQ, and explain the result when 

47. Trace the following curves : 
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y* - a^y — Ixf + a?^ = 0, 



^--XV*- 


-«; 


a 


y*(a + a') = 


a:'(a- 


-0,), 


y = a;e-', 






y = e'^{^ 


-1), 




e^*' = sin - 
a 


r 




y=e~", 






7^8111^ = 0' 


COS 2^, 




r(d-,r)* = 




?)■ 



48. fi^ and ^ are two fixed points, and a curve is described 

such that, if P be any point in it the rectangle con- 
tained by 8P and HP is constant; shew that the 
straight lines drawn from 8 at right angles to 8P and 
from H at right angles to HP meet the tangent at P in 
points equidistant from P. 

49. If /( - , jj be a rational homogeneous function of - , ^ 

of n dimensions, shew that the envelop of the curves 

represented by the equation /[-, f) = l, under the 

condition ah = constant, consists in general of n rect- 
angular hyperbolae having the axes as asymptotes. 

50. If any quadrilateral ABCD change its form, its sides 

remaining constant, prove that the variations of the 
angles -4,5, (7, i> are ultimately in the same ratio as 
the areas of the triangles BCD, CD A, DAB, ABC. 
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51. In Art. 274, if /? = n — 1, we have approximately when 
* X and y are very large 

X '^' x' <i>(jiy 

shew that if j = n — 2, we have by contlnaing the 
approximation 

Hence shew that in general the two extremities of 
the rectilinear asymptote are on opposite sides of the 
curve. 

(52. In Art. 275, if |> = n — 1, we have approximately when 
X and y are very large 

y-u+l'^V where ^ = -^'''-^^^ • 

shew that if q = n — 2, we have hj continuing the 
approximation 

where £=-t>i)_Oi.M 
where Ji- ^., ^^ g^,,^^ , 
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